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PE THI CHINH THU'C

| Chii y: Thi sinh lam méi bai todn trén mét to gidy thi!

Bai 1 (4,0 diém). Cho P(z) la mét da thirc bac 4 vadi hé so thuc.

a) Chirmg minh rang ton tai bd s6 thuc (a, b, c, d,e) thoa man

Pz)=az(z-1)(z-2)(z - 3)+bx(x —1)(x —2) + cz(z — 1)+ dz + e,V € R.

b) Tim diéu kién can va du cta a,b,c,d,e sao cho P(z) nhan gia tri 1 s6 nguyén véi moi s6
nguyén z. ) 7 ’
Bai 2 (4,0 diém). Cho tam giac nhon ABC' ndi tiep duong tron (O). Diém M thudc tia doi cua tia
CA (M = C). Lay D ddi xtmg véi B qua M, AD cat (O) tai diém thir hai 1a E. Puong tron
(ACD) cat AB tai diém thir hai la F.

a) Goi I 14 giao diém khac A cia (AEF) va (ABD). Ching minh rang Al//BD.

b) Goi S la giao diém khac A cia (AEF) va AC, duong trung tryc ciia SI cat BD tai J.
Chung minh rang J, E, F thang hang.
Bai 3 (4,0 diém). Cho cac s6 thuc duong a, b, ¢ thoa mén diéu kién a® + b° + ¢* = Babe.

Chumng minh rang

(a+b+c)[l+%+lj210.
a C

Bai4 (4,0 dzem) Trong mét chiéc hop chua 2024 vién bi c6 cung kich thudc, trén mdi vién bi duge
gh1 mot s6 nguyén duong tir 1 dén 2024, ha1 sO ghi trén hai vién bat ki 12 khac nhau. Ban An lay

ngau nhién mot vién bi trong hop, ghi lai s6 trén vién bi 1én bang roi tra lai vién bi vira lay vao hop.
Tiép theo hai ban Hung va Vuong 1an luot thyc hién nhu ban An.
a) Tinh x4c sudt dé 3 sé ghi duoc trén bang gidng nhau.

b) Chirg minh rang xéac sudt dé tong 3 sb ghi duoc trén bang 14 sd chinh phuong bé hon 4_16
Bai 5 (4,0 diém). Mot bd s6 (z;y;2), v6i z, y, 2 nguyén duong, dugc goi 1a “b¢ ba 1ot ciia n” néu
n=x"+y> -5z

a) Cho (z;;2) 1a mot bo ba tot cia 0. Chimg minh 4z* — z°y” chia hét cho 36.

b) Chirng minh rang v6i n 1a s tu nhién thi ludn ton tai bo ba tét cia n.
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TRAI HE HUNG VUONG

Bai

Huéng din Pié¢m

(4,0 diém). Cho P(x) la mét da thirc bic 4 véi hé sé thuc.

a) Chirng minh rdng ton tai bj so thue (a,b, c, d,e) thod man

1 P(z)=azx(z-1)(z -2)(z—-3)+bz(z - 1)(x =2) + cx(z — 1)+ dz + ¢,V € R.
b) Tim diéu kién can va dii ciia a,b,c,d,e sao cho P(z) nhdn gid tri la s0 nguyén véi moi so
nguyén .
Tacd P(0)=e,P(1)=d+e,P(2)=2c+2d+e,P(3) =6b+6¢c+3d +e,
0.5
P(4)=24a +24b+12c+ 4d +e.
Suy ra a,b,c,d,e dugc xac dinh nhu sau:
e = P(0),d = P(1) - P(0),c = P(2)-2P(1) + P(O)’ - P(3)-3P(2)+3P(1)— P(0)
2 6 0.5
la
N P(4)-4P(3)+6P(2)—4P(1) + P(0)
24 '
Véi a,b,c,d,e xac dinh nhu trén thi hai da thirc bac khong qua boén P(z) va
Q(m) = ax(z —1)(z —2)(x - 3) + ba(z — 1)(z — 2) + cx(x — 1) + dz + e bang nhau tai 5 | 0.5
gia tri x=0;1;2;3;4 nén P(x)=0(x),VxeR.
Piéu kién can:
Néu P(z) ludn 1 sb nguyén moi s6 nguyén z thi P(0),P(1),P(2),P(3),P(4) lacacsd | 1.0
nguyén. Khi d6 e, d,2c,6b,24a 1a cac s6 nguyén.
1b | Piéu kién du: Gia st e,d,2¢,6b,24a 1a cac s6 nguyén. Véi z 1a sd nguyén bat ky, ta co
P(z) =24a 2z =1 =2)(x=3) +6b e =D =2) +2c 2 =1) +dr+ec Z. 1.5
24 2
Do tich ctia k s6 nguyén lién tiép thi chia hét cho k! trong d6 k = 2,3, 4.
(4,0 diém). Cho tam gidc nhon ABC' ngi tiép dwong tron (O). Piém M thupc tia déi cia tia
CA (M = C). Lay D dbi xieng véi B qua M, AD cit (O) tgi diém thir hai la E. Pwong
tron (ACD) cit AB tai diém thir hai la F.
2

a) Goi I la giao diém khdc A ciia (AEF) va (ABD). Chitng minh rang Al//BD.

b) Goi S la giao diém khdc A ciia (AEF) va AC, dwong trung truc ciia SI cdt BD tgi J.
Chirng minh rang J, E, F thing hang.




2a

Goi P, Q lan luot 1a giao diém thtr hai cta (0), (ACD) véi BD va K, L lan luot 14

tam cua (ABD), (AEF). Tacd6 MB.MP = MA.MC = MD.MQ.
Vi MB = MD (gt) nén MP = M. Din dén BQ = DP.

1.0

Tir d6 suy ra DA.DE = DB.DP = BD.BQ = BA.BF.
Do d6 Py, = Pyjume = LB = LD. Kéthop v6i KB = KD suyra KL 1 BD (1).

Vi {4; I} = (AEF)N (ABD) nén KL L AT (2).
Tu (1) va (2) suyra AI// BD.

1.0

2b

Vi AI//BD va M 1atrung diém BD nén A(IMBD) = —1.
Chiéu 1én (AEF) ta thu duoc IESF 1a tir giac diéu hoa (3).

1.0




1 S —_— —_—

Taco SLJ = —SLI = sdSAL = IAM = SMJ (do AI//BD).

—_—

Suy ra tr giac SLMJ ndi tiép,. Dan dén LSJ = LMD = 90", 1.0
Suy ra JS, JI 1a cac ti€p tuyen cua (AEF) (4).

Tu (3) va (4) suyra J, E, F thang hang.

(4,0 diém). Cho cdc sé thwe dwong a, b, ¢ théa man diéu kién o® +b° + ¢* = 5abe.
Chirng minh rang

(a+b+c)[l+%+1]210.
a

c

Khong mat tinh tong quat, gia st a <b < c.
Tur gia thiét o® +b* + ¢* = babe suy ra
1.0
2 2 2 1 2 2 2 1 2 2
ot 0 C_=_[“ b_j € >22 ab+c—=2\/£ -

bec ca ab c

b a

ab ¢ ab c ab

Pitt =——,¢t>1 suyra522+t2@t‘“’—5t—|—2<0<:>(t—2)(t2+2t—1)<0

N t - 1.0

Suyrat <2 hayc§2\/£§a+b.

Khi d6 ta co
(a+b—c)b+c—a)(c+a—b)>0
< ab(a +b) +be(b + ¢) + calc + a) —2abec —a® —b* —¢* > 0
< ab(a +b) + be(b +¢) + ca(c +a) = a® +b” + ¢’ + 2abe
< ab(a +b) +be(b+¢) + calc +a) = Tabe
< (a+b+c)(ab+bc+ ca) 2 10abe

<:>(a+b+c)(l+1+1J210. 2.0
a b ¢

a® +b* +¢* =5abe
Dau dang thirc xay ra khi va chi khi Ja = b @a:bzg.

c=a+b

Vay bat diang thic dwoc chimg minh. Diu dang thic xay ra khi va chi khi
(a; b; ¢) = (t; t; 2t) voi ¢ > 0 hodc cac hoan vi.

(4,0 d‘zem) Trong mgt chiéc hgp chira 2024 vién bi cé cung kich thudc, trén méi vién bi dwoc
ghi mét so nguyen dwong tiv 1 dén 2024, hai sé ght trén hai vién bt ki la khdc nhau. Ban

An la_),z ngdu nhién mgt vién bi trong hop, ghi lgi s6 trén vién bi lén bang roi trd lai vién bi
vira ldy vao hop. Tiép theo hai ban Hung va Vwong lan lwot thuc hién nhu ban An.

a) Tinh xdc sudt dé 3 so ghi dwgc trén bing giong nhau.

b) Chirng minh rdng xdc sudt dé tong 3 so ghi dwoc trén bing la sé chinh phwong bé hon
1

46




4a

Ky hiéu X = {1, 2% ..., 2024}. Ta c6 khong gian miu © = X* va |0] = 2024°.

0.5

Goi A 1a bién c¢6 “3 s ghi duoc trén bang giéng nhau”. Ta cd
A:{(x,y,z)€Q|x:y:z}.
Suy ra 4] = 2024.

1
Do dd P(A) = .
(4) 2024*

1.0

4b

Goi B 1a bién ¢ “tong 3 s ghi duoc trén bang 1a s6 chinh phuong”. Ta ¢6
B:{(:E,y,z)€Q|E|k€N:x+y—l-z:k2}.

0.5

Vé&i mdi bd (, y) € X7, ki hiéu f(x,y) 1a s6 cach chon z € X saocho =+ + 2 1a

s6 chinh phwong. Ta ¢6

[\/x+y+2024}—\/a:+y+1+1, khiyz +y+1€Z
Jz +y + 2024 \/x+y+1},khi\/x+y+1¢2,

¢ day ki hiéu [a] 1a s6 nguyén 16n nhat khong vuot qua a.

floy) =

(Cong thirc trén don gian chi 14 dém sb cac s6 chinh phuong tir z + y + 1 dén
T+ y+2024).

1.0

fa,y) <o +y+2024 —Jz+y+1+1VayeX.
2023
Jr+y+2024 +Jz +y+1

2023
<22 2026 -3 < 44.
2026 ++/3

Vay f(z,y) <44 +1=45. Do f(x,y) 1a s6 nguyén nén ta co f(z,y) < 44,Vz,y € X.

Do x +y > 2 nén \/a:—i—y—i—2024—\/a:+y+1:

Tur day ta thu dugc
B= > fla,y) <2024°.44.
(z,y)eX’
Chu y rang bat dang thuc trén khong thé tré thanh dang thirc vi f(,y) khong thé dong
thoi bang 44. Do d6 ta co
44 1

P(B) < — = —.
2024 46

1.0

4,0 diem). Mot bo sé (z;y;2), véi ©, y, = nguyén dwong, dwoe goi la “bé ba tét ciia n ” néu
01 D¢ Yiz)s Yy suy 8, dugcC 8¢ (

n=a"+y° -5z
a) Cho (z;y;2) la mét bj ba tét ciia 0. Chirng minh 42" — 2°y° chia hét cho 36.
b) Chitng minh rang véi n la sé tw nhién thi luén ton tai by ba tot ciia n.




Do (z;y;2) 12 “bd ba tét cia 0” nén 2° +y° = 52°.

Néu z,y déuléthi 2° +y° chia 4 du 2. Suyra 2” chia 4 du 2,vo ly. Suy ra 0.5
472 — o™y 4.
Dé thay, mot so6 chinh phuong chia 3 chi ¢6 thé du 0 hodc 1.
Néu 2?13 thi ° +9°:3. Suyra 2°:3, y*:3. Khi d6 42" — 2%y*19. 0.5
> Néu 2z’ =1 (mod3) thi 2° +y* =2 (mod3). Suyra 2° =y* =1 (mod3). 0.5
Khi d6 (z> —1)(y° =1) =0 (mod9), hay z°y* = 2* + y* —1(mod9).
Suy ra
42" — 'y =42 — (P +y 1) =42" -5 +1=(2" - 1)(42° -1)=0 (mod9). 1.0
Suy ra 42" —2%y”136 do (9;4) =1.
s Taco 0=1"+2"-5131=10"+9*-5.62=1"+9 = 5.4%:4 =20 + 3 - 5.9 0.5
va 2n+1=(2n) +(n+1)° =5n%2n = (2n —1)* + (n - 2)° —=5(n —1)* suy ra dpcm. | 1.0




