THPT CHUYEN KHTN DE THI CHON HSG TOAN 10
BO MON CHUYEN TOAN NAM HOC 2025 - 2026

Thai gian liun bai: 180 phat
(Lan 1, ngay 7/8/2025)

Bai 1. Cho cac s6 thyc duong a,b, c théa man abe = | vi sd thue & > 2. Chimg munh
réng
1 " 1 " 1 . 3
ka+1 kb+1 lhe4+l ™ k+1
Bai 2. Cho 2025 s thyc ay,aa,...,0:s khic 0 v khong phat tit ci dédu blng nhau
Biét riing céc sb niy théa min:

1 1 1
az Qy Go02s ay

Chimg minh ring tich ctia 2025 sd ndy khong thé bing 2.
Bai 3. Cho p la 6 nguyén tb 1&. Tim thit ca céc sb nguyén duosg n sao cho

B+ 4. x(p=-11+p"

1A s6 chinh phuong.

Bai 4. Tim sb nguyén duong ldn nhét k sao chio vdt mudi didm trong mat phing oo tink
chiit: niim diém bit k¥ trong mudi diém nay déu chia it nhit bin difm cling nim trén
mot dudng tron, thi tdn tai k didm trong mudi diém trén cing nim trén mot dudng tron

Bai 5. Gia sir 6 didi K, L ldn lugt ndumn trén céc canh BC, CA cia tam gise ABC sao
cho AL = BK. Gia sif ciic doan thing AK va BL cit nhau tai diém P.

a) Goi gizo diém khéc P ciia dudng trdn ngoai tiép hai tam giic APL vAi BPK A T,
Chimg minh ring CT la phin gitec ZACB.

b) Goi 7 va J lin lugt 1b tam dudng trdn ndi tiép che tam giic APL v BPK. Goi
giao diém clia CT v [J 1 Q. Ching minh rling /P = JQ.



Chuong

DU TUYEN KHTN 2025

[
( Baitodn 0.1. J (LMF - Dy tuyén KHTN 2025 - P1)
Cho cac s6 thic duong a,b, ¢ théa man abc = 1 va sé thye k > 2. Chiing minh rang:
1 1 il 3

>
Fa+l T kbrl T ketrl=k+1

@ Lai giai.

Cach 1. bData=—,b==>,c=— véi z,y,2 >0

SIS

Nu:m
8 Ix

2 2 2 2
T T z i 2y T

Pt T - s T - z 52 5 2 (2 v :

kx+y  ky+z kz+z krztz kxzy +y kyz+ 2 2+ y? + 22 + k(zy + yz + zz)
(z+y+2)? _ (z +y+2)> 3

nén > .

3 (x+y+2)2+(k—-2)(zy+yz+zz)  k+1

Cach 2. Bat dang thitc can chiing minh tuong duong véi:

el A bt e L
ka+1 k+1 kb+1 k+1 ke+1 k+1/ —
k+l—(hat1) k+1-(b+1) k+l—(het1)
G+ DE+D L o+ DE+D | et Dk+D -
k(1 —a) k(1 —b) k(1 —c) 5 0
e+ D(k+D) b+ Dk+D e+ Dk +1) =
Dé y k > 0 nén ta chi can chitng minh bat ding thitc sau:
1—a,+1—b+1—c>0
ka+1 kb+1 ke+1"—
Quy dong va rit gon, bat dang thitc tuong duong véi:

(1 —a)(kb+1)(ke+1) + (1 —b)(ka + 1) (ke +1) + (1 — ¢)(ka + 1)(kb+1) > 0

Khai trién va sit dung abc = 1:

Péyay+yz+ 22 <

VT =) (1-a)(k*bc+k(b+c)+1) Z(l—a( +k(b+c)+ 1)

cyc

—Z( +k b+c)+1—k2—ka(b+c)—a)

cyc
1 1 1
=k2(g—|—z+z)+2k(a+b+c)+3—3k2—2k(ab+bc+ca)—(a+b+c)

= k%(ab+ bc+ ca) + 2k(a + b+ ¢) + 3 — 3k — 2k(ab + bc + ca) — (a + b+ ¢)
= (k% — 2k)(ab+ bc+ ca) + (2k — 1)(a + b+ ¢) — 3(k% — 1)
Viabc=1nén a+b+c> 3 va ab+ bc+ ca > 3.
Déy k> 2nén k? — 2k = k(k —2) >0 va 2k —1 > 0. Do dé:
VT > (k*—2k):3+(2k—1)-3—-3(k*—1)=3k>-6k+6k—3—-3k2+3=0
Do dé ta c6 duge diéu phai chiing minh.
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§0 LIMEDU

[
( Baitoan 0.2. J (LMF - Dy tuyén KHTN 2025 - P2)

Cho 2025 s6 thuc aq, as, ..., ass khiac 0 va khong phai tat cd déu bang nhau. Biét rang cac sé nay
théa méan:
1 1 1 1
@ +—= Gt — =« « Sllgegd +——=0000F—
as as . 2025 ai
Chitng minh ring tich ctia 2025 s6 nay khong thé bang 2.

@ L&i giai.
Quy ubc agpe = a1 va ag T a2025-
. 1 1 aQi+1 —Q; . .
Ta c6 a; + =a;—1+— hay a; —a;-1 = — — = =t *véii=1,2,...,2026.
Ai+1 a; Qj Aji+1 aiAi41
Gia st ton tai i9 ma a;, = ajy—1, khi dé a;;4+1 = a;,, tit day dé dang suy ra a; = as = ... = agges, VO ly.

Do d6 a; # aj—1 v6i moi i = 1,2, ...,2026. Tit ddng thic trén, ta cé:

Qig1 — G

ity = ————
a; — Q;—1

Dit P = a1as ... agozs. Ta c6: P? = (aia2)(azas3) . . . (a2024a2025)(a2025a1)-

Nhan vé theo vé cac biéu thic a;a; 1 véii=1,2,...,2025:
P2=( az —ay )<a3—a2>(a4—a3) ( a; — a02s )21
a1 — azp25/ \az —a1/ \ag— a2 a2025 — (2024
Do d6 P2=1,suy ra P=1hosic P=—1nén P #2.

(4

( Baitodn 0.3. J (LMF - Dy tuyén KHTN 2025 - P3)
Cho p la s6 nguyén t6 18. Tim tat ca cac s6 nguyén duong n sao cho 13 +23 4 .- 4+ (p — 1)3 + p"
14 s6 chinh phuong.

@ Ldi giai.
m(m + 1)] 2

Dau tién ta c6 ding thic: 134+ 23 4+ ... 4+ m3 = [ :

— 112
Do d6 1+ 23+ ..+ (p—1)3 +p = [P(PT)] Lo

Dat 13+ 23 + ...+ (p—1)3 + p" = m? véi m € Z*. Khi d6 ta c6 dugc:
2
n_ 2 [p(p—l)]

pt=m" -

2
n_ _p(p—1)>( p(p—1)>
= (m =22 (o 2272
. -1 -1
Dodétacéthédatm—%= “vﬁm—{-%=pbv6ia,b€N,a+b=nvab>a.
Trit hai vé, ta dudc:
p(p—1
popr=2 22D ey

2
PP -1 =p(p-1)
Vi p la s6 nguyen t6 va p®~% — 1 khong chia hét cho p, ta phai c6 p® = p!, suy ra a = 1.
Thay a = 1 vao phuong trinh ta ¢6 b = 2, tuw dé n = 3.
2
[p(p + 1)]
2

DEyvoin=3thi 13+23 4. +p= la s6 chinh phuong.

Do d6 n = 3 la gia tri duy nhit thda man yéu cau deé bai.
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Chuong 1. Dy tuyén KHTN 2025 & LIMEDU

L

( Baitodn 0.4. J (LMF - Dy tuyén KHTN 2025 - P4)

Tim s6 nguyén duong 16n nhat k sao cho véi musi diém trong mot mit phing cé tinh chat: nam

diém bat ky trong muoi diém nay déu chita it nhat bén diém ciing ndm trén mot dudng tron, thi
ton tai k& diém trong mudi diém trén cling nim trén mot dudng tron.

@ Lai giai.
Dé y truong hgp 9 diém ciing mot dudng tron va mot diém nim ngoai théa man, do d6 k < 9.
Ta sé ching minh k& = 9 thoéa man, tic véi 10 diém théa man yéu cau dé bai, ton tai 9 diém cting thude
mot dusng tron.
Budc 1: Chiing minh ton tai 5 diém thuoc mot dudng tron.
Gia sit v6i 10 diém théa man yéu cau bai toan, khong ¢6 5 diém nao thugc mot dudng tron.
Tiic 1a véi moi bo 5 diém sé chi ¢6 ding 4 diém thuoc mot dudng tron.
Goi N la sb luong cac bo 4 diém dong vien, mdi bo 4 diém nhu vay thuoe 10 — 4 = 6 tap gom 5 diém.
Dau tién ta sé dém bang hai cach s6 bo (a, B) véi a 1a bo 4 diém thudoc mot duong tron va B 1a bo 5
diém chita 4 diém cia bo a.
& (€6 dinh b a, ta c6 6 cach chon bd B nén s6 bo théa man 1a 6.N.
& €6 dinh bo B, ta ¢6 1 céch chon a nén s6 bo théa man la C3,.
Do d6 N = %150 =42,
Téng s6 cac bo 3 diém duge tao ra tit cac dudng tron nay la N.Cff =42.4 = 168.
Tuy nhién s6 bo 3 diém c6 duge tir 10 diém 1a C) = 120, ma tit nhan xét trén ta suy ra sd bo 3 diém it
nhét 1& 168 nén c6 duge mau thuan xay ra.
Do dé ton tai mot duong tron chita it nhat 5 diém.
Buéc 2: Ching minh ton tai 9 diém thuoc mot dudng tron.
Gia stt khong c6 9 diém nao dong vien. Diéu nay cé nghia la néu ta lay dudng tron (C) chita s6 diém 16n
nhat tit tap 10 diém, thi s6 diém trén (C) la m véi 5 < m < 8.
Do d6, ton tai it nhat 10 — 8 = 2 diém khong nam trén dudng tron (C). Goi hai diém d6 1a By va Bs.
Goi tap céac diém trén (C) 1a A = {A1, Aa,..., A}
Vi m > 5, ta c6 thé chon 3 diém tit A, vi du Aj, Aa, A3. Xét tap 5 diém Sy = {Bj, Ba, A1, Az, A3}.
& Theo dé bai, 4 diém trong S; phai dong vien.

& Duong tron duy nhat di qua Ay, As, Az 1a (C). Nhung By, By ¢ (C), nén bo 4 diém dong vien khong
thé 1a {Al, As, Az, Bi}.

% Do d6, bo 4 diém dong vien phai chita cd By va B,. Khong mét tinh tong quat, gid sit bo 4 diém
dé 1a {By, By, A1, Ay}. Céc diém nay cting ndm trén mot duong tron méi, goi la (C).

Bay giv, ta lap lai quy trinh véi mot diém khac trén (C). Xét tap 5 diém Sy = {By, By, Ay, Ag, Ay} (V6i
Ay € A). Lap luan tuong ty, ta sé c6 mot bo 4 diém dong vién chita By, Be. Vi du, {B1, B2, A1, A4} cling
thuoc mot dudng tron (C”).
Ta thay ring duong tron (C’) di qua {Bj, B2, A1, A2} va dudng tron (C”) di qua {B, By, A1, A4} nén ta
phai c6 (C') = (C").
Diéu nay c6 nghia la A4 ciing phai nim trén dudng tron (C’). Bing cach lap lai lap luan nay cho moi
diém Ay, € A, ta suy ra tat cd cac diém trong A déu nim trén dudng tron (C').
Lic nay ta da chi ra ring tat cd m diém trong A va hai diém By, By déu ciing nim trén dudng tron (C”).
Nhu vay, dudng tron (C’) chita m + 2 diém. Diéu nay mau thuan diéu gia st rang m la sé lugng diém
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g LIMEDU

Gl
&

@

’

ong vien 16n nhat. Mau thuin trén cho ta thiy dugc c6 it nhat 9 diém thudc mot dusng tron.

Qu

Do d6 kmax = 9 13 gi4 tri can tim.

Nhan xét.
Bai toan trén 14 mot bai toan cd trong dé thi China MO 1991, cac ban c6 thé tim 1di giai khac.
Bai toan téng quat. Ching minh ring véi n > 9 diém théa man ct véi 5 diém bat ki thi c6 4
diém thuoc mot duong tron, khi dé ton tai n — 1 diém thudc mot dudng tron.

[( Bdi todn 0.5. ) (LMF - Dy tuyén KHTN 2025 - P5)
Gia sit ¢6 diém K, L lan lugt ndm trén cac canh BC, CA cia tam gidc ABC sao cho AL = BK.
Gia sit cac doan thing AK va BL cit nhau tai diém P.
@ Goi giao diém khac P ctia dudng tron ngoai tiép hai tam giac APL va BPK la T. Chiing
minh ring CT 1a phan gidc ZACB.
@ Goi I va J lan lugt 1a tam dudng tron noi tiép cac tam giac APL va BPK. Goi giao diém
cia CT va IJ 1a Q. Chitng minh réng IP = JQ.

(&' L&i giai.
(Loi gidi cia ban Vi Quoc Khdanh)

B

(1) C6 ZALT = ZAPT = 180° — /TPK = /TBK nen BTLC 1 tit gidc noi tiép.

Tuong tu tit gidc ATKC 1a tit giac noi tiép.
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Chuong 1. Dy tuyén KHTN 2025 3:{-58 LIMEDU
Xét tam giac TAL va tam giac TKB, ¢6 LTAL = /TKB, /TLA = /TBK va AL :ﬁ(
Do d6 ATAL = ATKB nén L/TAL = LTKB.
Vi vay tam gidc BT L va tam gidc KT A can tai T nén LACT = LTAK = LTKA = ZTCB.

72N

(2) Tac6 LZAPL = ZATL = /BTK = /BPK nén ZAPI = Z/JPK nén I, P, J thang hang.
Goi IJ cat (TBK) va (TAL) lan lugt tai hai diém E, D khac P.

Khi d6 E, D lan lugt 1a cac diém chinh gitta cung BK, AL.

Vi ATKB = ATAL nén ATBE = ATLD.

Do d6 TD = TFE nén tam giac TDFE can tai T.

Goi TC cét (TBK) tai G khac T.

Khi d6 AGKB = APLA (g-c-g) nén /GTK = /GBK = /PAL = /PTL.

Do d6 ZQTE = £LPTD.

Ma tam giac TDE can tai T nén theo tinh chat déi xing ta c6 EQ = PD.

Két hgp v6i EJ = DI ta c6 duge JQ = IP.
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