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PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN HOANG HOA LOP 9 THCS NAM HOC 2014-2015
— MON THI: TOAN
PE THI CHINH THUC Ngay thi: 21/10/2014

Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

béso1
(DE thi c6 mot trang)

x* —Ix 2x+\/_ ( )
X+x+1 \/_ \/_ 1

Caul. Cho biéu thttc: P=

a. RuatgonDP.
b. Tim gid tri nho nhat ctia P.

24x

c. Xétbiéu thirc: Q = 5 ching t6 0<Q<2.

Cau 2. (4,5 diém)

2014 2015
+

V2015 /2014
b. Tim x,y, z, biét: 4x2 + 2y2 + 272 — 4xy — 2yz + 2y -8z + 10 <0 .

c. Gidi phuong trinh: \/ L +\/ > _ 4.
X+3 x+4
Cau 3. (4,0 diem)
(J§ +2)%/17\/§ 38
J5 4414 -645

b. Tim tat ca cac cap s6 nguyén (x ; y) véi x> 1, y >1 sao cho
(3x +1) : y dong thoi By +1) : x
Cau 4. (6,0 diem)
Cho tam gidc ABC c6 ba goc nhon véi cac duong cao AD, BE, CF cdt nhau tai H.

a. Khong dung may tinh hay so sanh : va 2014 + 2015

a. Véi x=

. 2015
. Tinh gia tri ctia biéu thiic: B = (SX3 +8x° —2) :

a. Chting minh rang:

Tam giac AEF dong dang véi tam giac ABC; e cos’ A
ABC

b. Ching minh rang : Sy, = (1-cos® A—cos” B—cos” C).S s

c. Cho biét AH = k.HD. Chitng minh rang: tanB.tanC =k + 1.

HA HB HC
d. Chting minh ring: — + —
8 8 e ac ap 2 Ve
Cau 5. (1,5 diém)
Cho x, y la cac s0 ty nhién khac 0, tim gia tri nho nhat ctia biéu thiec:

A=[36"-5"|.



Heét

PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2016-2017
MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

HUYEN THACH HA

PE THI CHINH THUC

bé s6 2
(Dé thi c6 mot trang)

Caul. a) Tinh gia trj cta da thite f(x) =(x* —3x+1)*"* tai x=9- \/ \/

2.2016
J2017% =1 ++/2016% -1
sin? x cos’ X
+

b) So sénh V20172 —1—+/20162 -1 va

voi 0°<x <90°

¢) Tinh gia tri biéu thiec: sinx.cosx+
1+cotx 1+tanx

d) Biét /5 1a 56 vo ti, hdy tim cac s6 nguyén a, b théa man:

2
——9-20\5
a+b\/_ a— b\/_

Cau 2. Giai cac phurong trinh sau:
3 2 x-1 x-3
x-3 x-1 2 3
b) x*—5x+8=2x-2
Cau 3. a) Cho da thirc P(x) = ax® + bx2 + cx + d vdi a, b, ¢, d 1a cac hé s6 nguyén. Chiing
minh ré“mg néu P(x) chia hét cho 5 vdi moi gid tri nguyén cta x thicachésd a, b, ¢, d
déu chia hét cho 5
b) Tim nghiém nguyén cua phuong trinh: x> -xy +y?-4=0
¢) Cho n 1a s& tu nhién 16n hon 1. Chttng minh rang n* + 4" 1a hop s6.
4 4

a)

>ab® +a’b—-a’b?

Caud. a) Chitng minh rang 2

1 1
+

+ =2
a+b+1 b+c+1 c+a+1

b) Cho a, b, c1a 3 s6 dwong thoa man diéu kién

Tim gia tri 16n nhat caa tich (a +b)(b + c)(c + a).
Cau 5. Cho AABC nhon, c¢6 ba dwong cao AD, BI, CK cit nhau tai H. Goi chan céc duong
vudng goc ha tir D xuéng AB, AC lan luwgt1aE va F
a) Chtng minh rang: AE.AB = AF.AC

b) Gid s HD = % AD. Ching minh réng: tanB.tanC =3

o Goi M, N Ian luot 1a chan duong vuong goc ké tix D dén BI va CK. Chiing minh
rang: 4 diém E, M, N, F thang hang,.




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN KINH MON LOP 9 THCS NAM HOQC 2010-2011
— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
Dé s6 3

(DE thi c6 mot trang)

Cau 1. (2,5 diéim )
2008 2009

+ va /2008 +~/2009
J2009 /2008

1.So sanh :

. 1 1 1 1
2.Chobiéuthttc B=—+—+—+...+
V1 V2 3 V2010

. Chting minh rang B > 86

Cau 2. (1,0 diéin )

Ching minh biéu thtec : P = (x® —4x—1)*"° ¢6 gid tri la mot s6 tw nhién véi

310+ 6+/3.(/3-1)

) V6+245-+/5
Cau 3. (2,5 diéin')
1. Giai phuong trinh sau: /2x —1+2 = x
2. Tim céc s6 nguyén x, y théa man y = JX? +4x+5
Cau 4. (3,0 diém )
Cho hinh vuoéng ABCD. Trén canh BC 1dy diém M, trén canh CD 14y diém N. Tia
AM cat duong thang CD tai K. Ké Al vuong géc véi AK cat CD tail
1 1

AMZ ' AKZ  AB?
2. Biét goc MAN ¢6 s6 do bang 45°%, CM + CN =7 cm, CM - CN = 1 cm. Tinh dién
tich tam giac AMN.
3. Tk di€ém O trong tam giac AIK ké OP, OQ, OR Ian lwgt vuong goc véi IK, AK, Al
(P €lIK, Qe AK, R € Al). Xac dinh vi tri cia O d€ OP? + OQ* + OR? nhé nhat. Tim
gia tri nho nhat do.

Cau5. (1,0 diéin )

Chobasd a, b, c thoa man 0<a,b,c <2 va a+b+c=3. Chitng minh rang;

1. Chtrng minh :

a®+b®+c?<9,

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN HOANG H()A LGP 9 THCS NAM HOC 2012-2013
‘ MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lé’l gian: 150 Phlit ( Kh@ng ké7thb’l gian giQO dé)
Pé s 4

(DEé thi c6 mot trang)

1 XA/ X —X

1
Y S S S Y S

Cau 1. (4,0 diéim) Cho biéu thirc: B =

a. Rut gon biéu thire B.
b. Tim x d€ B > 0.
5

3
927

c. Tinh gia tri cia B khi : x=

Cau 2. (4,0 diéin)
a. Giai phuong trinh : Yx—1+4vx -5 +-1+x—4yx—5 =4
b. Chting minh rang: J10 1458 vo ti.

Cau 3. (3,0dié¢in)
a. V& do thi ham s8: y =[2x+1] .

b. Xac dinh toa do giao diém ctia d6 thi ham s ¢ cau a véi d6 thi ham s6 y = 3x - 5.
Cau 4. (4,0 diém)

Cho duong tron (O; R) duwong kinh AB. Trén cac ban kinh OA, OB lan luot 1ay cac

diém M va N sao cho OM = ON. Qua M va N vé cac day CD va EF song song voi

nhau (C, E cung thudc mot nita deong tron duong kinh AB).

a. Chiing minh tit gidc CDFE la hinh chi nhat.

b. Cho OM = %R , g6c nhon gifta CD va OA bang 60°.

Tinh dién tich hinh ch® nhat CDFE.
Cau 5. (2,0 diém)
Mot ngli giac c6 tinh chat: Tat ca cac tam giac ¢6 ba dinh 1a ba dinh lién tiép ctia ngti
giac déu c6 dién tich bang 1. Tinh dién tich ngii gidc do.
Cau 6. (3,0 diém)
a. Cho a, b, cla cac so thuc, chting minh réng: a*+b*+c* > abc(a + b+ )

N A, 2 ’ A~ « A ’ ~ AN 4 EZ = n2 - 1
b. Tim tat ca cac so tw nhién co ba chit sO abc sao cho {
cba = (n-2)>
Véin 1a s6 nguyén 16n hon 2.
Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2012-2013

HUYEN THANH OAI " -
MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lé’l gian: 150 pl’llit ( Khéng ké7thb’l gian giQO dé)
Pé so5

(DEé thi c6 mot trang)
Cau 1. (6 diém)

Cho Pz(l—

x=3Wx | [ 9-x  x-3 x-2
x=9 J{x+x-6 2-Jx x+3
1. Rat gon P.
2.Timx d€P>0
3. Véix >4, x#9. Tim gia tri 16n nhat cua P.(x + 1)
Cau 2. (4 diem)
1. Tim tat ca s6 tw nhién n sao cho n? — 14n - 256 la 1 s6 chinh phuwong.
2.Cho:a>0, b>0vaab=1. Tim gia tri nhé nhat ctia biéu thitc
4
a+b

A=(a+b+1)(a’+b*)+

Cau 3. (2 diem)

Jx +2012 -y =+2012

V2012 -x +.Jy =+/2012

1. Chttng minh rang: x =y

Cho hé phuong trinh: {

2. Tim nghiém cua hé phuong trinh.
Cau 4. (5 diéin)

Cho hai duong tron (O; R) va (O R)) tiép xtic ngoai tai AR > R'). Vé day AM cua
duong tron (O) va day AN ctia duong tron (O') sao cho AM L AN. Goi BC Ia tiép

tuyén chung ngoai cta hai duong tron (O) va (O’) véiB € (O) va C € (O)
1. Chttng minh OM // O'N.
2. Chting minh: Ba duong thang MN, BC, OO’ déng qui.

3. Xac dinh vi tri cia M va N dé€ t& gidc MNO’O c6 dién tich 16n nhat. Tinh gia tri

16n nhat do.
Cau 5. (3 diem)

1. Cho tam giac nhon ABC. Goi ha, hb, hc lan luot 1a cac dwong cao va ma, mb, mc
lan luwot la trung tuyén cua cac canh BC, CA, AB; R va r lan luot la ban kinh cta cac

duong tron ngoai tiép va noi ti€p ctia tam gidc ABC. Chitng minh rang:
ma mb mc R+r
—+—4—X
ha hb hc r
2. Tim tat ca cac cap s6 nguyén duong a,b sao cho: a + b? chia hét cho a*b - 1.

Heét




PHONG GIAO DUC VAPAOTAO KI THI CHON HOQC SINH GIOI THANH PHO
THANH PHO THANH HOA LOP 9 THCS NAM HOC 2015-2016
MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

PE THI CHINH THUC

Dé s0 6
(DEé thi c6 mot trang)

Cau 1. (4,0 diém)

X\/;—ZX—\/;-FZ L X x+2x—\/;—2
xfx —3dx -2 xa/x —3x +2

1. R4t gon P. Voi gid trinao ciax thiP>1

ChoP=

2. Tim x nguyén biét P dat gia tri nguyén 16n nhat
Cau 2. (4,0 diém)
[5—3x]—[x—1]
PPy

1. Gidi phuwong trinh
phuens x—3+[3+2x

2. Tim s6 nguyén x, y thda man x? + xy + y2 = x2y?
Cau 3. (4,0 diém)

1.Choa=x+ 1 b=y+ 1 c=xy+ L

X y Xy
Tinh gia tri biéu thiec: A = a?+b?+ > —abc
2. Chttng minh rang véi moi x > 1 ta ludn cd. 3(x2 - iz ) <2(x3 - % )
X X
Cau 4. (4,0 diém) Cho t¢ giac ABCD ¢6 AD = BC; AB < CD. Goil, Q, H, P Ian luot la trung
diém ctia AB, AC, CD, BD

1. Chting minh TPHQ 1 hinh thoi va PQ tao véi AD, BC hai goc bang nhau.

2. Vé phia ngoai tit gidc ABCD, dung hai tam giac bang nhau ADE va BCF. Chting

minh rang trung diém cac doan thang AB, CD, EF cling thudc mdt duwong thang.
Cau 5. (2,0 diém) Tam giac ABC c¢6 BC = 40cm, phéan giac AD dai 45cm duwong cao AH dai

36cm. Tinh d¢ dai BD, DC.

Cau 6. (2,0 diém) Vdi a, b 1a cac s6 thue thoa man d:fmg thtc (1 +a)(1+b)=

N ()

Hay tim GTNN cta P =y1+a* +y1+b*




GIAO DUC VA PAO TAO THANHHOA  KI THI CHON HOQC SINH GIOI CAP TRUONG

TRUONG THCS TRAN MAI NINH LOP 9 THCS NAM HOQC 2012-2013
MON THI: TOAN

Thoi gian: 150 phiit ( Khong ké’'thoi gian giao dé)

PE THI CHINH THUC

bé so 7
(DEé thi c6 mot trang)
Cau 1.(5 diéin)

6 5 _
a) Tinh gié tri biéu thire Q = & 22 Ta~2

a’+1
Biet _ & _ 5 va 25 - 16
X+y X+z (x+2z)" (z—-y)2x+y+2z)

b) Cho cac s6 nguyén a, b, ¢ # 0 thoa man: 1,111
a b c abc

Chting minh rang; (1 +a’ )(1 +b? )(1 +c? ) 1a s8 chinh phuong
Cau 2. (4 diém)
x—241 x-220 x-195 x-166
+ + + =
19 21 23
b) Giai phuong trinh nghiém nguyén: x(x* +x+1)=4y(y +1)
Ciu 3. (4 diém)
a) Cho a, b, cla cac s6 theee duong sao cho a > ¢, b > c¢. Chttng minh r:?mg

\/c(a—c)+\/c(b—c) S\/E

b) Gia st f(x) la da thirc bac 4 v6i hé s6 nguyén.

10

a) Giai phuwong trinh:

Chting minh rang: Néu f(x) : 7 véi Vx € Z thi tiing hé s6 ctia f(x) ciing : 7
Cau 4. (5 diém)
Cho tam gidc ABC nhon, cac dwong cao AA’, BB’, CC’, H la truc tam
., HA'" HB' HC
a) Tinh tong AN + BB’ + cC
b) Goi Al la phan giac ctia tam gidc ABC; IM, IN thtt ty la phan gidc caa goc AIC va
gbc AIB. Chiing minh rang: AN.BL.CM = BN. IC.AM
(AB+BC+CA)>
(AA') +(BB')2 +(CC')?

¢) Tam giac ABC nhu thé nao thi biéu thic

dat gia tri nho nhat?
Cau 5. (2 diém)
Cho hinh vuéng MNPQ, 1dy diém E thudc canh MQ, diém F thudc canh NP sao cho:
ME = PF. Cac duong thang MF va NE cat dwong thang PQ lan lwot tai C va B. Kéo
dai MB va NC cat nhau tai A. Chitng minh rang tam ABC la tam gidc vudng,.
Hét




PHONG GIAO DUC VAPAOTAO KI THI CHON HOQC SINH GIOI THANH PHO

HUYEN HOANG HOA LOP 9 THCS NAM HOC 2015-2016
— - , MON THI: TOAN
DE THI CHINH THUC Ngay thi: 12/10/2015

., Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
Déso 8

(DEé thi c6 mot trang)

2x -9 2&+1 Jx+3
x—5vx16 x-3 2-4x

Caul. (4,0 diem) Cho A=

(x=0,x#4,x#9)

a) Rat gon biéu thic A.
. 1
b) Tim gia tri chtax dé A = 5
Cau 2. (4,5 diém)

a) Tinh \8—2415 -8 +2+15

b) Chox?-x-1=0. Tinh gia tri cia biéu thtec: P =

x® =3x% +3x* —x® +2015
X0 —x® —3x2 —3x+2015

c) Giai phuong trinh: x+ Cix =632
X" =9

Cau 3. (4,0 diém)
a) Tim s0 nguyén duong n bé nhdt d€ F = n® + 4n? — 20n — 48 chia hét cho 125.
b) Chitng minh rang véi moi s& ti nhién n >1 thi sd A =n - n* +2n3 + 2n2 khong thé'1a
s0 chinh phuong.
Cau 4. (6,0 di¢ém) Cho tam gidc ABC c6 ba géc nhon véi cac duong cao AD, BE, CF cat
nhau tai H. Chttng minh rang;

1
a) Sasc = E AB.BC.sinB va AE.BF.CD = AB.BC.CA.cosA.cosB.cosC.

AD
b) tanB.tanC= —.
HD

c) Hla giao diém ba duwong phan giac trong cta tam giac DEF.
HB. HC HC. HA HAHB

ABAC ' BCBA ' CACB

Cau 5. (1,5 diém)

d)

Cho cac s8 thire dwong x, y, z thoa man: \/XZ +y’ +\/y2 +7% +4Z% +x2 =2015.
2 2 2

N .7 . 2 A, ? - A? 7 X
Tim gia tri nho nhat caa biéu thie: T= + y + z

Y+zZ zZ+X X+y

Heét

PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN



HUYEN TRIEU PHONG LOP 9 THCS NAM HOC 2018-2019
MON THI: TOAN

PE THI CHINH THUC
Ngay thi: 16/10/2018
D% 58 9 Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

(DEé thi c6 mot trang)

Cau 1. (5 diem)
1 1

1 —
(n+1)\/;+n\/n+1 - \/; m

1.Chone N'.Chting minh rang:

2. Ap dung tinh tong:
1 1

1
— + +...+
2 4142 32 +243 20182017 +2017+/2018

3. Viét cong thitc tong quat tinh S_? cho biét vdi nhitng gia tri nao cua n thi ta duoc

S

két qua S_ 1a s hiru ti?
Cau 2. (5 diém)

1. Gidi phwong trinh: X2 =7x = 6@ -30

2. Tim cdc s6 nguyén x, y, z thdéa man: 10x” +y” +z* <2x+4y +6xz—4
Cau 3. (4 diem)

1. Tim gid tri nho nhat caa: A = (x - 1)(x - 2)(x - 3)(x - 4)

2. Cho a, b, cla d¢ dai ba canh tam giac.

b C

Chttng minh: I + >3
b+c-a a+c-b a+b-c

Cau 4. (4 diem)
Cho hinh vuéng ABCD, M la mét diém tuy y trén duong chéo BD. Ké ME L AB, MF
1 AD.
1. Chttng minh: DE = CF.
2. Chttng minh ba duong thang DE, BF, CM déng quy.
3. Xac dinh vi tri ctia diém M dé dién tich t& giac AEMF 16n nhat.
Cau 5. (2 di¢in) Cho hinh vudng ABCD va 2018 duong thang thoa man hai diéu kién:
1. Mbi duong thang déu cat hai canh d6i ctia hinh vuong.

x . o 1 s N \ P
2. Mo6i dueong thang déu chia hinh vudng thanh hai phan c6 ti 1€ dién tich bang 3

Chttng minh rang trong 2018 duong thang d6 ¢ it nhat 505 duong thang dong quy.

Heét

PHONG GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI QUAN



QUAN HAI AN LOP 9 THCS NAM HOC 2018-2019
MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

PE THI CHINH THUC

bé s6 10
(DEé thi c6 mot trang)
Cau 1. (2,0 diém)

a) Cho biéu thitc A=(x*~x~1)" " +2019.

HB B
JB+1-1 B+1+1

b) Cho (X+ X2 +2019)(y+ y2 +2019) :2019. Ch_l:rng mlnh: X2019 +y2019 :0

Cau 2. (2,0 diém)

Tinh gia tri biéu thiec A khi x =

a) Giai phwong trinh: (4x—1) x> +1= 2(x2 +1)+2x—1.

b) Tim nghiém nguyén ctia phurong trinh Jx + \/I; =\2019.
Cau 3. (1,5 diém)
a) Tim ba chit s6 tan cung ctia tich muoi hai s& nguyén duwong dau tién.
b) Cho a,b,ce [—1; 2:| théa man: a’ +b* +c” =6. Chitng minh rang a+b+c>0.
Cau 4. (3,0 diém) Cho duong tron (O;R), vé hai duong kinh AB va CD vudng goc véi
nhau. Trén doan CA 1ay G sao cho GC = % AC. Tia OG cit BC tai M, vé ON
vuong goc voi BG (N e BG).
a) Ching minh MA 1a tiép tuyén cta duong tron (O;R);
b) Tia CN cat duong tron tai K. Tinh KA® +KB* +KC* +KD* theo R;
¢) Chttng minh MN =2R.
Cau 5. (1,0 diém)

Trong mot cudc hop cb 6 nguoi. Nguoi ta nhan thdy ct ba nguoi bat ky thi c6 hai
ngudi quen nhau. Chitng minh rang thé nao ciing ¢ ba nguoi ddi mot quen nhau.

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2011-2012

HUYEN CAM THUY R -
- MON THI: TOAN
PE THI CHINH THUC - Ngaythi: 2171072014
Thoi gian: 150 phut ( Khong ké'thoi gian giao dé)
beé s6 11

(DE thi c6 mot trang)

Caul.
X X+2

2
X —X +x+2x/;+(\/;—1)(x+2\/;).

Cho biéu thirc: P =

d. RatgonP.

e. Tinh P khi x=3+2y2

f. Tim x nguyén dé€ P nhan gia tri nguyén.
Cau 2.

Giai phuong trinh:

a) x*—10x+27=V6-x+Vx-4  b) x>~ 2x—x'x—2x +4=0
Cau 3.

a) Tim cac s6 nguyén x, y thoa man: y* +2xy —3x—2=0

3
b) Cho x>1vay > 0. Chiing minh: L 3+[X_1] +%23(3_2X+§]
x—1) y y x-1 'y

22 +n*” +1 12 s6 nguyén to&

¢) Tim sO ty nhiéenn dé A=n

Cau 4.

Cho hinh vuéng ABCD c¢6 d¢ dai canh béng a. E 1a mot diém di chuyén trén CD (E

khac C va D). Duong thang AE cat BC tai F, duong thang vuong goc véi AE tai A

cat duong thang CD tai K.

L
AE*  AF?
b) Chtng minh cos AKE = sin EKF.cosEFK +sin EFK.cosEKF
¢) Lay M la trung diém cua AC. Trinh bay cach dung diém N trén DM sao cho
khoang cach tit N dén AC bang tdng khoang cach tit N dén DC va AD.

a) Chiing minh khong doi

Cau 5.
Cho ABCD la hinh binh hanh. Puong thang d di qua A khéng cach hinh binh hanh,
ba diém H, I, K Ian lwot la hinh chiéu cta B, C, D trén d. Xac dinh vi tri ctia d dé
tong: BH + CI + DK 6 gia tri 16n nhat.




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
HUYEN TRIEU SON LOP 9 THCS NAM HOC 2012-2013
e MON THI: TOAN

PE THI CHINH THUC Ngay thi: 28/11/2012
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

Dé s6 12
(DEé thi c6 mot trang)

Cau 1. (4,0 diém)

15Vx 11 3Vx-2 2Vx+3
i 2dx—3 1-vx  x+3
a) Rat gon biéu thac P.

b) Tim m d€ ¢ x thoa man P(\/;+3) =

1. Cho biéu thitc: P =

2. Cho ham sd: f(x)=(x3+6x—7) .Tim f(a) véi a= \/3+\/_+\/3
Cau 2. (4,0 diém)
1. Giai phuong trinh: x* +5x+9 = (x+5)x* +9.
2. Tim c4c s8 nguyén x, y thoa man dang thizc: 2xy” +x+y+1=x>+2y” +xy.
Cau 3. (4,0 diém)

1. Tim cdc s6 thyce x sao cho x++/2012 va — x/201 2 déu la s6 nguyeén.

2. Cho ba s6 thuc x,y,zthoa man xyz=1. Chu:ng minh rang:
Néu x+y+z >1+l+1 thi trong ba s6 X, Y,z c6 duy nhat mot s6 16n hon 1.
X 'y z
Cau 4. (6,0 diem)
1. Cho hinh vuéng ABCD va diém P nam trong tam giadc ABC.
a) Gia st BPC =135°. Chiing minh rang AP?= CP? + 2BP2.
b) Céc duong thang AP va CP cat cac canh BC va AB twong tng tai cac diém M va
N. Goi Q la diém d6i xting véi B qua trung diém ctia doan MN. Chiing minh rang
khi P thay d6i trong tam giac ABC, dwong thang PQ ludn di qua D.
2. Cho tam giac ABC, 1dy diém Ci thudc canh AB, A1 thudc canh BC, B1 thudc canh
AC. Biét rang d6 dai cac doan théng AA;, BB1, CC1 khong 16n hon 1.

[

Chting minh rang Sasc < (Sascla dién tich tam giac ABC).

Cau 5. (2,0 diém)
Vi x, y la nhitng s0 thuc duwong. Tim gia tri nhé nhat ctia biéu thic:

x° 4y3
e
y y +(x+y)

Hét
PHONG GIAO DUC VA PAO TAO Ki THI CHON HOQC SINH GIOI HUYEN




HUYEN THUY NGUYEN LOP 9 THCS NAM HOC 2018-2019
MON THI: TOAN
DE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 13
(Dé thi c6 mot trang)
1 1

I

Cau 1. (2,5 diém) Cho biéu thitc P :(

x+3\/;+2_x+\/;J
x+\/;—2 x—1
x>0;x=1)

a) Rut gon biéu thuc P;

b) Vi gia tri ctia x ta Cé%—ﬁ+1 >1.

Cau 2. (2,0 diém)
a) Giai phuwong trinh: X+ 3 +2x3/x+1 = 2x++/x* +4x+3.

(o ) ~ 1 1 1
b) Cho cac s8 thuyc x, y, z#0 thoéa man x> +y’ +2° + S +—+—
X y V4

=6. Tinh gia tri

bicu thirc P=x27 4y 4 720,

Cau 3. (1,5 di¢m) a) Chting minh rdang A =n’+n+2 khong chia hét cho 15 véi moi s&
nguyeén n.
b) C6 ton tai hay khong cac s6 nguyén X, y thoa man diéu kién

2016x7""7 +2017y*"" =2019.

Cau 4. (3,0 diém) Tir diém P nam ngoai duong tron (O;R) ke hai tiép tuyén PA va PB
véi A va B la cac tiép diém. Goi H 1a chan duwong vudng goc ha tv A dén duong
kinh BC cta duong tron (O;R).
a) Chting minh rang PC cat AH tai trung diém cta AH;
b) Cho OP =m. Tinh d¢ dai AH theo R va m;
c¢) Puong thang d di qua P sao cho khoang cach tit O dén duong thang d bang
RV2, duong thang vudng goc véi PO tai O cat tia PB tai M. Xac dinh vi tri ctia
diém P trén duong thang d d€ dién tich tam gidc POM dat gia tri nhé nhat. Tinh
gia tri nhé nhat do6 theo R?

Cau 5. (1,25 diém) a) Cho a,b,c 1a cdc 6 thuc duong thoa mén1+%+1 <3. Chmg minh
a C

a_ b ¢
1+b*> 1+c* 1+a°
b) Cho cac s0 1; 2; 3; 4;....; 2018 dwoc viét trén mot cai bang. Ban duoc phép thay thé

bat ctt hai trong cac s6 nay boi mot s6 ma hodc tong hodc hiéu béng hiéu cta cac sO
d6. Chi ra rang sau 2017 Ian thuc hién phép todn nay, s6 duy nhat con lai trén bang
khéng thé 1a s 0.

réng +%(ab+bc+ca)23.

Hét
PHONG GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI QUAN
LOP 9 THCS NAM HOC 2018-2019




QUAN NGO QUYEN MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké’'thoi gian giao dé)

PE THI CHINH THUC

Dé s6 14
(Dé thi c6 mot trang)

Céu 1. (2,0 di¢in) Cho biu thire P(&+J§+&‘J§Hl+ X+y+2xy].

1-xy 1+yxy 1-xy

2

2+\/§'

a) Rut gon biéu thirc P;

b) Tinh gid tri ctia P voi x =

Cau 2. (2,0 diém)
a) Giai phuong trinh: x* —10x+27 = J6—x++/x—4.
b) Tim céc s6 nguyén X, y théa man: y* +2xy —3x—2=0.
Cau 3. (2,0 diém)
a) Tim s6 ty nhién gom bon chir s§ abcd biét ring né 1a mot s6 chinh phuong, chia
hét cho 9 va d 1a mot s6 nguyén t6.

b) Cho ba s6 nguyén duong &, b, ¢. Chitng minh rang

ab+bc+ca (a+b+c)3
+
a’+b*+c’ abc
Cau 4. (3,0 diéim) Cho duong tron (O;R) va day cung AH <R. Qua H vé duong thang d

> 28.

tiép xtc véi (O; R). Vé dwong tron (A; R) cit dwong thang d tai B va C sao cho
H nam gitta B va C. Vé HM vuong gbc véi OB (M €O0B), vé HN vudng géc voi
oc (NeOC).
a) Chtrng minh MN L OA;
b) OB.OC = 2R?;
c) Tim gid tri 16n nhat cta dién tich tam giac OMN khi H thay d6i.

Cau 5. (1,0 diéin) Chiing minh rang bat ky mot tam giac nhon nao c6 dién tich bang 1 ciing
co thé dat dugc trong mot tam giac vuong co dién tich khong qua 3 (Ta noéi: Tam
giac ABC dat trong tam giac MNP néu moi diém thudc tam giac ABC déu khong

nam ngoai tam giac MNP).

Heét

PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI QUAN
LOP 9 THCS NAM HOC 2018-2019



QUAN HONG BANG MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké’'thoi gian giao dé)

PE THI CHINH THUC

bé s6 15
(Dé thi c6 mot trang)

Cau 1. (2,0 diéi) Cho bidu thirc
P X y _ Xy

) (\/;+\/§)(1—\/§)_(\/;+\/§)(\/;+1) (\/;+1)(1—\/§)‘

a) Tim diéu kién cua x, y d€ biéu thirc P xac dinh va rat gon P;

b) Tim x, y nguyén thoa man phuong trinh P =2.
Cau 2. (2,0 diém)

a) Giai phuong trinh: V2x2 +x+6 + x> +x+2 = x+d,
X
b) Tim nghiém nguyén ctia phuong trinh: x* +2y” +2xy + 3y -4 =0.
Cau 3. (2,0 diém)
a) Tim cac chix sd a, b sao cho a56b:45.
b) Cho ba sd thuc duwong X, Y, Z théa manxyz =1. Chiéing minh rr?mg:

1 1 1
+ + <L
x+y+1 y+z+1 z+x+1

Cau 4. (3,0 di¢in) Cho duong tron (O;R) va mot diém A ndm ngoai duong tron (O;R). Tt
A vé hai tiép tuyén AB, AC caa (O;R) (B, C la tiép diém). Tt B vé duong kinh
BD cua (O;R), duong thing AD cit (O;R) tai E (khacD ).

a) Chting minh AE.AD = AH.AO;

b) Qua O vé duong théng vuong goc voi canh AD tai K va cit duong théng BC
tai F. Chirg minh rang FD la tiép tuyén cta (O;R);

¢) Goi | 1a trung diém ctia canh AB, qua | vé duong thang vudng goc véi canh
AO tai M va duong thang nay cat duong thang DF tai N. Chting minh
NA = ND.

Ciu 5. (1,0 diém) Cho hinh H gom ngt giac 161 co tat ca cac goc la goc tu va tat ca cac diém
nam trong ngii giac d6.Chting minh rang ton tai hai duwong chéo ctia ngii giac sao
cho hai hinh tron ¢6 duong kinh la cac duwong chéo d6 phu kin hinh H (Ta ndi: Hai
hinh tron phu kin hinh H néu moi diém thudc hinh H déu thudc it nhdt mot trong
hai hinh tron noi trén)

Hét
PHONG GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2016-2017




HUYEN THANH HA MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké’'thoi gian giao dé)

PE THI CHINH THUC

bé s6 16
(Dé thi c6 mot trang)

Cau 1. (2 diem)

+ + —_—
x=2 3-Jx x-5Jx+6 Ix+1

1) Rat gon biéu thiee A= (

s Rer. R Ml I Jvéi

X>0;X#4;X#9
2) Cho a, b, cla cac s6 duwong thoa man ab+bc+ca=6 vaa2+b?+c?=21.

(@’ +6)(0+6) \/(b2 +6)(*+6) _ [(c +6)(a’ +6)
> +6 a’+6 b*+6

Tinh gia tri biéu thtec: P =

Cau 2. ( 2diém)

1) Giai phwong trinh: x* +2015x—2014 =2+4/2017x—2016

2) Cho ham s8 y = (m-1)x +2m -3 ( m la tham s6') c6 d6 thi 1a dwong thang (d).

Tim m d€ duong thang (d) ti€p xtic véi duong tron tam O (O la goc toa d6 Oxy) ban

kinh 2cm ( don vi trén 2 truc toa do la cm).
Cau 3. (2 diem)

1) Chttng minh rang véi moi s& tu nhién n thi: n* +6n° +11n”> +30n-24 chia hét cho
24.

2) Tim s8 hitu ti a, b biét phuong trinh : X3 + ax? + bx+2 = 0 c6 mot nghiém 1a x=1++/2
Céu 4. ( 3 diéin)

Cho ntra (O) dwong kinh BC=2R, A la diém bat ki trén ntra duong tron (A khong

trung v6i B, C). Ké AH L BC, goi E vaF Ian luot la chan duwong vudng goc ké tir H

xudng AB va AC.

a) Ching minh AE.AB = AF.AC va EF®=BE.CF.BC

b) Goi I la diém d6i xting véi H qua AB. Chitng minh IA la tiép tuyén caa (O).

c) Tim vi tri diém A trén ntra duong tron sao cho dién tich tam giac AHB dat gia tri
16n nhat ?
Cau 5. (1 diém)

Cho a, b la hai s6 duong thoa man a+b< 1. Tim gia tri nho nhat ctia biéu thic

1 1
“21b'+1 2ab

Hét
PHONG GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI HUYEN
HUYEN HAU LOC LOP 9 THCS NAM HOC 2012-2013




MON THI: TOAN
Ngay thi: 03/12/2012
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

PE THI CHINH THUC

Dé s6 17
(DE thi c6 mot trang)

X+2 Jx+1 1

+ +
xx =1 x+x+1 1-+/x

Cau 1. (4,0 diém) Cho biéu thtc M=

a) Rut gon biéu thire M.
b) Tinh gia tri ctia M véi x=9—44/2.

¢) Chttng minh M < %

Cau 2. (4,0 di¢in) Cho duong thang: y=(m-2)x+3 (mlatham sd) (d).
a) Tim gid tri cia m d& duong thang (d) song song véi duong thang : y =2x - 1
b) Chting minh rang duong thang (d) luén di qua mot diém cd dinh véi moi gia tri
ctia m.
c) Tim gid tri cia m dé khoang cach tir gdc toa dd dén duong thang (d) bang 1.
Cau 3. (4,0 diém) Giai cac phuong trinh sau:
X+2 N 3 3

x+1 x-=2 =xz—x—2

b) Vx* —1=x+1++x+1

Cau 4. (2,0 diém) Giai phuong trinh nghiém nguyén:

+1

Xy +xy-x=4.
Cau 5. (5,0diém) Cho tam giac ABC vudng tai A, duong cao AH, HB =2cm, HC =4,5cm.
V& duong tron tam A ban kinh AH. Ké cac tiép tuyén BM, CN véi duong tron (M
va N la cdc ti€p di€ém, khac diém H).
a) Chitng minh rang ba diém M, A, N thang hang,.
b) Tinh dién tich t& gidc BMNC.
c) Goi K 1a giao diém cua CN va HA. Tinh cac d6 dai AK, KN.

Cau 6. (1,0diéin) Cho X’ +y*+27* =3,
Tim gia tri 16n nhat, gia tri nho nhat cua biéu thic:  P=x+y+2z.
Hét
PHONG GD&DT KINH MON Ki THI CHON HOC SINH GIOI HUYEN

TRUONG THCS LE NINH LOP 9 THCS NAM HOC 2018-2019



MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké’'thoi gian giao dé)

PE THI CHINH THUC

bé s6 18
(DE thi c6 mot trang)

Cau 1. (2,0 diém)
1) Tinh gia tri ctia biéu thic sau:
A=x* (x+1)—y2 (y—1)+xy—3xy(x—y+1)+1974
Bict x —y = ¥29+124/5 -2/5
2) Chiing minh rang:
Néua, b, ¢ la cac s6 khong am thoa man diéu kién: b = aTJFC thi ta co:

1 1 2

Vaiib Vb Neiva

Cau 2. (2,0 diém)

1) Giai phuong trinh (an x): x—ab L XTac, x-be a+b+c
a+b a+c b+c
(x+y)(x+2y)(x+3y) =60

(v +Xx)(y +2x)(y +3x) =105

2) Giai hé phuong trinh: {

Cau 3. (2,0 diéim)
1) Tim cac sO nguyén a, b thoa man: (a—M)(b+M) =14
2) ChoN=k*+2k?*-16k?-2k +15, k la s6 nguyén
Tim diéu kién ctia k d€ s6 N chia hét cho 16.
Cau 4. (3,0 dién )
Cho duong tron tam O ban kinh R va hai dwong kinh AB va MN bat ki. Poan BM va BN
kéo dai cit ti€p tuyén o A ctia duong tron tai hai diém twong tng la C va D, goi P, Q la
trung di€ém ctia CA va DA.
a) Chiing minh t& gidc MNDC ndi tiép.
b) Puong cao BI ctia tam gidc BPQ cat OA tai E.Chting minh E 1a trung diém ctia
OA.
c) Duong kinh AB c6 dinh, duong kinh MN thay do6i. Hay tinh gia tri nho nhat cta
dién tich tam giac BPQ theo R.
Cau 5. (1,0 diém )
Cho3sd ab,cthoaman: a+b+c=0va -1<a<b<c<l

Chting minh : a’+b*+c* <2

Hét
PHONG GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI HUYEN
HUYEN VINH LOC LOP 9 THCS NAM HOC 2016-2017
—_— MON THI: TOAN

PE THI CHINH THUC




Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

beé s6 19
(DE thi c6 mot trang)

Cau 1. (4,0 diém)
3x+49x -3 Jx+1 Jx-2
x+x-2  x+2 Jx-1
a. Tim BKXD va rat gon P
b. Tim x d€ P <0
Cau 2. (4,0 diém)
a. Giai phuong trinh: x> —7x = 63/x+5 —30.

Cho biéu thirc P =

b. Cho hai s§ duong a va b. Chting minh rang (a +b).[l + %j >4
a

Cau 3. (4,0 diém)
a. Tim s6 tg nhién n sao cho A =n?+n + 6 1a s6 chinh phwong
b. Cho cac s6 nguyén dwong x, y, z thoa man x* +y”* =z’
Chttng minh A = xy chia hét cho 12
Ciu 4. (6,0 diém) Cho tam giac ABC nhon, ba dwong cao AA', BB/, CC..
a. Chttng minh AAC'C ~ AAB'B
b. Trén BB' 1ay M, trén CC' 18y N sao cho AMC = ANB =90°. Chttng minh rang AM =
AN.
c. Goi S, S'Ian luot la dién tich cta tam giac ABC va tam giac AB'C'.
Chitng minh rang cos’ A+cos’ B+cos’C = 1—%
Cau 5. (2,0 diém)

\ /4 ~ 2 ~ 34 N L4 . 2 N, 2 o« A? 7
Cho x, y 1a cac s6 duong thoa man x+y > TR Tim gia tri nho nhat cua bieu thirc:

A=3x+4y+£+i
5x 7y

Heét

PHONG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI HUYEN
HUYEN CAM GIANG LOP 9 THCS NAM HQC 2016-2017
— MON THI: TOAN

PE THI CHINH THUC




Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 20
(DE thi c6 mot trang)

Cau 1. (2,0 diém)

a) Cho biéu thitc: P = (

1,2 ] 6vx —9x -1
2x-1 1-4x) 1-3Jx
gia tri nguyén ctuia x d€ biéu thitc P nhén gia tri nguyén.

b) Cho x =35+ 2413 +3/5-213

Tinh gid tri ctia biéu thitc A = x215 — x216 + 2017.

Cau 2. (2,0 diéin)
a) Giai phuong trinh: X* +3x +1=(x+3)Vx* +1

.. 1 1. ,
voi x = O;X;«tz;x;ﬁg Tim cac

b) Tim céc cip sd (x; y) nguyén théa man: 5x —3y =2xy —11.

Cau 3. (2,0 diém)
a) Cho n la s6 tu nhién 16n hon 1. Chting minh r@“mg n*+4" 1a hop so.
b) Cho x, y, z>0 va x +y +z = 1. Tim gid tri I6n nhat cta biéu thiec

p=—> Y , %
x+1 y+1 z+1

Cau 4. (3,0 diém)

Cho hinh vuéng ABCD c6 d6 dai canh béng 2cm. Goi E, F tht tu la trung diém cua
AD, DC. Goi I, H thtt thy 1a giao diém ctia AF véi BE, BD. Vé BIM =45° (M thudc canh
BC), O la giao diém ctia IM va BD.

a) Tinh d6 dai cua Al, BIL.

b) Chiing minh 4 diém B, I, H, M cung thudc mot duong tron.

¢) Chirng minh DH.BO = OH.BD.
Cau 5. (1,0 diém)

Cho a, b, c 1a cac s6 thiee duong c6 tdng bang 1. Chttng minh rang:

el 5

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2015-2016

HUYEN CAM GIANG 5 -
- MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
bé s6 21
(DE thi c6 mot trang)

Cau 1. (2,0 diém)

(1 2./a

'[1+\/5_a a+Ja+a+l

a) Cho biéu thire: A = (1— Z\EJ
a+l

j,véiaZO

Rut gon roi tinh gia tri ctia bi€u thirc A khi a = 2016 - 24/2015.

b) Chitng minh rang; §/1+ \ /?—Z + i/l— \ ,g la mdt s6 nguyén.

Ciu 2. (2,0 diém)

Giai phuong trinh:
a) \/x+4\/x—4 +\/x—4\/x—4 =4, b) (x2 +2x)2 -2x*—4x=3

Cau 3. (2,0 diém)
a) Cho S=4+22+2%+ ... + 2%. Chiing t0 S khong phai la s6 chinh phuwong.
b) Tim tat ca cac cap s6 nguyén (x; y) thod man: 2x* +y” +4x =4+2xy .
Cau 4. (3,0 diém)
Cho hinh vuéng ABCD, goi O la giao di€m cta hai duwong chéo. Lay diém G thudc
canh BC, diém H thudc canh CD sao cho GOH = 45°. Goi M 1a trung diém ctia AB.
a) Chtirng minh: DOH = BGO va HD.BG = OB.OD.
b) Chitng minh: HD.BG = MB.AD va MG // AH.
c) Puong thang qua D cat AB, BC Ian luot tai E va F (E va A nam cung phia d6i véi
B, F va C nam cuing phia d&i véi B). Chitng minh: BD é + &
Cau 5. (1,0 diém)

a) Cho x, y, z dwong thod man: x + y + z=1. CMR: \/x+y +\/y+z +z+x<+6.

1+1+1++1véis€>’%-
J12015 22014 32013 20151 1008

b) So sanh tong S =

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI QUAN

QUAN LE CHAN LOP 9 THCS NAM HOC 2018-2019
— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phuit ( Khong ké'thoi gian giao dé)
Pé s6 22

(DEé thi c6 mot trang)
Cau 1. (2,0 diém)

_ _ 2 2
2) Cho bidu thieP=| —¥2—0 . _ a-b ah (a>b>0)
Ja+b+va-b +a’-b*—a+b ) Va?-b?

Chting minh ring khia—b =1thi P>2y2 +2.

b) Cho x, = \/2 +42+ \/5 —\/6 ~3y2+ \/5 . Chttng ming rang X,1a mot nghiém ctia
phuong trinh x* —16x* +32 =0.
Cau 2. (3,0 diém)

a) Giai phuong trinhx* +8x—1= 2(2x+1)\/x2 ~1+2

b) Tim nghiém nguyén ctia phuong trinh X (1 +X+X° ) =4y (y + 1)
Cau 3. (3,0 diém)

1. Cho AABC ¢c6 A=60°.DitBC=a ;CA=b;AB=C
Ch s 1 s 13
HRETINATANG G ib a+c a+b+c

2. Cho hai duong tron (O) va (O’) cat nhau tai A, B. Ké tiép tuyén chung MN, M e
(0), N € (O’). Qua A ké duong thang song song véi MN cat (O) va (O’) lan luot tai
C, D. Hai duong thang CM va DN cét nhau tai E. Hai duong thang BM va BN cat
CD Ian luot tai P, Q. Chttng minh rang EP = EQ.

Cau 4. (1,0 diém)

Cho X, Y lahai s6 thyc duong thoa man: (x—l)(y—l) >1.

X’y +xy°

(x2 +y’ +8)2 A1+ |

Tim gia tri I6n nhat ctia biéu thirc A =

Cau 5. (1,0 diém)
Xét tap X = {1; 2; 3;...;19791126} , t0 mau cac phan t@ caa X bfémg mot trong 7 mau:
do, cam, vang, luc, lam, tram, tim. Chirng minh rf?mg ton tai ba phan t& phan biét
a, b, cctia X cing mau sao cho @, b, € 1én hon 1 va 2019% +11a boi ctia2019° +1;
2019° +1 12 boi ctia 2019 +1.
Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2013-2014

HUYEN KINH MON " -
— MON THI: TOAN

Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqﬂ’l(\)’l gzan giao lfé)
Pé sb 23

(DEé thi c6 mot trang)
Cau 1. (2.0 diém)

Rat gon cac biéu thic sau:

3¢5 3-45
\fﬁ+x/3+\/§ \/E+»\/3—\/§
X A1) +fx+Ja(x—1) (1_ 1 j o o Lix e
. X 1 7

\/X2 —-4(x-1)

1) M=

2) Q=

Cau 2. (2.0 diém)
1) Giai phuong trinh: (X+4)\/X2 +7 =x> +4x+7

2Ja+2
\/a_+5

2) Cho M=

tim s httu ti a d&€ M nguyén

Cau 3. (2.0 diém)

1) Tim s6 nguyén duong X, y thdéa man: x = \/2x(x -y)+2y —x+2

2) Cho a, b 1a s8 nguyén théa man: 2a’ +3ab+2b* chia hét cho 7. Chitng minh rang
a’-b* chia hét cho 7.

Cau 4. (3.0 diem)

Cho tam gidc ABC vudng tai A (AC > AB) duong cao AH (H € BC). Trén tia HC lay
diém D sao cho HD = HA. Dudng vudng géc véi BC tai D cat AC tai E.

1) Chting minh rang hai tam giac BEC va ADC dong dang. Tinh d6 dai doan thang BE
theo m =AB.

2) Goi M la trung diém ctia ctia doan BE. Chiing minh rdng hai tam gidc BHM va BEC
déng dang. Tinh sd do goc AHM.
GB HD

3) Tia AM cét BC tai G. Cht inh: =
) Tia ca ai ung minh: ==

Cau 5. (1.0 diém)
Cho a,b,c 1a cac s6 thuc dwong. Tim gia tri 16n nhat cta biéu thirc:

Jorerm Nerasm v
M= + + .
b+c+2a c+a+2b a+b+2c

Heét

PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN



HUYEN TRUC NINH LOP 9 THCS NAM HOC 2009-2010
MON THI: TOAN
DE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 24
(Dé thi c6 mot trang)

Cau 1. (4,0 diém)
Cho biéu thuc:
A:[L—ij _(2x+\/;—1+2x\/;+x—\/;
1-vx Jx 1-x 1+xvx
a) Rat gon biéu thirc A.
b) Tinh gié tri ctia A khi x=17—-12v2
c) So sanh A véi \/X
Cau 2. (3,5 di¢in) Chting minh rang:

a) 2(\/5 b ) e 2(% _Jc ) Biét a; b; ¢ 12 3 s8 thue thoa man diéu kién:

B

a=b+1=c+2;c>0.

] Voi x>0; Xii; x#1

2
b) Biéu thitc B = J 1+2008* + 2008 + 2008 cd gid tri 1a mot s tw nhién.
2009* 2009
Ciu 3. (3,0 diém) Giai phuong trinh
a) V& —3x+2 +/x+3 =x =2 +/x% +2x -3 b) Vax+1-3x-2 = X;?’ .

Cau 4.(8,0 diem)
Cho AB la duong kinh ctia duong tron (O;R). C la mot diém thay ddi trén duwong
tron (C khac A va B), ké CH vuong goc voi AB tai H. Goi I la trung diém ctaa AC, Ol
cat tiép tuyén tai A ctia duong tron (O;R) tai M, MB cat CH tai K.
a) Chting minh 4 diém C, H, O, I cung thudc mot dwong tron.
b) Chting minh MC la tiép tuyén cta (O;R).
¢) Chirng minh K 1a trung diém ctia CH.
d) Xac dinh vi tri cta C d€ chu vi tam giac ACB dat gia tri 16n nhat? Tim gia tri 1on
nhat d6 theo R.

Cau 5. (1,5 diéin) Cho M= ( B+ ﬁ)zoos+ ( 5o JE)ZOOS

a) Chting minh rang M c6 gia tri nguyén. b) Tim chit s6 tan cung ctia M.

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN TIEN HAI LOP 9 THCS NAM HOC 2016-2017
—— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 120 phiit ( Khong ké'thoi gian giao dé)
Peé so6 25

(DEé thi c6 mot trang)
Cau 1. (4,0 diém)

. 1 1 1
1. Cho biéu thirc A = + : )
(x—& &—1} x—2+x +1
a) Rat gon A.

b)Timxdé’A=%.

2. Chitng minh rang: Néu \sz +3x*y? +\/ly2 +3x’y* =a thi e+ %/l}T2 =3a?

Cau 2. (4,0 diém)

R . X+ (m - 1) y=2
1. Cho hé phuong trinh
(m+1)x—y:m+1
Tim m d€ hé phuong trinh ¢6 nghiém duy nhat (x, y) thdéa man x + 5y =0.
2. Tim tat ca cac s6 nguyén dwong a, b, ¢ thdéa man:

a—b\/E
b—c\/E

\ A ~ 2 \ 2 2 2 1y A A A
lasohtuti va a”+b” +c” la s6 nguyén to

Cau 3. (4,0 diém)

1. Cho parabol (P): y = x2 va duwong thiang (d): y = mx +m + 1 (m la tham s&)

a) Tim m dé& duong thang (d) va parabol (P) cat nhau tai 2 diém phan biét.

b) Trén parabol (P) 1dy 3 diém phan biét: A(a, a?), B(b, b?), C(c, c?).

Biétrang a?-b=b2—c=c2-a.
Tinh gia tri cua biéu thtc: M=(a+b+1)(b+c+1)(c+a+1).

2. Giai phwong trinh: x* —x—1=+/8x+1
Cau 4. (6,0 diém)

Cho hinh vudng ABCD. Trén canh CD lay diém M khac C va D. Puong tron duong
kinh AM cat canh AB tai diém N khac A. Puong tron duong kinh CD cat dwong tron
duwong kinh AM tai E khac D.

a) Chitng minh rang ba diém C, E, N thang hang.

b) Goi giao diém cua doan théng MN véi DE la H, doan th:fmg NM cit duwong tron

duong kinh CD tai K. Chting minh rang MK2=MH.MN.

c) Goi F 1a giao diém ctia DE véi canh BC. Chting minh rang MF L AC.

Cau 5. (2,0 diém)
az0
Cho céc s0 thuc a, b, ¢ thoa man diéu kién: < 21, C

+4
a a

Chttng minh rang phuwong trinh ax” +bx+c=0 c6 nghiém.



PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

THANH PHé BI&C GIANG LGP 9 THCS NAM HOC 2017-2018
—_— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 120 phﬁt ( Khéng kéqﬂ’l(\)’l gzan giao lfé)
Pé s6 26

(DEé thi c6 mot trang)

Cau 1. (5 diem)

a/ Cho biéu thttc M = (

x+2«/;+4+x+2\/;+1}(3«/;—5+ 24X +10 J

x\x —8 x—1 1 JUx=2  x+6Jx+5
Rat gon M va tim x d€ M > 1

b/Cho a, b, ¢ >0 thoa man ab ++/bc ++/ca =1. Tinh H=

avb , Jb—ve_ e-\a
1+c 1+a 1+b
Cau 2. (4 diém)

X x?

a/ Giai phuong trinh \/ 30 —% + J 6x* — = 632
b/ Tim s8 thue x d& 3 8 x—+/3;x° +2\/§;x—E la s6 nguyén
X
Cau 3. (4 diem)
a/ Tim x nguyén duong d& 4x> +14x* +9x -6 1a s8 chinh phuong

b/ Cho x, y, z la cac s6 thuc dwong thoa man x+y+z=xyz.

T+1+x3 +1+\f1+y2 +1+\/1+z2
X y z

Chting minh rang: <xyz

Cau 4. (6 diem)

Cho doan thang OA =R, vé duong tron (O;R). Trén dwong tron (O;R) 1dy H bay
ky sao cho AH < R, qua H vé duong thing a ti€p xtic v6i duong tron (O;R). Trén
duong thing a 14y B va C sao cho H nam gita B va C va AB = AC=R. Vé HM vuéng
goc voi OB (MeOB), vé HN vudng goc voi OC (NeOC)

a/ Chttng minh OM-OB=ON-OC va MN lu6n di qua 1 diém cd dinh
b/ Chttng minh OB-OC=2R?
¢/ Tim gia tri 16n nhat cua dién tich tam giac OMN khi H thay d6i

Hét




PHONG GD&DPT THANH OAI Ki THI CHON HQC SINH GIOI TRUONG

TRUONG THCS THANH VAN LOP9 TH(;S NAM HQ(; 2015-2016
E— MON THI: TOAN

Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phﬁt ( Khéng kéqﬂ’l(\)’l gzan giao lfé)

bé s6 27
(D@ thi co mot trang)

Cau 1. (6 diem)

{\/;+3+«/;+2+ Jx+2 }
(Wx-2 3-Jx x-5Vx+6

a. Cho biéu thitc M = (1 —

o
Jx+1
1) Rat gon M

2) Tim gia tri nguyén cua x d€ biéu thitc M nhén gia tri la sd nguyén

b. Tinh gia tri cua biéu thiec P

P = 3x*" 15" 12006 v6i x = \/6+2«/§.\/3—\/x/§+2\/§+x/18—8\/§ -3

Ciu 2. (4 diém)

inh: (14X7) —4x* =1-3x*
a - Giai phuong trinh: X X" = X

b - Tim tat ca cac s6 nguyén n sao cho n® +2014 1a mot s& chinh phuong

Cau 3. (4 diem)

a) Cho duong thang: (m—2)x+(m-1)y =1 (m la tham s8) (1)
Chtrng minh réng duwong théng (1) ludn di qua mét diém cd dinh véi moi gia tri cia m
1 1 1

b) Chttng minh rang: néu a, b ,c 1a ba s6 thoa man a +b + ¢ =2013 va Stpto T
a c

ﬁ thi mot trong ba s8 phai c6 mot s8 bang 2013

Cau 4. (5 diem)

Cho duong tron (O; R). AB va CD la hai dwong kinh ¢8 dinh cua (O) vudng gbc véi
nhau. M 1a mét diém thudc cung nhd AC caa (O). K va H lan luot la hinh chiéu cua
M tréen CD va AB.

a) Tinh sin® MBA+sin® MAB +sin* MCD +sin” MDC

b) Chting minh: OK? = AH (2R — AH)

c) Tim vi tri diém H d€ gia tri caa: P = MA. MB. MC. MD 16n nhat.

Cau 5. (1 diem)

4a 9b 16¢c
+ +
b+c—-a a+c-b a+b-c

Tim gida tri nho nhat cua biéu thiee P =

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN GIA LOC LOP 9 THCS NAM HOC 2015-2016
— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
Peé so6 28

(DEé thi c6 mot trang)

Ciu 1. (2,0 diém)

Rat gon biéu thuc:
1) A= X+2 + x+1 o voi x>0, x#1
xx =1 x+ax+1 Wx-1
2 B_z\/3+x/5—\/13+\/£
J6 +2
Cau 2. (2,0 diém)
Giai phuwong trinh:
1) 2x*=7x° +9x* -7x+2=0 2)  243x+10=x>+9x+20

Cau 3. (2,0 di€ém)
1) Giai phwong trinh nghiém nguyén : x* +xy —2014x—2015y —2016 =0

2) Tim s& nguyén t6 k dé k* +4 va k*>+16 dong thoi la cdc s6 nguyén t6.
Cau 4. (3,0 diém)
Cho hinh vuéng ABCD c6 AC cat BD tai O. Goii M la diém bat ky thudc canh BC (M
khéc B, C). Tia AM cat duong thang CD tai N. Trén canh AB 14y diém E sao cho BE =
CM.
1) Chiing minh tam gidc OME vudng can.

2) Chtng minh ME // BN.
3) Goi H la giao diém cua OM va BN. Chiing minh CH | BN.

Cau 5. (1,0 diém)

Cho x, y, z la cac s duong thoa man l+l+1 =4,
X y z
Chttng minh réng: 1 + 1 + 1 <1

2x+y+z Xx+2y+z Xx+y+2z

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
HUYEN VU QUANG LOP 9 THCS NAM HOC 2018-2019
R MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 29

(DE thi c6 mot trang)
Cau 1.

a) Cho X,y la cac s6 thuc thoa man x3+y3—6(x2+y2)+13(x+y)—2020.

Tinh gia tri cta A:X3+y3+12xy.
x® =3x" +3x* —=x* +2017
x® —x* —=3x* =3x+2017
Y +2(x—y):0'
y3—1 x’ -1 x2y2+3

b) Cho biéu thitc x> —x—1=0. Tinh gi4 tri cia Q=

¢) Cho x+y =1 va xy #0. Chttng minh rang

Cau 2.

a) Cho biéu thitc B= 2_
a

a’ +a2—b2_ b*> ) a’-ab+b’
a’—ab ab b?’-ab) a-b

Rut gon va tinh gia tri caa B vdi |2a —1| =1va ‘b + 1‘ = %

b) Cho P (X) 1a da thittc bac 4 véi hé sO cao nhat bf?mg 1.

Biét P(2015) =2016; P(2016) =2017; P(2017) =2018.

Tinh P(2014)+P(2018).

Cau 3.
1 1 3
+ + = .
X2 4+5x+4 X2 +11x+28 x> +17x+70 4x-2

b) Giai phwong trinh nghiém nguyén x* —xy +y” =3.

a) Giai phrong trinh

Cau 4.
a) Tim X,y d&biéu thitc F=5x" +2y” —2xy —4x+2y+3 dat gia tri nho nhat.
b) Tim cac s6 nguyén duong n sao cho 2" +3" +4" 1a s6 chinh phuong.
Cau 5.

a) Cho hinh binh hanh ABCD. Goi M la diém trén canh AB sao cho

1 L \ A . .
AM =§AB, N la trung diém ctia CD, G la trong tam tam gidc BMN, | la giao

diém caa AG va BC. Tinh AG va E

Gl IC
b) Cho tam gidc ABC, phan giac trong goc A cit BC tai D, trén cac doan thang DB,
BE.BF _ AB?
CECF AC*’
) Cho hinh thoi ABCD c6 canh bang duong chéo AC, trén tia d8i ctia tia AD
1ay diém E. Puong thang EB cit duong thang DC tai F, CE cit AF tai O.Chtng

minh rdang AAEC ~ ACAF, tinh s6 do EOF .

DC lan Iuot 13y cic diém E va F sao cho EAD = FAD . Chiing minh rang



PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI QUAN

QUAN BAC TU LIEM LOP 9 THCS NAM HOC 2018-2019
T MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao deé)
Pé s6 30

(Dé thi c6 mot trang)
Cau 1. (4,0 diém)
1. Cho biéu thitc:

a) Rat gon biéu thic A.
b) Tinh gia tri ctia biéu thiic Akhix = 3+\/§; y=3—

. G%}Hy:z\/g (Vx Xi/—) (% %Jf,;/j
NG

2. Cho 2 biéu thie: P=2-P P=c c- aQ— C ;2 b iabexo
C a a-b b-c c-a

théa man: a=b=c va a’ +b’ +¢’ =3abc . Chitng minh rang: P.Q=9

Cau 2. (4,0 diém) Giai cac phuong trinh sau:

a) X >=X x+5_X =6
x+1 x+1

b) (4x—1)Vx*+1=2(x"+1)+2x~1

Cau 2. (4,0 diém)
a) Tim cdc s6 nguyén X,y thoa man: y* +2xy—7x-12=0

2012 2002

b) Tim s6 tw nhién N dé: A=n
Cau 3. (6,0 diém)

Cho tam giac ABC vuong tai A co canh AC > AB, duong cao AH (H thudc
BC). Trén tia HC 1dy diém Dsao cho HD =HA. Buong vudng goc véi BCtai D
cat AC tai E.
a) Chtng minh: AADC —~ ABEC. Cho AB=m, tinh BE theo m.
b) Goi M 1a trung diém cta BE. Chttng minh rang: ABHM —~ ABEC. Tinh géc
AHM .

+n~"" +1la s6 nguyén to.

¢) Tia AM cit BC tai G.Chiing minh ring: S2 - 0

Cau 4. (2,0 diém)

Cho x,y,zla cac s6 duong thdéa man: L + L + L =6.
X+y y+z z+Xx

Chting minh rang L + ! + L < 3 .
3x+3y+2z 3x+2y+3z 2x+3y+3z 2




PHONG GIAO DUC VA PAO TAO Ki THI CHON HOQC SINH GIOI HUYEN

HUYEN LUC NAM LOP 9 THCS NAM HOC 2018-2019
— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
bé s6 31
(DE thi c6 mot trang)

Cau 1. (4,0 diém)

1. Rut gon biéu thirc:

Ix +1 +\/;+\/;+1 . 1_\/;+\/;_ Jx+1 Vo
Syt -y ) Sy Byl
x>0;y>0;xy=1.

(JE —1).%/10 +643
214445 +3

V21 la mdt nghiém ctia phuong trinh: ax® +bx+1=0.Véi a,b 1a cac

J2-1

sOhttuti. Tim avab.

2. Cho x=

) , 2017
, tinh gia tri biéu thiic P = (x2 +4X—2)

Cau 2. (2,0 diém)

1. Cho x=

2. Cho p 1a s8 nguyén t6 16n hon 5. Chiing minh p* -1 chia hét cho 100.
3. Cho a,b,c la d6 dai ctia 3 canh mot tam giac, chitng minh r%mg:
a* +b* +c* <2a’b* +2a’c® +2b’c?
Cau 3. (2,0 diém)

1. Tim céac s& nguyén x sao cho x’ —3x* +x+2 la s8 chinh phuong,.

2. Giai phuong trinh: v/x? +3x +2+/x +2 =2x+4/x+é+5 :
X

Cau 4. (6,0 diém)
Cho hinh thoi ABCD c6 AB=BD =a. Trén tia d6i cua tia AB ldy diém N, trén
tia d6i cua tia DB 1dy diém K sao cho AN + DK =2a. Goi giao diém ctia CN véi
BD va AD thittwla | va M. Tia BM cat ND tai P.
1. Chttng minh IC.CN =IN.CM .
2. Chting minh DM BN =a”. Tir d6 tinh s& do géc BPD .
3. Tim vi tri diém N va K dé€ dién tich t& giac ADKN 16n nhat.
Cau 5. (1,0 diém)
Cho a,b,c >0 va a+b+c=3. Chttng minh rang:

a5+b5+c5+1+l+126
a c

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2018-2019

HUYEN KIM THANH - -
—_— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqth(\)’l gllli’l giao lfé)
Pé s6 32

(DEé thi c6 mot trang)

Cau 1. (2,0 diém)

1. Cho biéu thtc: A = [

x+2 k1 J.&q
xx-1 x+x+1 1-Jx) 2
a, Rut gon biéu thuic A.

b, Chitng minh r;‘?mg: 0<A<2.

X+2

2. Cho biéu thtic: =2 véi 2<x<2 va x=£0.

Tinh gid tri cua biéu thtkc:
X —

Cau 2. (2,0 diéim)
1. Giai phwong trinh: x* —7x = 6v/x+5-30.
2. Cho hai duong thang (d1) y= (m —1)x -m’-2m;
(dz): y =(m—2)x—m2 —~m+1 citnhau tai G . (V6i m la tham s6)
a, Xac dinh toa do diém G.
b, Chiing to rang diém G ludn thudc mdt duwong thang cd dinh khi m thay déi.
Cau 3. (2,0 diém)
a, Cho p la s6 nguyén t& 16n hon 3. Chitng minh rang p* —1:24.
b, Tim s6 tg nhién n sao cho A=n?+n+6 la sd chinh phwong.
¢, Tim cac s6 nguyén x,y théaman: y” +2xy—3x—2=0.
Cau 4. (3,0 diém)
Cho duong tron tam O, duong thang (d) ¢d dinh nam ngoai duong tron. M di
dong trén duong thang (d), ke 2 tiép tuyén MA va MB véi duong tron (O;R),
OM cit AB tai | .
a, Chiing minh tich OI.OM khong doi.
b, Tim vi tri cia M dé AMAB déu.
¢, Chting minh rang khi M di dong trén (d) thi AB ludn di qua mot diém c6
dinh.
Cau 5. (1,0 diém)
Cho cac s6 thue dwong X;y;z thoa man x+y+z=1. Chting minh rang:
X y z 9

+ + <—
X+yz y+zx z+xy 4




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2018-2019

HUYEN HOAI NHON " -
—_—— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqth(\)’l gzan giao lfé)
Pé s6 33

(D# thi ¢6 2 trang)

Cau 1. (4,0 diém)
\/§+\/§+\/g+\/§+4
V2+B+da

b) Cho x= 2 . Tinh gia tri cta bi€u thuc

1 1
WW2+1-11 JWV2+1+1

4 )2018

a) Thu gon biéu thirc: A =

B:(1—2x+x2 +x° —x

¢) Cho x=33+2v2 +33-242 va y=317+12v2 +317-242 . Tinh gi4 tri cta
biéu thitc:

C=x>+y’-3(x+y)+2018.

Cau 2. (4,0 diém)
a) Tim cac s6 nguyén duong cd hai chit s, biét s6 d6 la boi cua tich hai ch s6
cua chinh s6 do.
b) Chiing minh rang s& tw nhién

A=1.23...2017.2018.| 1+ 1 + 1 4ot 1 + 1 chia hét cho 2019.
2 3 2017 2018

Cau 3. (5,0 diém)
3.1. Cho a, b, c la cac s6 thuc duwong thoa man diéu kién:
a’+b’ +c :(a—b)2 +(b—c)2 +(c—a)2.
a) Tinh a+b+c, biét rang ab+bc+ca=9.
b) Chting minh réng: Néu c>a, c>b thi c>a+b.
3.2. Cho ba s duong x, y, z théoa man x*” +y*" +z*” =3. Tim gia tri 16n

nhét cta biéu thire: E=x> +y* +2°.

Cau 4. (4,0 diém)



Cho tam giac déu ABC c6 canh bang a. Hai diém M, N Tan luot di dong trén

hai doan théng AB, AC sao cho %+% =1.Dbat AM=x va AN=y. Chting

minh rang:
a) MN? =x* +y* —xy .
b) MN=a-x-y.
c) MN ludn tiép xuc voi duong tron noi ti€p tam giac ABC.
Cau 5. (3,0 diém)
Cho tam giac ABC c6 ba goc nhon ndi ti€p duong tron (O), goi M la trung

diém ctia canh BC, H la tryc tam cua tam giac ABC va K la hinh chiéu vuéng

goc cua A trén canh BC. Tinh dién tich ctia tam giac ABC, biét OM =OK = %

va AM =30 cm.

PHONG GIAO DUC VA PAO TAO Ki THI CHON HOQC SINH GIOI HUYEN
HUYEN HA HOA LOP 9 THCS NAM HOC 2015-2016



MON THI: TOAN

DE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké thoi gian giao dé)

bé s6 34
(DEé thi c6 1 trang)
Cau 1. (3,0 diem)
a) Giai phuong trinh nghiém nguyén: 4x* +8x =38-6y”.
b) Tim s6 tw nhién n dé n* +4 1a s& nguyén t3.
Cau 2. (4,0 diém)
a) Cho (x5 +2015 )(y -+ +2015 | =2015.
Hay tinh gia tri cua biéu thitc A =x+y+2016.
b) Chting minh rang:

Néu ax’ =by’ =cz’ va LI %/ax2 +by? +cz? =a+3b+e.
X 'y z

Cau 3. (4,0 diém)

a) Giai phuong trinh 4(x +4x+2)=11Vx" +4 .

x(x+y)+y* —4y+1=0

b) Giai hé phuong trinh ( y)z o .
y(x+y) —2x* -7y =2
Cau 4. (7,0 diéin)

Cho duong tron (O; R) va day cung BC ¢6 dinh (BC <2R). Diém A di dong

trén cung 16n BC sao cho AABC ¢6 ba goc nhon. Keé cac dwong cao AD, BE, CF

cdt nhau tai H.

a) Chitng minh AAEF -~ AABC va Suee _ cos” A.

ABC
b) Chting minh réng: Sy =(1-c0s* A—c0os’ B—c0s’ C).S s .
c) Xac dinh vi tri diém A trén cung l6n BC sao cho chu vi ADEF dat gia tri 16n
nhat.
Cau 5. (2,0 diem)
Cho a, b, ¢ 1a ba s6 thuc duwong, tim gia tri nho nhat cua biéu thic:

_a’+b’+c +a2+b2 +b2+c2 c?+a?

2abc ?+ab a’+bc b’+ca
Hét
PHONG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI HUYEN

HUYEN DAN PHUONG LOP 9 THCS NAM HOC 2018-2019



- , , MON THI: TOAN
DE THI CHINH THUC Ngay thi: 23/10/2018
Db 56 35 Thoi gian: 150 phiit ( Khong ké thoi gian giao deé)

(D# thi ¢6 1 trang)

Cau 1. (5,0 diem)
1. Cho biéu thttc: p == x+26(x =19 2Jx  Vx-3

- + .
x+2¢x =3  x=1 x+3

a) Rut gon P;

b) Tim gia tri nho nhat ctia biéu thikc P.

2.Cho a= %/2—\/5 +%/2+\/§ . Chttng minh rang; #—?ﬁ la s6 nguyén
(a”-3)
Ciu 2. (4,0 diém)
1. Giai phuong trinh : x* —x—4=2x-1(1-x).
2. Nha toan hoc De Morgan (1806 — 1871) khi dwoc hoi tudi da tra 1oi: Toi x tudi
vao ndm x*. Hoi ndm x*d6 6ng bao nhiéu tudi.
3. Tim s0 ti nhién A biét r?ang trong ba ménh dé sau c6 hai ménh dé dung va mot
ménh dé sai:
a) A+51 la s chinh phwong.
b) Chir s6 tan cung bén phai ctia A 1a s6 1.
c) A—38 la s6 chinh phuong.
Céu 3. (4,0 diém)
a) Timxvay biét2x* +4x-3y’ +5=0 va xX’y’ +2xy +y” =0.
b) Tim cac cdp sd nguyén (x; y) thoa man x’y +xy —2x> —3x+4=0.
Cau 4. (6,0 diém)
1. Cho tam gidc nhon ABC. Cac dwong cao AH, BI, CK
a) Chtng minh rang tam giac AKI dong dang véi tam giac ACB;
b) Biét S, =Sy, =Sy - Ching minh rdng: ABC 1a tam giac déu.

2. Cho tam giac ABC la tam gidc nhon ndi ti€p duong tron (O; R) va duong cao AH
bing R+2. Goi M va N thtt tu 1a hinh chiéu cta H trén AB, AC. Chiing minh
rang ba diém M, N, O thang hang.

Cau 5. (1,0 diém) V6iba s6 duwong X, yY,Z théa man x+y+z=1, chitng minh:

2 2 52
1-x +1 Y +1 Z >6.
X+y2 y+ZX Z+Xy

PHONG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2016-2017



HUYEN BIM SON MON THI: TOAN
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

PE THI CHINH THUC

bé s6 36
(D# thi ¢6 1 trang)
Cau 1. (2,0 diém)
Cho biéu thttc:

(a5

a) Rat gon P.
b) Tinh gia tri cia P tai a=(2+\/§)(\/§—1) 2—«/5

Cau 2. (1,5 diéin)
Giai phuong trinh: yx—2vx—-1-+/x-1=1.
Cau 3. (2,5 diéim)

Cho x, y 1a cac s6 duwong.

a) Chtrng minh: XiYso,
y X
b) Tim gia tri nhé nhét ctia biéu thire: M =>4+ L+ Y
X +Yy

Yy, XN
X

Cau 4. (3,0 diéim)
Cho diém M nam trén nita duong tron tam O duong kinh AB=2R (M khong
truing véi A va B). Trong ntta mat phang chta nita duong tron cé bo 1a duong
thang AB, ké tiép tuyén Ax. Puong thang BM cat AX tai I; tia phan gic cta
IAM cat nita duong tron O tai E, cat IB tai F; duong thang BE cat Al tai H,
cit AM tai K.
a) Chitng minh 4 diém F, E, K, M cling nam trén mot duong tron.
b) Chttng minh HF L BI .
c) Xac dinh vi tri cia M trén nita duong tron O dé chu vi AAMB dat gia tri 16n
nhat va tim gid tri d6 theo R?

Cau 5. (1,0 diém)
Tim cac s ty nhién X, y biét rang: (2* +1)(2* +2)(2* +3)(2" +4) -5’ =11879.

Heét

PHONG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI HUYEN



HUYEN QUANG DIEN LOP 9 THCS NAM HOC 2016-2017
MON THI: TOAN
DE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

D¢ s6 37
(D# thi ¢6 1 trang)
Cau 1: (4,0 diém)

3x+49x-3 1 1 1
‘x-1

Cho biéu thire A = + + -2
[ NN SRR SN oI

a) Tim diéu kién ctia x d€ biéu thitc A c6 nghia.

b) Rut gon biéu thirc A.

c) Tim gia tri ctia x d€ —— la sO tu nhién.

A
Cau 2: (6,0 diem)
Giai phuong trinh va hé phwong trinh sau:

(X +xy+y° )X’ +y’ =185
a) VX-2 ++6- x =vx*- 8x+24. b) Y Y

(X* =xy +y )X +y’ =65

Cau 3: (4,0 diém)

Cho duong thang (d) c6 phuong trinh 1a: y = 2x + 3.

a) Tim trén duong thing (d) nhitng diém c6 toa do6 thoa man dang thic
X+ y*— 2xy — 4=0.

b) Tir diém A(-1; 1) vé duong thang (d’) vuong goc véi (d) va tir diém B(-3,-3) vé duong
thang (d”’) di qua diém C(1; 0). Viét phuong trinh ctia cac duong thang (d’) va (d”).

c) Tinh dién tich ctia tam giac tao béi cac dwong thang (d), (d'), (d”).
Cau 4: (6,0 diém)

Cho duong tron (O; R) duong kinh AB. Goi M la diém nam gitta A va B. Qua M vé
day CD vuong goc voi AB, 1ay diém E d6i xing voi A qua M.

a) Tk gidc ACED la hinh gi? Vi sao?

b) Goi H va K Tan luot 1a hinh chiéu cia M trén AC va BC. Chiing minh rang
HM MK CD
HK MC 4R°

c) Goi C’ 1a diém ddi xting véi C qua A. Chttng minh rang C’ nam trén mot duong
tron c§ dinh khi M di chuyén trén duong kinh AB (M khac A va B).

Heét

PHONG GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI HUYEN
HUYEN VU QUANG LOP 9 THCS NAM HOC 2018-2019



- - , MON THI: TOAN (Vong 2)
DE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké thoi gian giao dé)
P s 38

(D# thi ¢6 1 trang)

Caul.  a)Phan tich da thitc sau thanh nhan ti: X° +6xy +5y* —5y —X.
b) Cho a®—3ab’ =5 va b*—3a’h=10. Tinh S =2018a° +2018b’.

¢) Cho biéu thic: A:[xs)i24x + 6—63X + X-:IL-ZJ Z(X—2+12;)2(2 j Tim gia tri cua x dé
A>0.
Cau 2. a) Cho n 1a s8 nguyén khong chia hét cho 3. Chting minh rang P =3*" +3" +1 chia hét cho
13.

b) Tim c4c s8 hitu ti n thoa man tong sau 1a s3 chinh phuong: n? +n+503.

Cau3.  a)Tim cacs6 nguyén X thoa man phwong trinh: (3x—1)(4x—1)(6x—1)(12x—1)=330
b) Giai phwong trinh: [x—2|(x—1)(x+1)(x+2)=4
¢) Tim cdc cdp (X;y) nguyén thoa man: y* +2xy—3x—2=0

Caud.  GoiOlatrung diém cta doan thang AB. Trén cling ntta mét phang bo 1a duong thang AB
ké hai tia AX va By cung vuong goc voi AB. Trén tia Ax 1dy diém C (C khac A). Tk O ké
duong thang vudng goc véi OC, duong thang nay cat By tai D. Tir O ha duong vudng
gdc OM xudng CD (M thudc CD).
a) Chting minh rang: OA* = AC.BD .
b) Chting minh rang tam giac AMB vuong.
¢) Goi N la giao diém cua BC va AD. Chiing minh rﬁng MN//AC.

Cau5. Cho a,b,c >0 thoa man abc =1. Chtng minh rang:

1 1 1 3
> +— +— 2.
a’(b+c) b*(c+a) c*(a+h) 2
Hét
PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
HUYEN THANG BiNH LOP 9 THCS NAM HOC 2018-2019

MON THI: TOAN

PE THI CHINH THUC




Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 39
(DE thi c6 1 trang)

Cau 1. (3,0 diém)

Cho biéu thiec P = [ (v6i 0<x=1)

11 j Jx+1
R

a) Rut gon biéu thirc P .
b) Tim gi4 tri 16n nhat ctia biéu thite Q=P —9/x +2019.
Cau 2. (4,0 diém)
a) Giai phuwong trinh: X—1+47 —x =4/x—-1 +\/(7—x)(x— 1).
b) Cho cac s6 thuc duwong a, b véi a #b. Chitng minh bat dang thitc

(a_b)33—b\/‘t_)+2a\/a_
(\/__\/B) +3a+3«/£< 1

ava—b\b b-a  3abc

Cau 3. (3,0 diém)

Cho a, b, ¢ 1a ba s6 thuc dwong. Chiing minh bat dfmg thirc:

1 1 1 1
- +— +— < .
a(a®+8bc) b(b”+8ac) c(c”+8ab) 3abc

Déu déng thitc xay ra khi nao?
Cau 4. (4,0 diém)

a) Tim cdc sO tu nhién n sao cho n—50 va n+50 déu la sd chinh phuong.

b) Tim céc sd nguyén té p, g sao cho p’ =8q+1.
Cau 5. (2,5 diéim)
Trong tam giac ABC 1dy diém O sao cho ABO=ACO. Goi H,K Tan luot la hinh
chiéu cua O 1én ABva AC.
a) Chung minh rang OB.sinOAC =OC.sinOAB.
b) Goi M,N TIan luwot la trung diém cta BC va HK. Chting minh rang MN
vuong goc voi HK.
Céu 6. (3,5 diém)
Cho duong tron tim O duong kinh AB. Puong thang d 1a tiép tuyén véi duong
tron (O) tai Cva goi D la hinh chiéu cua C trén AB. Tt A va B ké AHva BK
vudng gdc véi duong thang d . Chitng minh rang;
a) AH +BK khong d6i khi tiép tuyén d thay ddi trén duong tron (O).
b) Puong tron dwong kinh HK ludn tiép xic véi AK, BK va AB.
Xac dinh vi tri C dé t& gidc AHKB c6 dién tich 16n nhat.

PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
HUYEN PHU NINH LOP 9 THCS NAM HOC 2013-2014
—_— MON THI: TOAN

PE THI CHINH THUC




Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 40
(DE thi c6 1 trang)
Cau 1. (4,0 diem)

a. Tim sO ty nhién n sao cho: n +24 va n - 65 la hai s6 chinh phuong
b. Chitng minh rang véi moi s& tu nhién n ta c6: A =752+ 12.6 chia hét cho 19.

Cau 2. (4,0 di€ém):
Vx + \/§ + 2z
\/E+\f;+2 yz+\/§+1 Jzx +23z +2

Biét xyz = 4, tinh /A

a. Cho A=

2 2 2
b.Cho 2+¥+Z-1. va E+E+E:0.Chﬁzngrninhlrc:?mg: —2+y—2+z—2:1.
a b c X y z a~ b” ¢

Cau 3. (3,0 diém):

Giai phuong trinh: x> +

Cau 4. (7,0 diém)
1. Cho tam gidc ABC nhon, cac dwong cao AA’, BB’, CC’, H 1a truc tam.
HA' HB' HC'
+ +
AA' BB' CC'
b) Goi Al la phan giac ctia tam giac ABC; IM, IN thtt ty la phan gidc cta goc AIC va
g6c AIB. Chiing minh rang: AN.BL.CM = BN.IC.AM.
(AB+BC+CA)*
AA"”+BB"*+CC"
2. Cho tam giac déu ABC, goi M la trung diém ctia BC. Mot goc xMy bang 60° quay
quanh diém M sao cho 2 canh Mx, My luon cit canh AB va AC lan luot tai D va E.
Chting minh rang:
BC?

a) Tinh tong

¢) Tam giac ABC nhu thé nao thi biéu thic dat gia tri nho nhat?

a) BD.CE =

b) DM, EM Ian luot la tia phan giac ctia cac goc BDE va CED.
¢) Chu vi tam gidc ADE khong d6i.
Cau 5. (2,0 diém):
Cho a, b, c 1a cac s6 duong, chting minh rang:
a b c 3

3a+b+c 3b+a+c 3c+b+a 5

Heét




PHONG GIAO DUC VA PAO TAO Ki THI CHON HOQC SINH GIOI HUYEN
THANH PHO THANH HOA LOP 9 THCS NAM HOC 2014-2015
—— MON THI: TOAN

PE THI CHINH THUC Ngay thi: 02/12/2014
Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

Dé s6 41
(DE thi c6 mot trang)

Cau 1. (4,0 diém)
1) Chting minh biéu thirc sau khong phu thudc vao gia tri cua x:
_ ex—(xt6x-3 3 1
2x—4x +3)(2-Vx) —2x+10Vx-12 3Vx-x-2

Pieukienx >0, x # 4, x #9;x # 1
2+43 N 2-\3
P24 V2-42-3

2
3a+l a-1 _ 2a(2a —21) (a 12 tham s6)
a+x a-—-x X" —a

2) Rut gon biéu thtee: B =

Cau 2. (6,0 diém)

1) Cho phwong trinh :

a) Giai phuong trinh trén.
b ) Tim céc gia tri nguyén duong cua a d€ phuong trinh c6 nghiém x la s& nguyén t6.
x* -y’ —z° =3xyz

2

2) Tim nghiém nguyén duong ctia hé phuong trinh sau:
X" = 2Ay+z)
Cau 3. (4,0 diém)

1) Tim tat ca cac s6 tw nhién c6 3 chir s6 abc sao cho :
abc=n’ -1
cba =(n-2)
2) Cho tam giac ABC c6 3 canh a, b, cthdaman a+b+c=6.
Chttng minh: 52 < 3(a?+b2+c2?)+ 2abc <54
Cau 4. (4,0 diém)
Cho hinh vudéng ABCD canh 1a a va N la mot diém trén canh AB. Tia CN cit tia DA
tai E. Trén tia d6i cua tia BA 1dy diém F sao cho BF = DE. Goi M 1a trung diém ctia EF.
1) Chting minh tam gidc ACE dong dang véi tam giac BCM.
2) Xac dinh vi tri di€ém N trén AB sao cho dién tich t giac ACFE gdp ba lan dién
tich hinh vuéng ABCD.
Cau 5. (2,0 diém)
Cho tam gidc ABC c6B + C = 105° va AB + AC\2 =2BC. Tinh B va C
Hét

Véine Z; n>2




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN TAN Ki LOP 9 THCS NAM HOC 2018-2019
—— MON THI: TOAN
PE THI CHINH THUC Ngay thi: 02/12/2014

Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

Dé s6 42
(DEé thi c6 mot trang)

Cau 1. (5,0 diém)

Cho bidu thite: A | XHVI6x=7 _x+1 x+7) () x|
x+2¢x =3  Jx+3 Jx-1 Jx -1

a) Néu diéu kién xac dinh r6i rut gon A..

b) Tinh gia trj ctia A khi > = 2274745

9 10472
Jx -2
\/;+2

A..Tim x dé€ P<0.

c) Cho P =

Cau 2. (4,0 diém)
a) Chitng minh rang tong cdc binh phuong ctia hai s8 1é khong 1a s8 chinh
phuong.
b) Giai phuong trinh: x+17 =2v4—x +6v2x+3
¢) Tim nghiém nguyén ctua phuong trinh: 6x* +19y” +24x—2y +12xy —725=0.
Ciu 3. (3,0 diéin)
Cho ba s0 thec khong am x,y,z théa man x+y+z=3.

N .7 . 7 A, \ .7 . > A, 2 «A? , X
Tim gia tri lon nhat va gia tri nho nhat ctia biéu thitc: M= ———+ 2}7 2Z
x+1 y"+1 z"+1

Cau 4. (6,0 diem)
Cho tam giac ABC vudng tai A(AB>AC), duong cao AH. Goi M la trung
diém ctia AB, AD la phan giac ctia géc BAH,(D e BH), MDcat AH tai E.

AB® AC?

BH CH'
b) Tinh d6 dai AH biét dién tich cac tam giac AAHC;AAHB va lan luot la
8,64cm?:15,36¢cm?,
c) Chiing minh: CE || AD.

Cau 5. (2,0 diém)
Cho 33 diém nam trong hinh vuéng c6 d6 dai canh bang 4 trong d6 khong cé ba

a) Chiing minh rang

diém nao thing hang. Ngudi ta vé cic dudong tron ban kinh bing V2 va tam la
cac diém da cho. Hdi c6 hay khong 3 diém trong cac diém da cho sao cho chung
déu thudc phan chung cta ba hinh tron c6 tam cting chinh la ba diém do.

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN DONG XUAN LOP 9 THCS NAM HOC 2012-2013
—— MON THI: TOAN
PE THI CHINH THUC Ngay thi: 13/12/2012

Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

bé s6 43
(DEé thi c6 mot trang)
Cau 1. (4diém)

a/ Phan tich da thitc sau thanh nhan t&: x> —9x+20

2dx -9 x+3 2Jx+1
x=5Vx+6 x-2 3-x

b/ Ratgon A =

Cau 2. (4 diém)
a/ Giai phuong trinh:  v/3x*> —20x+6 = x—4

2
b/ Tim gid trj nho nhét va 1on nht cia A= 25 T9Y
X +y

Cau 3. (4 diéin)
a/ChoS=123+234+345+ ...+ n(n+1l)(n+2)
Chting minh 4S + 1 1a mdt s chinh phwong véi moi s6 nguyén duong n

a b C d
+ + +
a+b+d a+b+c b+c+d a+c+d

b/ Cho a,b,ccd>0va S=

Chttng minh 1<S<2
Cau4. (4diém)
Cho diém D nam trong tam giac déu ABC. V& cac tam giac déu BDE va CDF (E, F,
D nam cung phia d8i v6i BC). Chttng minh tt gidc AEDF 1a hinh binh hanh.
Cau 5. (4diéin)

Cho ntra duwong tron tam O; ban kinh R, dwong kinh AB. T A va B ké hai tiép
tuyén Ax va By. Qua mot diém H thudc nira duong tron nay, ké tiép tuyén thit ba cat
cac tiép tuyén Ax va By Ian luot 6 M va N, cac duwong thang AN va BM cat nhau tai P.

a/ Chting minh HP // AM

b/ Goi K 1a giao diém ctia HI va AB. Tinh d6 dai ctia HK theo R biét AK = %AB

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN MC)C XUAN LOP 9 TH(;S NAM HO(; 2016-2017
- MON THI: TOAN
PE THI CHINH THUC Ngay thi: 10/01/2017

Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)

Dé s6 44
(DEé thi c6 mot trang)

Cau 1. (3,0 diém)
a) Chting minh rang cacs6 A=6""+1va B=6"" -1déulabdicta 7.
102016 -1 102016 +1

b)SOSénh A:m Vél B:m

2yx =9 | 2Ix+1 x+3
x=5Vx+6  x-3 2-vx
2016x” +2x+2016
x*+1
¢) Tim nghiém nguyén duong ctia phwong trinh: 6x” +5y” =74.
Cau 3. (3,5 diém)
a) Trén mit phangOxy, cho duong thang (d)cd phuong trinh

Céau 2. (5,5 diém)

a) Rat gon biéu thie: P= voi X20;x#4;,x#9.\

b) Tim gia tri 16n nhat cua biéu thie: Q=

(m-4)x+(m=3)y=1 (M la tham s6). Tim M d& khoang cach tir g&c toa do dén
duong thang (d)la 16n nhat.

b) Cho cac s6 duong a, b, c. Chitng minh rang: 1< a_, b ¢ <2
a+b b+c c+a

Cau 4. (5,5 diém)
Cho ntta duong tron(0), duwong kinh AB=2R. Lay diém M bat ky trén nua
duong tron (M khac A va B); cac tiép tuyén tai A va M ctia nira dudng tron
(O) cat nhau 6 K. Goi E la giao diém ctia AM vaOK .
a) Chttng minh OE.OK khong d6i khi M di chuyén trén ntta dwong tron.
b) Qua O ké duong vuong goc véi AB cat BK tai | va cat duong thang BM tai
N . Chting minh: IN = 10.
c) V& MH vuong goc voi AB tai H. Goi F la giao diém ctia BK va MH. Chitng
minh: EF // AB.

Cau5. (2,5 diem)
Cho tam gidc déu ABC ndi tiép duong tron(O; R). Mot diém P chay trén cung
nho AB (P khic A va B). Chting minh rang téng cac khoang cach tir P dén A
vatlr P dén B khong lén hon duong kinh ctia duong tron (O; R).

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2017-2018

HUYEN TIEN HAI - -
— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 120 phlflt ( Khéng kéqﬂ’l(\)’l gzan giao d\é)
Pé s6 45

(DEé thi c6 mot trang)

Cau 1. (4,0 diém) Tinh gid tri ctia cac biéu thirc sau:

a) A=J4+M+\/4—m
b) B=\/(a+bc)(b+ca)+\/(C+ab)(b+ca)+\/(C+ab)(a+bc)

c+ab a+bc b+ca

(Véia, b, cla cac s6 thuc duong vaa+b+c=1)
Cau 2. (3,0 diém)
a) Tim c4c s6 a, b sao cho da thikc f(x) = x* + ax® + bx — 1 chia hét cho da thirc x> - 3x + 2.
b) Chitng minh rang: B = 4x(x + y)(x +y + z)(x + z) + y2z2 1a mot s8 chinh phuong véi x,
y, z 1a cac s6 nguyén.
Cau 3. (4,0 diém)
-1

X_

a) Tim m d€ phuwong trinh: =m -3 v0 nghiém.

b) Giai phuwong trinh: 44/x+1=x>—5x+14.

X Y2 X3,
zZ X Yy

¢) Tim nghiém nguyén duwong cua phuong trinh:

Cau 4. (7,0 diém)

Cho tam giac ABC vudng tai A (AB < AC). Ké AH vudng gbc v6i BC tai H. Goi D, E
lan lwot 1a hinh chiéu ctia H trén AB, AC.

a) Biét AB = 6cm, HC = 6,4cm. Tinh BC, AC.

b) Chting minh rang DE’ = BC.BD.CE

c¢) Duong thang ké qua B vuéng géc véi BC cat HD tai M, Puong thang ké qua C
vuong goc véi BC cat HE tai N. Chiing minh rang M, A, N thang hang.

d) Chitng minh rang BN, CM, DE d6ng qui.
Cau 5. (2,0 diém)

Cho da thitrc f(x) = x*+ ax® + bx2+ cx +d (Vébia, b, ¢, d 1a cac sd thuc)

Biét f(1) = 10; £(2) = 20; £(3) = 30. Tinh gia tri bidu thtic A = £(8)+ f(—4).

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

THANH PHO HAI PHONG LOP 9 THCS NAM HOC 2018-2019
—_— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 150 phiit ( Khong ké'thoi gian giao dé)
Peé s6 46
(D@ thi co mot trang)

Cau 1. (2,0 diém)

(&_ﬁ)3+2xx/;+}’\/§+3\/g—3y

X x+y\/§ X-y

minh rang gia tri ctia biéu thitc A khdng phu thudc gia tri ctia bién.

x_=39+45 +3/9-445

a) Cho biéu thirtc A=

voi x,y20 va x#y. Ching

b) Chting minh rang
2019
(¥ -3x-17)" ~1=0.

Cau 2. (2,0 diém)
a) Goi x;;x, la nghiém cua phuwong trinh x*>-2mx+2m-3=0 (1) (véi m la tham s0).

la mot nghiém cta phuwong trinh sau

N My LA , 2x,X, +7
Tim gid tri 1on nhat ctia biéu thitc B = 12 :

2 2
X +X, +2(x1x2 +1)

v +1=19x°
b) Giai hé phuong trinh *y .
xy’ +y=-6x>
Cau 3. (2,0 diém)
a) Cho biéu thizc P=a, +a, +a, +...+a,,, vdi a;a,;a la cac s6 nguyén duong va

2019 37 e a2019

P chia hét cho 30. Chting minh rang Q=a’ +a) +aJ +...+aJ,,, chia hét cho 30.

1 N 1 N 1 >
J1+a® 1+b® 1+¢
Cau 4. (3,0 diém) Cho hai duong tron O, va O, ti€p xtic ngoai nhau tai diém /. Vé

b) Cho a,b,c>0 thoa man abc =8 . Chitng minh réng 1.

duong tron O ti€p xuctrongvéi O, va O, lanluottai B va C'. Tk diém I vé duong
thang d vudng goéc véi 0,0,, d cit cung 16n va cung nhé BC caa O lan luot tai diém
A Q.Cho AB cit O, taidiémthithaila E, AC cit O, tai diém thé haila D.

a) Chttng minh rang t giac BCDE ndi tiép ;

b) Chttng minh rdng OA vuong géc véi DE;

c) V& duong kinh MN ctia O vuong goc véi Al (diém M nam trén AB khong chita
diém (). Chitng minh rang ba duong thang AQ, BM,CN déng quy.

Cau 5. (1,0 diéin) Bén trong duong tron cd duong kinh AB =19 cho 38 doan thang, mdi
doan thang c6 d6 dai bang 1. Chitng minh rang ton tai duong thang vudng goc hodc song
song voi AB va giao it nhat hai doan trong 38 doan da cho.

Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

HUYEN KIM THANH LOP 9 THCS NAM HOC 2012-2013
- MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqﬂ’l(\)’l gzan giao d\é)
Deé so 47

(DEé thi c6 mot trang)
Cau 1. (4,0 diém)
20x-9  Yx+3 2dx+1
x=5Vx+6 x-2 3-+x

b) Cho x,y,z thod man: xy+yz+zx=1.

a) Rat gonbiéu thic A=

Hay tinh gid tri biéu thirc

A:XJ(1+y2)(1+Z2) N J(1+z2)(1+x2) +Z\/(1+X2)(1+y2)
(1+°) (1+y%) (1+77)

Cau 2. (3,0 diém)

¢) Cho ham sé: f(x) — (Xa +12x—31)2012

Tinh £(a) tai a=316-8y5+316+85

d) Tim s6 te nhién n sao cho n’®+17 14 s6 chinh phuwong?
Cau 3. (4,0 diém)

Giai cac phrong trinh sau:

a) V1-x+/4+x=3 b) x* +4x+5=2y2x+3

Céu 4. (3,0 diém)
e) Tim x;y thoa man: Z(X\/}j+yM) =Xy
f) Cho a;b;c la cac s6 thudc doan [—1;2] thoa man: a>+b*+c* =6.
Hay chttng minh rang: a+b+c>0
Cau 5. (6,0 di¢m)
Cho tam giac ABC nhon; cdc duong cao AK;BD;CE cit nhau tai H.

KC AC?+CB*-BA’
KB CB*+BA*-AC?

g) Chtng minh:
1 .
b) Gia st: HK = 3 AK. Chttng minh rang: tan B.tanC =3.

c) Giastt S 5 =120cm? va BAC =60°. Hay tinh dién tich tam giac ADE ?
Hét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN
LOP 9 THCS NAM HOC 2013-2014

HUYEN THANH OAI - -
—_— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqﬂ’l(\)’l gzan giao lfé)
Pé so 48

(D@ thi co mot trang)

Cau 1. (6,0 diém)

\/;+3 \/;+2 \/;+2

'L&—2+3—&+x—5&+6]

a) Cho Mz{l—

=
x/;+1

1.Rat gon M.
2. Tim gid tri nguyén ctia X dé€ biéu thirtc M nhan gi4 tri la s6 nguyén.
b) Tinh gia tri ctia bi€u thic P.

P = 3x*° + 5x* 42006 v6i x = \/6+2\/§.\/3—\/\/§+2\/§+»\/18—8\/§ 3.

Cau 2. (4,0 diém) Giai phwong trinh:
a) (x+3)(x+4)(x+5)(x+6)=24 b) ‘2x—x2 —1‘ =2x-x*-1

Cau 3. (4,0 diém)
a) Cho hai s6 duong x,ythod man x+y=1.
Tim gia tri nho nhét cta biéu thire: M = (xz +i2}[y2 + lz]
y X
1 1

b) Cho x,y,z la cac s6 duong thoa man 1 + + =6.
X+y y+z z+X

1 1 1
+ +
3x+3y+2z 3x+2y+3z 2x+3y+3z

Chting minh rang: < % .

Cau 4. (5,0 diém)
Cho duong tron (O;R) va hai duong kinh AB va CD sao cho tiép tuyén tai A
ctia duong tron (O;R) cdt cac duong thang BC va BD tai hai diém turong ting la
E va F.Goi P va Q lan luot la trung diém cua cac doan théng AE va AF.
1. Chttng minh rang truc tdm H ctia tam giac BPQ 1a trung diém ctia doan thang OA.
2. Goi « 1a s6 do cua goc BFE . Hai duong kinh AB va CD thoa man diéu kién gi
thi biéu thitc P =sin® ¢ +cos® @ dat gia tri nhd nhat? tim gia tri nho nhat dé.

BE® CE

3. Chitng minh c4c hé thirc sau: CE.DF.EF =CD® va - =
BF® DF

Cau5. (1,0 diém)

Tim neN sao cho: n*+n®+1 1a s chinh phuwong.



PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

TRUONG AMSTERDAM LGP 9 THCS NAM HOC 2017-2018
—_— MON THI: TOAN
Dﬁ THI CHI'NH THU’C Tl’lb’l gian: 150 phlflt ( Khéng kéqﬂ’l(\)’l gzan giao lfé)
Pé s6 49

(DEé thi c6 mot trang)

Cau 1. Tim tét ca cdc bd ba s6 nguyén duong (p;q;n), trong d6 p, q 1a céc s8 nguyén t&
thoa man: p(p+3)+q(q+3) =n(n+3)

Cau 2. Goi a, b, ¢ 1a ba nghiém cua phwong trinh 2x*> -9x* +6x-1=0
Khong giai phuwong trinh, hay tinh tong:
a5 _b5 b5 _C5 C5 _a5
+ +
a-b b-c c-a
Cau 3. Cho tam giac ABC, (AB< AC), vdi ba duong cao AD, BE, CF dong quy tai H.

=

Céc duong théng EF, BC citnhautai G, goi | la hinh chiéu caa H trén GA.
1. Chting minh rf?mg t& giac BCAI ndi tiép.
2.Goi M la trung diém cta BC. Chting minh rang GH L AM.
Cau 4. Cho a, b, ¢ 1aba s6 thuc duwong théa man a+b+c=3. Chitng minh rang:
aiz+é+cl2 >a’+b*+c’
D4u dang thikc xay ra khi nao?
Cau 4. Moi diém ctia mat phang duwoc to boi mot trong ba mau Do, Xanh, Vang. Ching

minh rang ton tai hai diém A, B dwoc t6 béi ciing mot mau ma AB=1.

Heét




PHONG GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI HUYEN

TRUONG TRUC NINH LOP 9 THCS NAM HOC 2011-2012
— MON THI: TOAN
PE THI CHINH THUC Thoi gian: 120 phiit ( Khong ké'thoi gian giao deé)
Pé s6 50

(D@ thi co 2 trang)

Phian trac nghiém. (2,0 diéim) Moi ciu sau c6 néu bdn phwong dn trd 10i, trong dé chi cé6 mot

phwong an dung. Hay chon phwong dn ding (viét vao bai lam chir cdi dieng trwdc phwong dn dwgc

lvea chon).

1. Bi€u thuc \/(—4)2 (\/7—3)2 c6 gid tri bang:
A. 2(\7-3) B. —2(\/7-3) C. 4(7-3) D. 4(3-7)

2. Cho v20—a’ —\10—a’ =5 biéu thtic v20—a’ ++10—a> c6 gia tri bing:
A.2 B.-2 C.6 D.-6

3 Goi R va r [an luot la ban kinh duwong tron ngoai ti€p va ban kinh duwong tron ndi tiép

2 A Py A A . 7 > A R M
ctia mOt tam gidc vudng can. Khi d6, ti s6 — bang;:
r

A % B. 2+2*/5 C. 1442 D. ”2*/5
4. Cho (O; 5 cm) va O nam trong hai day AB // CD c6 d6 dai AB =8 cm, CD =6 cm. Khi d6
khoang cach gitra hai day la:

A.3cm B. 4 cm C.5cm D.7 cm
Phén tw luin (18 diém)
Cau 1. (3 diéin)

1. Tinh A=6—+11—+/6+11

2. Cho biéu thirc P:( X+l Jx J.(x— X_4] (voi x=>0; x=4)

xx+1 x—/x+1
a) Rat gon biéu thic P.
b) Tim céc gia tri ciia x d& Py4—x <0
Cau 2.2 diéin) Giai phuong trinh (4x+2)v/x+8 =3x* +7x+8
Cau 3. (3 diéim) Trong mit phang toa o6 Oxy cho cac dudong thang
(d1): x-3y+5=0
(d2): x+2y-5=0



(ds): (M*-1)x+3y—-5-2m=0

a) Tim toa do giao diém A cua (d1) va (d2)

b) Xac dinh m dé ba duong thang trén la 3 duong thang phan biét dong quy.
Cau 4. (8 diém). Cho A ABC c¢6 3 goc nhon néi ti€p duong tron (O; R). Cac duong cao AD,
BE, CF cit nhau tai H. Kéo dai AO cit duong tron tai K.

1. Chttng minh t& gidc BHCK 1a hinh binh hanh

2. Ké OM | BC tai M. Goi G la trong tam ctia A ABC. Chttng minh Sanc= 254co

, . AD BE CF
3. Chttng minh — + — 4+ = >
8 HD "HE ' HF -

24/2xy —y +2x+y=10
3y +4 -2y +1+242x-1=3

Cau 5.2 diém) Tim tat ca cac cdp s6 (x; y) thoa man {

Heét

HUONG DAN GIAI
Péso1



Caul.

a. Diéukién: x>0;x=1.

() () 2

P= - +

X++/x+1 Ix Jx-1
:&(&—1)—(2\/§+1)+2(\/§+1)
=X—+/X+1

Vay P:x—\/;+1,vc’yix>0;x¢l.
1Y 3.3
b. P=x—-x+1= - +=>=
Y [\/_ 2} 474

déu bing xay ra khi x:% thoa man dk.

Vay GTNN cﬁaPlé% khi x=% .

c. Voi x>0;x¢1th‘1Q=i >0. (1)
x—\/;+1
2
2(Vx -1
Xét 2— 2Jx = ( )20

x—/x+1 X=X +1
DA4u bang khong xay ra vi diéu kién x =1 .
suy ra Q<2.(2)
Tk (1) va(2)suyra0<Q<2.

Cau 2.
2) 2014 2015 _2015-1 2014+1
J2015 /2014 /2015 /2014
1 1
— /2015 +/2014 + _ > 2015 + /2014
J2014 /2015
2014 2015
Va + > 2014 + /2015 .
Y 2015 | 2014 v

b) Phan tich dwoc thanh 2x -y)*+(y-z+1)2+(z-3)> <0 (1)
Vi(2x-y)?20;(y-z+1)? 20;(z-3)* 20 véimoix, y, znén tir
(I)suyrax=1,y=2;,z=3.

b. Diéukién: x > - 3.

Khi d6 phwong trinh da cho twong duong voi



4_4E7 S

X+3 X+4 ~ 4x+11 N 4x+11 o
2+,/ 4/ (x+3) 2+,f—1 (x+4) 2+‘/5
X+3 X+4 X+3 X+4
1 1
Vix>-3nén + >0

(x+3)| 2+ /L (x+4) 2+ /L
X+3 X+4
Do d64x+11=0< x= —1741 thoa man diéu kién.

Vay tap nghiém ctia phuwong trinh la: S = { ];11} :

Cau 3.
a. Taco X—3<J§_2)S(J§+2)—(\/§_2)(J§+2)_1
| BB B3B3
Do déoB=-1.

b. Dé thdy x=# Yy . Khong mat tinh tong quat, gia st x > y.
T By +1) i x =3y+1=px (peN’).
Vix>ynén3x>3y+1=px. = p<3.Vay pe{l;2}

e Véip=1 =>x=3y+1=3x+1=9y+4:y= 4y
May >1nénye{24}

+ Voiy=2thix=7.
+ Véiy=4thix=13.

e Véip=2: =22x=3y+1=6x=9y+3=203x+1)=9y +5
Vi3x+1liynén9y +5iysuyra 5y, may>1nény=5,
suy ra x = 8.

Twong tu véiy > x ta cling dugc cac gid tri twong tng.
Vay cac cdp (x; y) can tim la: (7;2);(2,7);(8;5);(5;8);(4;13);(13;4);

Cau 4




a. Tam giac ABE vuong tai E nén cosA = AE

Tam giac ACF vuong tai F nén cosA = % .
Suy ra ~E=AF _ AAEF ~ AABC(c.g.)
AB AC

2
* Tt AAEF ~ AABC suy ra Seer _ (%J =cos’ A

ABC

N S S
b. Twong tw cAu a, —22F = cos® B, =<2 =cos’ C.
ABC ABC

S Siae = Saer —Sgpr — S
DEF _ 2ABC AEF BDF CDE _1_cos? A—cos? B —cos?C

Tt d6 suy ra
ABC SABC

Suy ra Sy =(1-cos® A—cos® B—cos® C).S ¢
AD?
BD.CD
Vi AH = k HD = AD = AH + HD = (k +1).HD nén AD? = (k +1)°.HD? (1)

AD

c. Taco: tanB = stanC = % .Suy ra tanB.tanC =

HD? (k +1)°
BD.CD

Do dé tanB.tanC = (2)

Lai c6 ADHB ~ ADCA(g.g) nén % - % — DB.DC = HD.AD (3)

Tix (1), (2), (3) suy ra:

HD?(k+1)° HD(k+1)° HD(k+1)’
tanB.tanC = = = =k+1.
AD.HD AD HD(k +1)

d. T AAFC ~ AHEC — 1€ _CE _ HCHB _CEHB _ Sye
AC CF  ACAB CFAB S,.

HBHA _Sus HAHC _Sue oo o
ACBC S,. ABBC S,. '

HC.HB . HB.HA  HAHC _ Susc +Siica + Siue
AC.AB AC.BC AB.BC S uac

Twong tu:

=1

e Ta chitng minh dwoc: (x +y + z)* 2 3(xy + yz + zx) (¥)



+

2
Ap dung (*) ta c6: (HA HB + HCJ > 3.( HAHB + HB.HC A HC.HA

+ =3.1=3
BC AC AB BC.BA CACB AB.AC

HA HB HC
Suyra —+—+—>4/3.
Y BC AC AB \/_

Cau 5.

Véi X,y e N" thi 36% c6 chir s6 tan cung 1a 6, 5 ¢ chit s6 tan cung 1a 5 nén :

A ¢6 chix s6 tan cung la 1 (néu 36> 5Y) hodc 9 ( néu 36 < 5v)

TH1: A = 1. khi d6 36 - 5Y =1 < 36* - 1 = 5v . Diéu nay khong xay ra vi (36— 1) : 35 nén
(36x—1) : 7, con 5 khong chia hét cho 7.

TH2: A=9.Khi d6 5Y - 36*=9 <57 =9+ 36* diéu nay khong xay ra vi (9 + 36%) :9 con
con 5 khong chia hét cho 9.

TH3: A =11. Khi d6 36* - 5 =11. Thdy x = 1, y = 2 thda man.

Vay GTNN ctia A bang 11, khix =1,y =2.

Pé s6 2

Caul.

2 Ta cb ng_J[ﬁf 4{@)2

2 2 25 +4-2\5+4
=9- =9- -=9-8=1
-2 5+2 (V5) -2
f(x)=f@Q=1

(v20172 —1 /20167 —1)(v2017% -1 ++/20162 1)

b) Ta c6 20152 —1—+/2014% -1 =
20172 —1++/20162 -1

(20152 -1)—(2014%-1)  2017%—2016’ _ (2017 —2016)(2017 +2016)
V20172 —14++4/20162 -1 /20172 —1++/2016% -1 /20172 —1++/20162 —1
2017 + 2016 2.2016
= >
J20172 —14+/20167 =1 /20172 —1++/20162 -1
2.2016

Vay /20172 —1-+/2016° -1 >

J2017% —1++/20162 -1
sin? x cos’® X

COS X sin x
+— 1+

sinx COS X

¢) Ta co: sin X.cos X +

1

sin® x . oS> X
1+cosx 1+4sinx

=SiN X.COS X +



) sin®x+cosx . (sinx-+cosx)(sin2x-—sinx.cosx-kcoszx)
=SIN X.COSX + ———————— =SIiN X.COS X + -
SinX +Cosx SINX +C0sx

=sinXx.cosX+1—sinx.cosx=1
d) Tacéd: DK: a=+bJ5 (*)

2 3
- =-9-205
a+bJ5 a-b\5

& 2(a—bn/5)—3(a+b\/5) = —(9+20/5)(a+b/5)(a—b+/5)
< 9a’ —45b” —a =+/5(~20a” +100b° +5b) (*)

Ta thay (*) c6 dang A:B\E trong d6 A, B €Q, néu BiOthiJg:%el vo li vay B =

0=>A=0.
2 2 _ 2 _ 2 _ 4 _
, 9a% —45b% —a =0 9a”—45b°-a=0 9a°-45h°-a=0
Do d6 (*) < = 9 & 9
—20a* +100b* +5b=0 —9a2+45b2+zb=0 a=Zb
9
a=-b a=9 . |a=0 R .
= 4 < hoac (khong t/m BPK (¥)). Vaya=9;b=4
2 b=4 b=0
b*-4b=0
Cau 2.

a) DK x#1; x#3 (**)
3 2 x-1 x-3
x—-3 x-1 2 3
X+3 X+3
P =
(x-3)(x-1) 6
+ Truong hop: x+3=0 < x=-3(TMDK (*¥)

+ Truong hop: x+3# 0 & X#-3

()

Ta cd (x-3)(x-1) =6 < x* —4x-3=0

X —Ax+4=T<=>(X-2)?*=7

& x=2++/7 hoac x=2—+7 (TMDK (*))

Vay tap nghiém cta phuong trinh (2) 1a: S={-3; 2++/7; 2—/7}
b) DK: x > 2 (**¥)

X2 —6X+9+xX—-1-2JXx-2=0

& (x=3) +x-2-2x-2+1=0

& (x-3) +(vx—2-1) =0



X-3=0
P <> X =3 (thdéa man DK(***))

JX=2-1=0

Vay nghiém cua phuong trinh la x =3
Cau 3. a) Taco: P(0)=d: 5
P(l)=a+b+c+d:5=>a+b+c:5 (1)
P(-1)=-a+b-c+d:5=>-a+b-c:5 (2)
T (l)va()suyra2b:5=>b:5vi(2,5)=1,suyraa+c:5
P(2)=8a+4b+2c+d:5=>8a+2c:5=>a:5=>c: 5
b) Tacd 4x*—4xy +4y? =16
& (2x-y )2+ 3y2=16
< (2x—y )2 =16 - 3y?
Vi (2x-y)?20nénl6-3y’>20=y>*<5=y>€{0;1;4}
- Néuy?’=0thix’=4 <x=%2
- Néuy?=1 thi (2x -y )?=13 khong la s6 chinh phuong nén loai y?=1
- Néuy?=4 <>y==+2
+Khiy=2thi x=0hodcx=2
+Khiy=-2thix=0hodcx=-2
Vay phuong trinh cé 6 nghiém nguyénla (x, y)=(-2;0);(2;0);(0;2);(2;2); (0; -
2),(-2;-2)
c) - Néu n la s8 chan thin*+ 4" 1a s§ chdn 16n hon 2 nén la hop sd
-Néunlasolé ddtn=2k+1 vdiklaso tu nhién 16n hon 0
né + 421 = (n2)2 + (2.4K )2
= (n2)? +2.n2.2.4 + (2.4% )2 — 2.n2.2.4k
= (02 + 2.4K 2—(2n.242=(n? + 2.4% — 2n.2).(n2 + 2.4% + 2n.2K)
Vin2+2.45+2n.2k > n2+2.4% —2n.2k = n?+4k —2n.2k +4k
=(n—-252 +4k>4
Suy ra n*+4%*+1]a hop s0
Vay n*+4" la hop s6 véi moi s6 tye nhién n 16n hon 1.

Cau 4.

4 b4
> ab® + a*h —a’h?

a) Gid str ta co
< a*+b* >2ab® +2a%h - 2a%b?
< at+b*—2ab®-2a°h+2a%h* >0

sat-2a%+a’h®+b* —2ab*+a%h* >0



e (a- ab)2 +(0* - ab)2 >0 ludn dung v6i moi a, b

at+b?

Vay >ab®*+a’h—a%h’ véimoia, b

b)Dita+b=x;b+c=y;c+a=2zvdiXx, y, zla cac s6 thuc dwong
1 1
+ + =
Xx+1 y+1 z+1
x+1 y+1l z+1 y+1 z+1 y+1 z+1

Ta cé

L oo Y .2
X+1 y+1l z+1
(Ap dung bat ding thizc Cosy cho 2 s& drwong y->|/- 1 va zJZrl)

Chttng minh tueong tw ta ¢ L 22" X 2 v L >p | Y . X
y+1 Xx+1z+1 z+1 y+1l x+1

Suyral-l-lZZy-z.2\/x.z.2X,y
x+1ly+lz+1 y+1lz+1 \x+1z+1 \x+1y+1
- 1 1 1 >3 Xyz

x+1y+1z+1 (x+1)(y+1)(z+1)

1
S Xyz<—.
Y 8

Dau “ =" xdy ra khi

X ¥y _
x+1 y+1 y+1

c:>x—y—z—1
2
c:>a:b:c:1
4

Vay gid tri 16n nhat ctia tich (a+b)(b+c)(c+a)la %

Cau 5.



B

D

a) Ap dung hé thizc lugng trong tam giac vuong tac co: AE.AB = AD?;

AF.AC=AD?
Suy ra: AE.AB = AF.AC
AD 2
Biéu thi dwoc : tanB= — ; tanC =£ ; tanB.tanC = AD
BD.CD
b) Biéu thi dwoc:
tanB = tan DHC = E,' tanC = tan DHB = @; tanB.tanC = BD'CZD
HD HD HD

2
Suy ra: (tanB.tanC)? = AD2
HD

AD
=>tanB.tanC= —— =3
HD

¢) Chiing minh dwoc: AE.AB/AK.AB=AF.AC/ALLAC=> EF //IK
BM BD BE
MI DC EK
Tuwong tw chitng minh dwoc N € EF va suy ra 4 diém E, M, N, F thang hang

= ME//IK=MeEF

Chting minh duoc:

Dé s6 3

Caul.

5 2008 2009 _2009-1 2008+1
© 2009 2008 2009 /2008

= (+/2008 ++/2009) + (

Vay 2008 2009
2009 /2008

1) Tac

1 1
— >0
72008 /2009 )

> /2008 ++/2009




Cau 2.

Cau 3.

Cau 4.

2) Ta co: B—i+i+i+ +L
W1 V2 3T J2010
2 2 2 2
B = + + +..+
V1441 V2442 V3443 2010 ++/2010
2 2 2 2

> + + +.o+
V442 V2443 J3+44 J2010 ++/2011
=2.(+/2011-1) > 2.43=86

Ta cb: 310+643.(/3-1) (V3+1).(/3-1)
aco: X= = =2
V6+245 -5 V5+1-+/5

=P=(2’-42-1)""=1eN

1) Tacod: v2Xx—1+2=Xx=+/2Xx—-1=x—-2 Diéu kién: x > 2
V2X—1=X-2<2x-1=x*-4x+4
< X2 —6x+5=0< (x=1)(x-5)=0
x=1
&
X=5
2) Tacd: y=+x*>+4x+5 Diéukién: xeR,y>0
Binh phuong hai vé ta duoc:
vy =(x+2)*+1
S(y+x+2)(y—-x-2)=1

Do x, y nguyén va y nguyén duong nén ta co:

y+x+2=1 X=-2
&
y—-x—-2=1 y=1

A B
L
Q
R M
H
O I [
I P D C

1) Ta c6: AABM = AADI = AM = Al (1)



Trong tam gidc AIK vudng tai A ta cé: 1 + ! (2).vaAB=AD

Al?  AK? AD?

1 1 1
T (1) va(2) = + =
( ) ( ) AMZ AK2 ABZ

2) Ké AH vudng goc MN (H € MN).

DoCM+CN=7vaCM-CN=1=CM=4,CN=3 =>MN=5
Ta c6 AAMN =AAIN = AH = AD= IN=MN
AAMH = AAID= ID=MHma ID = BM = MH = BM
Talaic6: DN+BM =MN=5va CM +BM =CN +DN = DN -BM =CM —-CN =1
= DN=3;,BM=2,BC=AD=AH=6
= SAAMN:%AH.MN:%.6.5:15(cm2)
3) Tu gia thiét ta c6 AQRO la hinh chir nhat

2 2 2
(OA+OP)* _ AP* _ AD

2 2 2
OP? +0Q? + OR? nho nhat khi O 1a trung di€ém ctia AD

Cau 5.

P? +0Q? + OR? =0OA? +OP? >

Vai tro cua a, b, ¢ 1a nhw nhau nén khong mat tinh tong quat, gia ste: a<b <c. Khi
d6vi: 0<a,b,c<2vaa+b+c=3néntacd: 0<a<l=a’<a.
Mit khac: 1<c<2=(c-1)(c-2)(c+3)<0=c’<7c-6
Ta xét hai treong hop cta b:
Néu0<b<1=b®<b.Khidé:
a’+b*+c*<a+b+7c-6=a+b+c+6c-6<3+6.2-6=9
=a’+b*+c*<9
Néu 1<b <2 =b® <7b-6.Khi dé:
a’+b*+c’<a+7b-6+7c-6=7(a+b+c)—6a-12=9-6a<9
Vay a® +b°® +¢® <9(dpem)
Dé s6 4
Cau 1.

a) Piéu kién: x > 1.

1 xxx

s i Vo o

Px—T+dx+dx-1-Vx _ x(x-1)
P Y S S R o




24x -1

= +X
-1

=x—2x-1

b) Véix>1tacd: B>0<=>x—-2x-1>0

e x>210x-1
X >4(x-1)
Sx-22>0 (*)
(*) dung véimoi X#2. VayB>0khi x >1va X#2

O Ta s x=—2 =53(9+2*ﬁ)=9+2\/?
9_27  81-28

Thay vao B=x-2vx~-1 ta co:

B=9+2y7 —2y8+27 =9+2\7 —2(\7 +1) =7

53
Vaykhi X=—+ thiB=7.
wihx=go ™

Cau 2.

a) Dieu kién: x> 5
IX—144Jx—5 +\/-1+x—4x—5 = 4

& J(x=5+2) +\(x-5-2) =4

@‘\/E+2‘+N>T5—z‘:4

@‘\/E+2‘+‘2—\/E‘:4 (1)

Ap dung bét dang thirc: |A|+[B|2|A+B| vao(1)taco:

‘\/E+2‘+‘2—\/x—5‘2‘\/x—5+2+2—\/E‘=4

Déu bing xay ra < (Vx—5+2).(2—Jx—-5)>0

& (2-+/x=5)20 (vi YXx=5+2>0)

o22/x-5

& x<9
Két hop véi diéu kién, ta cé6 5 X<9

Vay nghiém ctia phuong trinh la: 5<X <9

b. Gia stt: /10 1a s8 hitu ti. Dit : V10 :% (a, b N ,UCLN(a;b)=1)



:2—2:10:>a2 =10b*> =>a’:5=a:5=>ai25
=10b*:25=Db’:5=b:5
Khi &6 UCLN(a;b) 5 mau than véi UCLN(a;b) = 1.
Vay V10 1a 8 vo ti.

Cau 3.
a. V& do thi ham s8 y =[2x+1)

2X +1 khi xz-%
y=2x+1]= .
—2x -1 khi x<—§

Nhan xét rang Yy >0 véi moi x.

Ta c6 d6 thi ham s :

Ay
1
1 0 X
2

b.(1,5d) Gia stz M(xo; yo) la toa dd giao diém ctia hai d6 thi hai ham s&
y=[2x+1va y =3x-5.tacé:

2%, +1] =3x, -5 diéu kién X, zg
Truong hop 1: 2X,+1=3X,—5= X, =6 (nhan).
Truong hop 2: 2X, +1=-3X,+5=X, = g (loai).

Vay toa do giao diém can tim la M(6 ; 13)
Cau 4.



a) Vé OH vudng gbc véi CD, OH cat EF tai K, suy ra HK vudng géc véi EF (vi CD //
EF). Suy ra HC = HD; KE = KF.

Ta chitng minh duoc AHOM =AKON ( canh huyén - géc nhon)

Suy ra OH = OK, suy ra CD = EF, ttr d6 suy ra tt gidc CDEF la hinh binh hanh.

Lai c6 KH la duong trung binh ctia hinh binh hanh CDFE, nén HK // CE, suy ra

ECD:M{LﬂW.meg&CmmbmmmMth

RJ’

b) Ta cd: OH=OM.SinHMO = 5 R.Sin60° =

2RJ_

CE=HK=20H=——-

3R? 6R?
9 9

2RV6
3

CH? =0C* -OH? =R* -

Rf

Suy ra: CH= =CD=

2
core = CECD = ZR\/_ 2R\/_ 2R \/_ (dvdt)
3 3

Vay: S

Cau 5.

Gia stt ngti giac AB
N

o5



ABCD va AECD c¢6 Ssco = Secp = 1, ddy CD chung nén cac duong cao ha tit B va E
xudng CD béng nhau =>EB // CD.

Twong tw AC// ED, BD //AE, CE // AB, DA // BC

Goi I = EC n BC => ABIE 1a hinh binh hanh.

=> Sipe = Sape = 1. Pat Sico = x < 1

=> Sipc = Sscp - Sicp = 1-x = Secp - Sicp = Siep

S S - +
Lai co: Sieo _I€_ e Lai c6 Lzl—X:x2—3x+1=0:x=@
S.. IE S_ I-x 1

3-5
2

Do x<1nén x=

Vay Siep = @ Do d6 Sascpe = Seas + Sest + Sscp + Siep

+\/§—1=5+«/§ (

2 2

=3

dvdt)

Cau 6.

a) Ap dung bat dang thic x* +y* >2xy, ta co:

a'+b*+c* zl(a“ +b4)+1(b4 +C4)+1(c4 +a’)

2 2 2
>a%b? +b2c? +cta? (1)
Mat khac :
a’b® +b’*c* +c’a’ = %aﬁb2 +C2)+%b2(c2 +a2)+%c2(a2 +b?)
>a’bc+b’ca+c’ab=abc(a+b+c) (2)

Tt (1) va (2) ta cé: a* +b* +c* > abc(a+b+c) (dpem).
b) Ta cé: abc=100a+10b+c=n*~1 (1)
cba=100c+10b+a=(n—2)> =n’>—4n+4 (2)
Tw (1) va (2) taco: 99(a—c)=4n-5=(4n-5):99  (3)
Mat khac 100<n*-1<999 <101<n”* <1000 <>11<n*<31<>39<4n-5<119 (4)
Tt (3) va(4): =>4n—-5=99=n=26
Vay abc =675.

Pé s6 5
Caul.



1) Diéu kién: x>0, x #4, x #9

P:£1_X—3\/;j.( 9-x _&_3_&_2]
X—9 'x+\/;—6 2—\/; \/;4'3

:[1_x—3\/;} 9-x  Jx-3 k-2
x=9 )| (Vx+3)(Vx-2) 2-Vx x+3

k9. 9—x+(vx-3)(vx+3)-(Vx-2)
SR
) 3(Vx-3) :9—x+x—9—(\/;—2)2
(fesjhrs) - (es)(h2)

_ 32—k
\/;+3'\/;+3
_ 3
2-x
2) Ta co:
x>0, x4, x#9 x>0, x#4, x#9
P>0< 3 -0 = 5 \/_ 0 =0<x<4
2_\/; —\X >
3) Ta co:
3 x+1 x—4+5
P(x+1)= Ax+1)=-3| —— |=-3
)= =3 5 )
5 5
=3[ (Vx+2)+ = 3| (Vx -2+ }12
(R |z

Theo bat dang thitc AM-GM ta c6:

(\/§—2)+\/;5_2 22\/(&—2).&5_2 ~25

Do dé: P.(x+1)<-32v5-12=-65-12

Dé’u”=”xéyrakhi\/;—2= > \/;—2=\/§<:>X=(2+\/§)2

Jx -2

Cau 2.
1) Patn’-14n-256=k* (keN) < (n-7) k> =305
< (n-k-7)(n+k-7)=305=1.305=615

Xét cac treong hop: do n+k-7 >n-k-7
Truonghop 1: n-k-7=1 van+k-7=305=>n=160 (nhan)



Treong hop 2:n-k-7=-305van+k—-7=-1=>n=-146 (loai)
Truong hop 3:n-k-7=5 van+k-7=61=>n=40 (nhan)
Truong hop4:n-k-7=-61 van+k-7=-5=>n=-26 (loai)
Vay n=40, k=28 hodcn=160, k =152

2) Ap dung bt dang thicc AM-GM cho 2 s8 duong a? va b2

a’+b? >2ya’b* =2ab=2

4 22((a+b+1)+ 2 J=2+(a+b+ 4 J+(a+b)
b a+b a+b

A=(a+b+1)(a2+b2)+aJr

Ap dung BDT AM-GM ta ¢6 :

A22+2(a+b). 4b +2yab=2+4+2=8

a+
Gid tri nho nhit cia A=8 khia=b=1.

0<x<2012

Ciu 3. Diéukién:
0<y <2012

Tt 2 phwong trinh cua hé ta co:
Px+42012—y =2012—x +,[y & Vx —+2012—x = [y 2012~y

Néu x >y thi: —/2012-x >—,/2012—y =>VT > VP (mau thuén)

Twong tu néu x <y => VT < VP (mau thuan)

=>x=y

X=y (1)

Jx+42012-x =+2012  (2)
Binh phuong 2 vé€ cta pt (2) => x = 0 hodc x = 2012
Vay nghiém cua hé (x;y) = (0;0),(2012;2012)

Cau 4.

Do do: Hé @{

1.Tacé: O, =0,(=180"-2A,) =>OM //O'N
2. Goi P la giao diém cua MN va OO’



PO'_O'N_R'

PO OM R

Goi P’ 1a giao diém cua BC va OO’

Pro’_OcC_R

PO OB R

=P=P' do d6 3 duong thang BC, OO’ va MN déng quy

Ta co:

Do OB // O'C nén:

3. MNO'C la hinh thang cé:

(R+R')
.O'H< 00 =/
2 2 2 2

Ddu “="xayra & H=0<0OM _LOO' va O'N LOO'

:(OM+O'N)O'H:R+R' R+R'

(R+R')’
Vay Max S=-—"

Cau 5.

1. Goi O vaIla tam duong tron ngoai ti€p, ndi ti€p tam giac ABC

A1, Bi, Cilan lwot 1a trung diém ctia cac canh BC, CA, AB

Cé: AAi=m.<R+OA: dang thtic xay ra <& AB=AC
BB:i=m»<R+OB: dang thiic xay ra <> AB=BC
CCi=mc.<R+0C: dang thirc xay ra ¢ AC=BC

:£+E+ESR i+l+i + OAl +OBl+OC1 (1)
h h  h  |h h h )| h h h

b

Cé 28=(a+b+c)r:>§:a+b+c:2—s+§+§
r a hb hc
V6i (AB=c,BC=a,AC=b)= —+—+ - =1

h, h, h 1

25=a.0A, +b.OB, +c.OC, = ?-OAl +i_S'OBl+fTS'OC1

a b c

()



_ZS(OA OB, , OC, J:>OA1 OB, OC,_; g

+
ha hb hc ha hb hc

m, m, m__R+r
Tt (1),2),3) > —2+—L2+—=<<
(1),(2),(3) h, b, h .

D&u déang thitc xay ra khi AABC déu
2. Theo débai cé: a+b” =k(a’b-1)(keN’)

<a+k=b(ka’-b)=a+k=mb (1)
Vc')fikaz—b:m(meN*):>m+b:ka2 (2)
Tir (1) va (2) 6 (m—1)(b-1)=mb-b-m +1
—a+k-ka?+1=(a+1)(k+1-ka) (3)

Vim >0 theo (1) nén m-1)(b-1)>0. Tk (3)
=k+1-ka20=>k+12ka=>12k(a-1)
:{k(a—1)=0:{ a=1

k(a-1)=1 |a=2,k=1
*Néua=1tr (3)=(m-1)(b-1)=2=>b=2hodcb=3
=>(a; b) = (1;2) va (1; 3)
*Néua=2k=1=>(m-1)(b-1)=0

Khim =1 ti (1) => (a; b) = (2; 3)
Khib=1=>(a;b)=(2; 1)

Thr lai ta ¢ déap sd (a,b) = (1,2),(1,3), (2,3),(2,1)

Dé s6 6
Cau 1.
1) Diéu kién x> 0; x#1; 4
_ (X=X -DEx+D) | (XX DX+

(VX —2)(Vx +1)? (VX +2)(x —1)?
=\/§—1+\/§+1
Jx+1 Jx-1
=2(x+1)
x-1
P>l 2(x+1)>1 2(X+1)_1>0@M>0
x—1 x—1 x—1
X+3

<:>—1 >0 Theo d/kx>0=x+3>0
X_



=x-1>0=x>1
Két hop diéu kién x> 0; x#1; 4
Suyrax>1;x#4thiP>1

2(X+1) =2+i1 Véix>0;x¢1;4

2) P=
x-1 X —

P nguyén < x—11a wdc cua 4
P dat gia tri nguyén Ién nhat < x-1=1 < x=2
Vay P dat gia tri 1on nhat bé“mg 6 khi x = 2.

Cau 2.
1) Diéu kién x -3 + [3+2x| # 0
Phuong trinh trong duong
Bx—5 - [x—1 -4[2x+3-4x+12=0 (*)
Xétx<—%Th‘1(*)<:>—3x+5+(x—1)+4(2x+3)—4x+12=0
&2x=-28
<> x =- 14 (Thoa man dk)
Xét—ggx< 1 Thi (%)
&-3x+5+x-1-4(2x+3)-4x+12=0

& x= ; (Thoa man dk)

Xétle<§Th‘1(*)
S-3x+5-(x-1)-4(2x+3)-4x+12=0

& x=§ (loai)

Xét x > g Thi (*)<3x-5-(x-1)-4(2x+3)-4x+12=0

X = -% (Loai)

Vay phuong trinh cé nghiém x e {— 14; %}

2) Ta co x%+xy + y? = x%y?
< (x+y)=xy(xy+1)

n xy =0
+Neux+y=0= xy(xy+1)=0< Xy = 1

Véixy =0.Kéthop véix+y=0 = x=y=0



. x ‘- x=1 _  Jx=-1
Véixy =-1. Kéthop voix+y=0 = hoac y=1

+Néu x +y#0 = (x +y)?1a s0 chinh phwong

xy(xy + 1) la hai s6 nguyén lién ti€p khac 0 nén ching nguyén t6 cung nhau. Do dé
khong thé cuing la s6 chinh phuong

Vay nghiém nguyén ctia phuong trinh 1a (x; y) = (0; 0); (1; -1); (-1, 1)

Cau 3.
T e 742 = y2 1 2 b2— 2 1 2 2 = y2y72 1 2
1) aco:a?=x +?+ ; =y?+ —+2; c—xy+X2y2 +
Dodc'):ab=(x+i)(y+£)=xy+i+1+l=c+£+l
X y XY 'y X y X
:>abc=(c+1+l).c=c2+c(ﬁ+l)=c2+(xy+—)(—+1)
y X y X Xy'y X
2 1 1
=2+x2+y’+ — + S =al-2+b? -2+
y© X
=>A=a’+b*+c?—abc=4
2) Ta co: 3(x2-i2)<2(x3—i3)
X X
& 30 D)+ 1) <2x- )0e+ )
X X X X

e3(x+ L)<20e+ = +1)(1) (Vix>Inénx- = >0)
X X X

Ditx+ T =tthix+ & =-2
X X
Taco (1) & 28-3t-2>0

o (t-2)2t+1)>0 ()
Vix>1nén (x—12>0ex2+1>2x & x+ —>2hay t>2
X

= (2) dang. Suy ra diéu phai chttng minh
Cau 4.




Cau 5.

1) Tacé: IP =HQ; IP//HQ (Tinh chat duong trung binh) va AD = BC (GT)
= IPHQ la hinh binh hanh

CoIP=1Q-= %AD - %BC nén IPHQ 13 hinh thoi
Goi P,; Q, la giao diém ctaa PQ véi AD va BC
Nhan thay A HPQ can dinh H

= HPQ=HQP (Goc ¢ ddy tam gidc can) (1)

Ma PH // BC= BQ,P =HPQ (So le trong) (2)
QH // AD= APP=HQP (So le trong) (3)

Tt (1); (2); (3) Suy ra APP=BQ,P (dpcm)

2)

Goi K, M, N Ian luot la trung diém cua EF, DF, CE
Tt gia thiét A ADE = A BCF va dua vao tinh chét cia duong trung binh trong tam
giac ta co A HMP = A HNQ (c.c.c)

Suy ra MHP = NHQ = MHQ = NHP = MHN va PHQ c6 cung tia phan giac
M3t khac dé ¢6 IPHQ va KMHN 1a cac hinh thoi.

Suy ra HK va HI Ian luot 1a phan giac cia MHN va PHQ. Suy ra H, I, K thang
hang



E h b d C

Dat BD =x, DC =y. Gia stt x <y. Pitago trong tam giac vuong AHD ta tinh duwoc HD
= 27cm. V& tia phan giac ctia géc ngoai tai A, cat BC & E. Ta c6 AE 1L AD nén AD? =

DE.DH. Suy ra
2 2
DE = AD” _ 45 75cm
DH 2

Theo tinh chat duwong phan gidc trong va ngoai ctia tam giac
X 75-X
DB _EB _ X _ M

DC EC y 75+y
Mit khac x +y = 40 (2)

Thay y =40 — x vao (1) va rat gon duwoc
x2-115x+1500=0 < (x—15)(x —100) =0
Do x <40 nén x =15, tir d6 y = 25.

Vay DB = 15cm, DC = 25cm

Ap dung Bunhiacopski cho hai day a% 1 va 1; 4 ta c6
(12+4%)(a* + 1) > (a2 + 4)?
a’+4

Nk (1)

~ . 1
Dau “=" xay ra < a= >

= 1+a* >

Ap dung Bunhiacopski cho b% 1 va 1; 4 ta cé

17(b*+1) > (0> + 42 = Jb* +1 > b®+4 2)
J17
Dau “=" xay ra <:>b=%
a’+b?+8
Te(DvaR) =>P> ——M— (=
(1) va (2) = (*)

Mt khac theo gia thiét (1 +a)(1 +b) = % & a+b+ab=

N|on



2 2
Ap dung Cosi ta co: a£a2+%; b£b2+%; ab < 2 Zb

Cong ting vé ba bat dang thtic ta duoc

§(a2+b2)+ lsasbrab=2 :>a2+b22(§- l): 3.1
2 2 4 4 2° 2 2

N -

20
2

Thay vao (*) ta dwoc: P >

E’

\/_7

Vay gid tri nho nhat ctia P bang — khia=b= %

[

bé s6 7
Cau 1.
a 5 5-a_  b5+a

a) Taco = =
X+y X+z z-y 2x+y+z

25 _ (5-a)5+a)  _ 25-a’ _ 16
(x+z)> (z-y)2x+y+z) (z-y)2x+y+2z) (z—-y)(2x+y+2)
Suyra25-a’?=16=>a’=9=a=43
a’-2a’+a-2_a’(a-2)+(@-2)_(a—2)(@’+1) _

Mat khac Q = =a-2,voiaz-1
a’+1 a’+1 a’+1

Suy ra

Véia=3thiQ=1
Véia=-3thiQ=-5

b) Tact: 4+l L opiberca=1
a b ¢ abc

=1+a”*=ab+bc+ca+a’ =a(a+b)+c(a+b)=(a+b)a+c)

=1+b’ =ab+bc+ca+b”* =b(a+b)+c(a+b)=(a+b)(b+c)

=1+c” =ab+bc+ca+c” =b(a+c)+cla+c)=(a+c)(b+c)

= (1+a’)(1+b”)(1+¢*) =(a+b) (b+c) (a+c) =|:(a+b)(b+c)(c+a):|2Vi a, b, cla
cac sd nguyén = (a+b)(b+c)(c+a)eZ

= (1+a”)(1+b?*)(1+c?) la s6 chinh phuong,.

Cau 2.
a) Ta cb: x—241+x—220+x—195+x—166:10
17 19 21 23
L X241 x=220 o x-195 . x-166 o

17 19 21 23



x—258 x-258 x-258 x-258
= + + + =
17 19 21 23

<:>(x—258) i+l+l+i =0
17 19 21 23

0

< x=258
Vay phuong trinh c6 nghiém x = 258.
b) + Phuong trinh dwoc bién d6i thanh: (x + 1)(x* + 1) = 2y + 1) ?
+ Ta chting minh (x + 1) va (x> + 1) nguyén t& cing nhau.

Vinéu d = UCLN (x+1, x+ 1) thi d phai la s61& (vi 2y+1 I¢)

i x* +x:id -

+1: . 1: .

- X2 =X +1ld = XTHY 0id madlénénd=1.
x"+1:d 1id x—1:

+ Nén mudn (x + 1)(x* + 1) 1a s& chinh phwong
Thi (x+1) va (x? + 1) déu phai la s& chinh phwong

U [ xP+1=k? k=1 o Jk=-1
bat: = k+x)(k-x)=1= hoac
X+1=t2 x=0 x=0

+Véix=0thi 2y +1)°=1 = y =0 hodc y = - 1.(Théa man pt)
Vay nghiém ctia phwong trinh 1a: (x; y) ={(0; 0), (0;-1)}

Cau 3.

a) Bat dang thiic can ching minh tuwong duong voi: \/% a7 JE b }_)C
a a

X+y
2

Déng thiic xay ra <=>x =y. Ta c6:

a—c 1{c a-c 1 c cC
. <—| —+ =—|1+———
a 2(b a j 2[ b aj

c b-c 1({c b-c 1 c cC
—. <—| =+ ==|1+———
a b 2l a b 2 a b

Cong v€ v4i v€ hai bdt ta duwgc bdt can chirng minh:

Ap dung bdt Cauchy \/g <

Véix 20,y 2 0.

o' |0

2 . c a-¢c . c b-c ab
Dang thttc xdy ra<=> —= va — =
a a b a+b

b) Gia stz f(x):ax4 +bx® +cx® +dx+e

Do f(0)=enén e:7

<1



Mt khic: {f(l)=a+b+c+d+e:77:>{a+cz7

f(-1)=a-b+c—-d+e: b+d:7

f(2)=16a+8b+4c+2d+e:7 . da+c:7
f(-1)=16a—-8b+4c—2d +e:7 4b+d:7

a+c:7 3a:7 a:7 . |b+d:7 3b:7 b:7
= N T =3 ._ Va o= e = .
da+c:7 c:7 c:7 4b+d:7 d:7 d:7

Vay cac hé so cua f(x) déu chia hét cho 7.

Cau 4.

1
—.HA'.BC
HA'
a) Ta co: SHBC=% :AA';
AaBC = AA'.BC
2
Tuong tu: Suian = He ; Shac = HB
g - SABC CC' ' SABC BB'

HA' N HB' N HC' _ Sime N Siiag N Siiac 1
AA' BB' CC' S,,. S S
b) Ap dung tinh chat phan giac vao cic AABC, AABI, A AIC:

BI AB AN AI CM IC

IC AC'NB BI'MA AI
L BLAN CM_AB ALIC_ABIC_,

IC NB MA AC BI AI AC BI
= BI.LAN.CM = BN.ICAM
¢) Ve Cx L CC'. GoiD la diém d6i xting cua A qua Cx
- Chting minh dugc goc BAD vudng, CD = AC, AD =2CC’
- Xét 3 diém B, C, D ta c6: BD< BC + CD
- ABAD vuong tai A nén: AB? + AD? = BD?
= AB*+AD? < (BC+CD)* => AB*+4CC2 < (BC+AC)?
= 4CC? < (BC+AC)*— AB?

Tuong tu: 4AA”2 < (AB+AC)2- BC?

ABC ABC




4BB? < (AB+BC)?—- AC?
- Chttng minh dwoc: 4(AA2+ BB2+ CC?) < (AB+BC+AC)?
2
e
(AA')" +(BB')" +(CC")

(AB+BC+CA)* _
(AA")* +(BB')* +(CC")?

Déng thitc xay ra khi BC = AC, AC = AB, AB = BC hay AB = BC = CA ttic 1a AABC déu
Cau 5.

Vay GTNN cua

A
N
F
E
E Q F C

Ap dung dinh li Talet ta c6 : Ezw (1); PF_PC (2)
EQ BQ FN MN

Vi ME = PF :ﬁzﬂ 3)

EQ FN

MN PC MQ PC

T (1); (2); B) = BO MN ~ OB NP

Suy ra hai tam giac vuong ABMQ va ANCP dong dang véi nhau
=> MBQ + NCP = CNP + NCP = 90"
Suy ra: A ABC vudng tai A

Pé so 8
Caul.

2Vx-9  2x+1 x+3
(Wx=3)(x-2) x=3 x-2

a) Taco: A=



_ 2x =9+ @Vx + D(x =2) - (Vx +3)(x -3)

: (x=3)(x-2)

20X —942x—4x +x—2-x+9  x—/x-2

: (Kx-3)x-2) - (x-3)x-2)
_(x=2)(x+1) _x

S (Wx-3)(x-2) Vx-3

Jx +1
Jx-3

b) Véi (x>0,x#4,x#9) Ta co:

1 Jx+1

A:—Ec> :—%<:>2\/;+2:— X +3

Jx -3

<:>3\/;=1<:>x=%(t/m)

Vay A = voi (x=20,x#4,x#9).

Vay A= -> ox-=.
2 9
Cau 2.
a) Tacs \8-215 —/8+2415

52415 +3—5+2415 +3 = (/5 —3)? — (/5 +/3)?
=\5-3-\5-3=-23

b) Ta co: x> —x—1:O:>x2—x:1:>(x2—x)3 =1=>x-3x°+3x" =x° =1.

Mit khic: x> —-x-1=0=>x*=x+1=x° :(x+1)3 =x>+3x* +3x +1.

p_1+2015_2016 .

Suyra: P= = =1.
1+2015 2016
A - A 3
¢) Diéukién:x2-9>0< x>
x<-3

+ Néu x > 3: Binh phuwong hai vé€ ctia phuong trinh ta duoc:
2 2 4 2
r X, X e X 46X ;g

+ .
-9 9 -9 o

2

bt t= (t>0), dugc phwong trinh: t* +6t-72=0<t=6.

x> =9

X2

x> =9

Khi do: =6 ©x*-36x2+324=0< x>=18.

Trong treong hop nay tim duwoc: x = 32



3x
x> =9

+N&u x <-3: Khi d6: x+ <0<6v2 : PT vb nghiém.

Vay phuong trinh da cho c¢é nghiém duy nhat: x = 32,
Cau 3.

a)Taco: F=n®+4n?2-20n-48 = (n-4)(n +2)(n + 6).

Tht v6in =1; 2; 3 thi F déu khong chia hét cho 125.

Tht v6i n =4 thi F = 0 chia hét cho 125.

Vay s6 nguyén duong bé nhat can tim la: n = 4.

b) Ta c6: A=n°-n*+2n3 + 2n?

=n*n21) + 2n%(n+1)

=n?(n+1)(n3n? +2)

= n2(n+1)[(n+1) (02-2n+2)]

= n2(n+1)4(n2-2n +2) = n2(n+1)(n-1)? +1]

Taco: (n-1)2<(n-1?+1 =n2+2(1-n)<n?(vin>1)

= (n-1)? +1 khong thé la s6 chinh phuong

Vay A khong thé 1a s6 chinh phuong
Cau 4.

1
a) Ta cO: Sasc = E .BC.AD.
AABD vuong tai D ¢c6 AD =AB.sinB, do d6 Sasc
1
= EBC.AB.SinA.

AABE vuong ¢ E c6 AE = AB.cosA
ABFC vudng & F c6 BF = BC.cosB
AACD vudng ¢ D c6 CD = AC.cosC

Do d6 AE.BF.CD = AB.BC.CA.cosA.cosB.cosC. B D

AD AD
b) Xét AABD c6 tanB = —; AACD ¢6 tanC = —
BD CD

AD?
BD.CD

suy ra tanB.tanC =

1)

Do HBD = CAD (ctiing phu v6i ACB) nén ABDH ~ AADC (g.g)

DH BD
— —=—— =BD.DC=DH.DA

DC AD



AD’ AD
DHAD DH’

¢) Chirng minh duoc AAEF ~ AABC (g.g) = AEF=ABC.
Tuong ty dwgc CED = CBA nén AEF=CEDmaBE L AC = AEB=CEB =90°.
T d6 suy ra FEB = DEB = EH la phén trong ctia ADEF.

Két hgp vdi (1) duoc tanB.tanC =

Tuwong tw DH, FH cing la phan giac trong cia ADEF nén H la giao ba dwong phan
giac trong ctia ADEF.

d) Ta cd : Ssuc + Scha + Sans = Sasc.

o CH CE _HBHC HBCE 2S.c _ Sac
Dé thay ACHE ~ ACAF(g.g) = = = = = =
CA CF ~ ABAC ABCF 2S,: S

HCHA S,,. HAHB S,

Tuong tw cé

7

BCBA S, CACB S’
Do qs, HBHC | HCHA  HAHB _ Sy, Scua , Sas _g
ABAC ' BCBA ' CACB Sunc Scea Sace
Cau 5.

Pat a:\/xz+yz;b=\/yz+zz;c:\/z2+x2 = a;b;c>0 va a+b+c=2015.
Taco: a® +b* +c =20 +y* +2°) =
, a’-b*+c® , a*+b’-c , -a*+b*+c’

—> X :—;y = ,'Z =
2
2

2 2
2 _p2ac?
Do d6: (y+2z)* <2(y*+2z°)=2b° = +z<\/_b:> >4
(y+2)" <2y’ +2°) = y yiz° 2002

2 2 2 2 2 2 2
a“+b"—c Z —a’+b*+c?
y >

Z+X 2CJ§ "x+y a2

L pedAbiac Z4b*+? .a 2+b*+c* ¢ .a 2+b*+c*  a

2b\2 «/_ 22 2 202 2

1,5 ., 2(1 1 1} a+b+c
=——(@ +b " +c°)| —+—+— |-
2\/5( )a b ¢ 2

N 1 (a+bs o) (1 1+1j 2015

62 2
= 6\1/5(a+b+c)(a+b+c)[a EJFEJ_WZ

1 1 50159- 2015 2015

o2 2 22

Tuwong tu:

a b c



D&u dang thitc xay rakhi a=b=c= 2015

Vay minT=% khi x=y=z=%.
22 32
Dé s6 9
Caul.
1) Ta co:

(n+1)\/;—n n+1

1 —
(n+1)\/ﬁ+nm_ [(n+1)«/ﬁ+n n+1}[(n+1)\/;—

(n+l)\ja—n\/n+l =(n+1)\/H—n\/n+1
(n+1)2n—n2(n+1) n(n+1)
_(n+)Vn nnyT Vo vhel 1 1

n(n+1) _n(n+1) _T_ﬁ_ﬁ m

2) Tukétquacaul,tacod

241 11J’ Jl_ 2
VTN
PN
..................... R L
2017«/20?4{2016\/2017 \/2?16 J2(1)17

201842017 + 20172018 2017 2018

Cong cac dang thiic trén, vé theo vé ta duoc

S 1 \/201 ~1_2018-+/2018
018 \/201 J2018 2018
1
c) Tac6 S =1-—
" ¢n

Khi n 1a s6 chinh phuong thi rd rang S, la s hitu ti
Chéng hann=36 =S_= >

Cau 2.

n n+1}



1) Ta co:
X2 —=7Xx =6x+5-30 <= x> —7x—6x+5+30=0
¢>@8—8x+15p{x+5—6Jx+5+9)=0
(X—4)2 =0

<:>(x—4) +(m—3) SIE=Y (m_s)zzo

{x—4=0
x=4

&
Jx15-3=0

2) Ta co:

10x* +y* + 2% < 2x+4y +6xz—4 < 10x* +y* + 2> < 2x+4y +6x2 -5
x-=1=0 x=1

& (x-1) +(y-2) +(z-3x) <0 {y-2=0 <1y=2
z-3x=0 x=3

Cau 3.
1) Ta co: A=(x2—5x+4)(x2—5x+6) Dit y=x"—5x+4 thi

A:y(y+2):y2+2y:y2 +2y+1—1:(y+1)2 -1>-1

5445, _5-45
7R

MinA=-1<y=-1x"-5x+5=0 <X, =

2 2
2)PDatx=b+c-a;y=a+tc-b;z=a+b-c(x,y,z>0)
Khi d6: x+y+z=a+b+c
Va 2a=a+b+c-(b+tc-a)=x+y+z-xy+z :a:y;‘Z
Twong ty p=Xt2 o= Xty
2 2

BDT can chiing minh tuwong dwong véi:
y+z+x+z+x+y 26©£X+§]+£E+§j+(5+zjz6
X y V4 Xy X Z y 2z

BDT cudi cung dung theo két qua ciia BDT phu: %+ b >2
a

Cau 4. E

A




1. Chting minh: AE =FM =DF

— AAED = ADFC = dpcm

2. ¢/m duwgc DE, BF, CM la ba dwong cao cia AEFC = dpem

3. Goi canh hinh vuoéng ABCD la a

C6 Chu vi hinh ch nhat AEMF = 2a khong do6i

= ME + MF =a khong do6i

=S, .evp = ME.MF 16n nhit << ME = MF (AEMF la hinh vué6ng)

= M 1a trung diém cta BD.

Cau 5.
A M B
d
E /
s // K
-

° ° N

Q H F
[
G

D C

Gia st hinh vuéng ABCD c6 canh la a (a>0). Goi M, N, P. Q Ian luot la
trungg diém cua AB, BC, CD, DA. Goi d la m{t duong thing bat ky trrong
2018 duong thang da cho théa man yéu cau bai toan. Khong mat tinh tong
quat, gia str d cét cdc doan AD, MP, BC Ian luot tai S, E, K

sao cho S, =3S s

Tit Sepgq =3Spes = DSHCK=3(AS+BK)

& a—AS+a—-BK=3(AS+BK) < AS+BK = %a
< EM= %a —E cddinhvad diquaE

L&y F, H trén doan NQ va G trén doan MP sao cho FN = GP = HQ = %

Lap luan tong tie nhue trén ta c6 cac duong thang thoa man diéu kién ctia dé
bai phai di qua mot trong bon diém ¢d dinh E, F, G, H.
Theo nguyén y Dirichlet tir 2018 dudng thang thoa man diéu kién ctia dé

. | 2018 . 2 . A o g
bai phai c6 it nhat {T} +1=505 duong thang di qua mét trong bon diém

E, F, G, H ¢§ dinh, nghia la 505 duong thang d6 dong quy



Pé s6 10

Caul.
1) Taco
Na) N «/§(W§+1+1)_J§(«/\/§+1_1j
X_\/\ﬁ+1—1_\/\/§+1+1_ J3+1-1

:\/\/5+1 +1—\N§+1+1 _5
1

Thay X =2vao biéu thic A ta duoc

2018
A=(22 —2—1) +2019 =1+2019 = 2020
2) Ta co:

(x+ I+ 2019)(y+ Jy? +2019 ) 2019
= (x X2 +2019 )(x 1% +2019 )(y iyt 2019) ~2019 (x VA 2019)
—2019(y +yi+ 2019) - 2019(x VA 2019)

& y+4Jy? +2019 = X% +2019 —x

Tuong tu: X+x2 +2019 =,Jy> +2019 —y

Cong theo vé hai déng thitc trén ta dugc x+y=0=x=-y= x4 y2019 =0.

Cau 2.
a) Dit y=+/x* +1 (diéu kién y=>1)
Ta c6 phuong trinh:
(4x-1)y =2y* +2x-1<2y* —4xy + 2x+y-1=0<(y-1)(y—2x+1)=0
< y-2X+1=0 (vi y=1)

x>1 X>1 4
X +1=2x-1<4" 2 =42 <:>x:§
x?+1=4x*—4x+1 3x>—4x=0

Vay phuong trinh da cho ¢6 nghiém duy nhat x= %
2) biéu kién x,y>0

X4y = 2018 > \Jy = 2018 X

Binh phuwrong hai vé ta dwoc y=2019+ x—2/2019x = +/2019x € N




Vi 2019=3.673 va (3; 673) =1
Nén x=3.673.n°=2019n* (v6i neN)
Twong tu: y =3.673.m°=2019m’
Thay vao ta dugc
m+n=1=(m;n)e{(0;1);(10) } =(x y) €{(0;2019);(2019;0)}
Cau 3.

a)bat S=1234..12= % =3.4.6.7.8.9.12 (1) la mot s6 nguyén

Suy ra hai chit s6 tan cung cta S la 00

Mt khéc, trong sudt qua trinh nhan lién tiép cac thira s6 & vé€ phai cua (1), néu chi
dé€ y dén cht s6 tan cung ta thay % c6 chr sO tan cung la 6 (vi
34=12,2.6=12;2.7=14;48=32;2.0=18;8.11=88;8.12=96)

Vay ba chir s6 tan cung cua S 1a 600.

b) Do a,b,Ce[—l;Z]

Nén a+1>0,a-2<0=(a+l)(a-2)<0<a’-a-2<0<a’<a+2
Tuwong tu: b*><b+2:c?<c+2

Suy ra a’+b*+c’<a+b+c+6

Ma a’+b*+c*=6=a+b+c>0.
Cau 4.

p—




a) Goi I 1a trung diém ctia BC = Ol la dwong trung binh ctia tam giac ABC

—.0l//BCva Ol :%BC

Chtng minh GC =2GI = Ol :%CM = CB=CM.

Xét AABM c6 OA=0B=R va CB=CM nén OC la duong trung binh
=0OC//AM ma OC L AB= AM L AB
= MAIa tiép tuyén ctia duong tron (OR)
b) T K ha Ian luot cdc duong vudng goc voi AB va CD tai P va Q.
* Chttng minh: AAKB vudng tai K theo dinh ly Pitago ta co:
KA® + KB? = AB® = KA” + KB? = 4R? = KA" + KB* + 2KA® KB* =16R"
Mat khac:
KAKB = AB.KP = 2R.KP = KA?.KB? = 4R*.KP?
= KA" + KB* + 2KA? KB? = KA* + KB* +8R?* .KP?
= KA" + KB* =16R* —8R*.KP?
Chting minh tong ty: KC*+KD* =16R* —8R* KQ?
Tir d6 suy ra KA* +KB* + KC* + KD* =32R* —8R* (KP* + KQ”)
Xét t¢ glac KPOQ c¢6: O=P=Qnén tt gidc KPOQ la hinh cht nhat
= KP? +KQ* =PQ* =KO* =R®
KA* + KB* + KC* + KD* =32R* —8R*.R* = 24R".
¢) Chiing minh AM=AB
Kéo dai BG cit duong tron tai F cit AM tai E
* Chting minh E 1a trung diém cia AM = EA=BO
* Chitng minh EAF =OBN = AF = NB
* Chttng minh AAFN vuong can = FNA=45" = ANB =45".
* Chttng minh AMAF = ABAN (C— g —C) MFA = ANB =135".
Ma AFN =90° = MFN =360° 135’ -90° =135°
Chumg minh AMFN =AMFA(c—g—c)= MN =MA
Ma MA=AB=2R=MN=2R.
Cau 5.



Cac dai biéu tng véi6 diem A, B, C, D, E, F.

Hai dai biéu X va Y nao d6 quen nhau thi ta td6 doan théng XY mau xanh con néu X
va Y khong quen nhau thi ta t6 doan thang XY mau do.

Xét 5 doan théng AB, AC, AD, AE, AF theo Nguyén li Dirichlet thi ton tai ba doan
cung mau

* Gia st AB, AC, AD mau xanh

Xét 3 diém B, C, D: Vi 3 dai bi€u nao cling c6 hai nguoi quen nhau suy ra mot trong
ba doan BC, CD, DB mau xanh.

Gia st BC mau xanh thi suy ra A, B, C d6i mgt quen nhau.

* Con néu AB, AC, AD mau do suy ra B, C, D d6i m{t quen nhau.

Peé so 11
Caul. Diéukién: x>0,x=#1.
a) Ta co:
P X 2 X+2

B ) R
X(\/;+2)+2(\/;_1)+X+2:x x+2x+2\/;—2+x+2
S S
_ X x+2x+2\/;+x =\/;(\/;+1)(\/;+2)=x/;+1
() ) o
b) Ta cé:

x:3+2«/§:2+2\/§+1:(\/§+1)2:>«/;: («E+1)2 :‘«E+1‘:\/§+1

P:\/;+1:\/§+1+1:\/5+2:1+ﬁ
x-1 2+1-1 2

¢) Ta co:

T N o L
-1 k-1 k-t

D& P nguyén thi (Vx~1) la wée cta2 va (vVx-1)>-1

Do do:(Vx~1)e{0;1;2} = vx & {1,2;3} = x£{1,4,9}
Mat khac theo diéu kién x>0,x#1=>x=4vx=9

Vay dé€ P nguyén thi x =4 hoacx =9



Cau 2.
a) Diéukién 4<x<6
Tac: VT =x*-10x+27 =(x~5) +222
Ddu “=" xay ra khi x =5.

Mt khac: Theo bat dang thitc Bu-nhi-a-c6p-ski ta co:

VP:\/6TX+\/>ZS\/(12+12){(«/6—x)2+(\/x—4)2} =2

Sb6-x=x—-4<x=5

g a2 . 1 1
Dau “=" xay ra khi: Jox “ 2
Do d6 phueong trinh ¢6 nghiém khi VT = VP = 2 khi d6 x =5.
Vay x =5 la nghiém duy nhét cta phuong trinh.
b) Diéu kién x>0.
Ta thay x = 0 khong phai 1a nghiém cua phuong trinh nén chia ca hay v€ cho x ta

duoc:

X2 —2x—x\/;—2\/;+4=O<:>x—2—&—%+§=O<:>(x+§)_£\/;+%J_2=O *)

DPat \/;+£:t>0<:>t2:x+4+é<:>x+é:t2—4

Jx X X
Do d6: (*) < (t* —4)—t—2:0<:>t2—t—6:0<:{t

Véi t =3 ta duwoc:

&+%:3@X_3\/§+2=0@(\/§—2)(\/§—1)=0@[i_

Vay phuong trinh ¢6 2 nghiém x =4 vax=1.
Cau 3.
a) Ta cé:
Yy 4+2xy—3x-2=0 x> +2xy+y’ =X" +3x+2 & (x+y)2 =(x+1)(x+2) (*)
V& trai cua (*) la mot s6 chinh phuong, vé€ phai (*) la tich hai s6 nguyén lién ti€p nén
. x=-1=y=1
phai c6 mot trong hai s6 bang 0. Do do: L - 2—y=2

Vay co 2 cdp nghiém nguyen (x, y) = (-1; 1), (-2; 2).

b) Biéukién x>Ly>0=x-1>0y>0< 1 >0; >0, —>0

Str dung bat dang thitc AM-GM cho 3 s6 duong:



(X_‘lf 114123 [X_IT.H @[X;1j3 L3, (2)

y y

i3+1+1z33/i3.1.1@i32§—2 (3)
y y y v

Tt (1), (2) va (3) suy ra:

3
L 3+(X_1) +l32 3 —6+3(X_1)+E
(x-1) y y. x-1 y |y

1 x=1Y 1 _3-6x+6 3x _[(3-2x x
= -+ t—2—+—=3 +—
(x-1) y y x-1 y x-1 'y

Vay bat dang thiic duoc chitng minh.

D&u “=” xay a khix =2, y = 1.
¢) Xét n =0 thi A =1 khong phai s0 nguyén to
n =1 thi A =31la s0 nguyén t6

Xétn>1 ta co:

A=n""-n?*+n*™ -—n+n’+n+1=n? [(n3)670 —1}+n[(n3)667 —1}+(n2 +n+1)
Ma l:(ns )670 —1} chia hét cho (n3 —1) suy ra l:(n3 )670 —1} chia hét cho (n2 +n+ 1)
Tuong tu: [(rﬁ )667 — 1} chia hét cho (n2 +n+ 1)

Do d6 vdin>1 thi A chia hét cho (n2 +n+ 1)nén Alahop so.

Vay n =1 1la gid tri can tim.

Cau 4.
A B
M
MT
FiF | 4 N
N’ = ”
K D Q
F




3) D chiing minh AABF =AADK (g.c.g) = AF = AK

Ta giac KAE c6 duong cao AD nén:

1,1t ot b hong doi
AKZ  AE: AD?  AF AE: AD? & &

- 1 . 1
b) pa chting minh duoc: Spr = EKE.EF.sm AEK = 5 KE.EF.cos AKE

Mt khac: Sker = %EHKF = %EH.(KH +HF).suy ra:
KE.EF. cos AKE = = EH.(KH +HF) < cosAKE = EH.KH + EHHF
2 KE.EF

EH KH EH E = sin EFK.cosEKF + sin EKF.cosEFK

. + .
EF EK KE EF
¢ Dasw da dung duoc diém N thoa man NP + NQ = NM

Lay N’ d6i xtng v6i N; M’ d6i xting véi M qua AD suy ra tam giac NN'M can

< cosAKE =

tai N suy ra MN’ 1a phan giac caa PMM'. Suy ra cach dung diém N nhu sau:
- Dung M’ d6i xttng véi M qua AD
- Dung phan giac goc DMM’ cat DM’ tai N’
- Dung N d6i xting v6i N’ qua AD
Cha ¥: Hoc sinh ¢6 thé khong trinh bay phan tich ma chi trinh bay cach dung van
cho diém tdi da.

Cau 5.

Goi O 1a giao diém hai dwong chéo hinh binh hanh, ké OP vuong goc vai d tai P.
Ta ¢6 OP la dwong trung binh ctia hinh thang DKHB nén DK + BH = 20P

Lai d6 OP la dwong trung binh ctia tam giac ACI nén CI =20P

Do d6: DK + BH + CI = 40P

MaOP < AO nén BH+CI+DK <4AO, vay Max(BH+CI+DK)=4A0

Pat duoc khi P=A hay d L AC



Caul.

Cau 2.

Dé so 12

1. a) DPKXD: x 2 0; x #1.

15Vx 11  3Jx-2 2/x+3 _ 15/x-11  3Jx-2 2Jx+3
x+20x-3 1-Jx  Jx+3  (x-1fyx+3) Jx-1  Jx+3

15vx 11— (3Vx —2)/x + 3)- [2/x + 3JVx -1
(\/;—lx& +3)

_ 15X -11-3x-7/x +6-2x—+/x +3 _ —5x+7/x -2
(\/;—11\/§+3) - (ﬁ—lx\/;ﬂ%)

_(Vx-1Jo-57x) 2-5Vx
(\/;—11\/;+3) - x+3

2-5Jx
Jx +3

P(&+3):m¢> 2—5\/;:m & 5/x=2-m & \/—ZZ—Tm & m<?2

Tacd: P =

b) Voix 2 0;x #1tacd P =

m¢1<:> m # —3

Laico:x =1 &
Vay m<2;m=# -3

2. Tacd: a=33+17 +33-V17 © a° =6—6(§/3+\/ﬁ+§/3—\/ﬁJ

& a*+6a-6=0

Tt d6: f(a)=(a®+6a—-7)"" =(a®+6a—6-1f" =1.

1.Dat Vx2+9=y (véi y=3)
=5
Khi d6, ta cé: y? +5x=(x+5)y < (y-5(y-x)=0< B .
Ttr d6 tim duwgc nghiém cta phuong trinh la: x = +4.
2. Tacod: 2xy® +X+y+1=x>+2y* +xy
= 2y?(x—1)—x(x-1)-y(x-1)+1=0 (1)
Nhén thay x = 1 khong phai la nghiém cta PT (1). Chia ca 2 vé€ cia phuong trinh
cho x -1, ta duwoc:

1
2y? —x—y+——=0 2
y o (2)

PT c6 nghiém x, y nguyén, suy ra -1 nguyén nén x — 1 thuoc {—1;1}

° x-1=-1=x=0



) x-1=1 & x=2

Thay x =0 vao PT(2) ta duoc: 2y* ~y-1=0< Yy =1; y:—%

Thay x =2 vao PT(2) ta duoc: 2y* —y-1=0 < y=1; y=—%

Vay phuong trinh da cho ¢ hai nghiém nguyén (x,y)e {(0,1);(2.1)}
Cau 3.
1.DK: x=0

13
bat a=x++/2012, b =?—\/2012

Thay x=a—+/2012 vao bi€u thtc b, ta duoc:

o _ 2012 <> ab—2025= (b —a)/2012
a—+/2012

bé a,beZ thi a=b, dodé ab—2025=0

Tir 46, suy ra a=b =+45 = x =+45-/2012

Thtt lai véi x = +45—+/2012 thi thay a,b 1a s6 nguyén.

2. Xet tich:
x-(y-1)(z-1)=xyz-xy-yz-zx+x+y+z-1

=xX+y+z- 1+1+1 (vixyz=1)
y Xy 2 y

ma X+ y+z>1+1+1:(x—1)(y—1)(z—1) >0
X y z

Néu ca 3 thtra s6: (x-1), (y — 1), (z—1) déu duong = xyz > 1 (loai)
Néu ca 3 thira s8: (x -1), (y = 1), (z - 1) déu 4m = (x -1)(y - 1)(z — 1)<0 (loai)
Néu 2 thira s6 dwong, 1 thtra s6 am = (x-1)(y —=1)(z-1)<0  (loai)
Nén phai ¢6 2 thira sO am, 1 thita s6 dwong = trong 3 sO x, y, z c6 hai s6 bé hon 1.
Con mét s6 16n hon 1.
Vay trong 3 s0 x, y, z ¢ duy nhat mot s6 16n hon 1.
Cau 4.
1.a) Lay diém E khéc phia véi diém P d6i véi duong thang AB sao cho ABPE vudng
can tai B.
Ta c6 ABPC = ABEA (c.g.c) A D
=BEA =135°
Do BEP =45° nén PEA =90°
AAEP vuong tai E. Theo dinh li Py -Ta - go

ta co:




AP? = AE? + EP2
= CP2 + 2BP2 P

1.b. Trwdc hét ta chirng minh nhan xét sau:
Gia st I 1a diém nam trong hinh chit nhat ABCD. Qua I ké cac duong thang MN, PQ
tuong tng song song voi AB, AD. Goi dién tich

hinh cht* nhat IPBN la Si;, dién tich hinh ch® A P B

nhat IQDM Ia S..
Ta c6 S1 =52 khi va chi khi I thudc duong chéo N
AC.

That vay: Gia st I thu¢c duong chéo AC. Vi
duong chéo caa hinh chit nhat chia hinh chi
nhat thanh hai phan cé dién tich bf?mg nhau nén

S1=5..
Nguoc lai, gid st S1= 52, suy ra: IN.IP = IM.IQ D Q C
IN_1Q_NC

IM IP MA

Suy ra AMAI dong dang v6i ANIC (c.g.c) =>MIA = NIC
DoM, I, N théng hangnén A, I, C théng hang.

Tré lai bai toan: A S R D
Dé thay tit giac NBMQ 1a hinh chit nhat. Qua P va Q

ké cac duwong thang song song vdi cac canh ctia hinh

vuong. Do P thudc duong chéo AM ctia hinh chix

nhat ABMR nén Serrk = Srirs (1) N Q H
P thudc duwong chéo CN ctia hinh chit nhat NBCH Y
nén Seirk = Serer  (2) K P T
Ttr (1)&(2) suy ra: Seirr = Serur \

=> SrQrs = SQITH. B L M C

Theo nhan xét trén, suy ra Q thudc duwong chéo PD ctia hinh chit nhat SPTD, tttc PQ qua
diém D.
2) Khong mat tinh tong quat, gia st:
LA> /B > L C=A>60
TH1: 60° < A <90°
Ké CH L AB,BK 1 AC.



=> Sapc = %CH.AB

Ma CH < CCi £ 1, ta co:

Cau 5.

Caul.

AB =

BK _BB _ 1 _ 1 2

CsinA” sinA” sinA” sine0° /3
2 1

d1—=" (1)

J3 3

<

TH2: A >90°=> AB
1 1

=> Sagc < %.1.1: > < 7 (2). Tie (1)&(2) suy ra Sasc <

=> SaBc < 1
2

BB1 <1,CH<LCCi<1.

tol -

Ta chitng minh hai bat dang thtc:

3 2 3

) y oY
y H(x+y)  x*+2y

X X 2

3 3Z 2 2
X +8y®  X°+2y

; (@

3 X4

That vay BDT (1) & >
x* +8y° (x2 + 2y2)2

< x> +y?>2xy (dung véi moix, y)

Y oy
y H(x+y) (x2+2y2f

3 4

BDT (2) <

= (x2 + yZsz +3y2)2 y(x+y)’
Do x? +3y? =x? +y? +2y? > 2y(x+ )
Nén (x2 + yZsz +3y2)2 %(x+ yP.2y(x+y)=y(x+y)
Suy ra BDT (2) luén dang.
Tt (1) va (2) ta dwoc Q >1
Ddu “=" xay ra khi va chi khix =y.

VayminP=1khix=y.
bé s6 13

a) Ta co:

P:(x+3d§+2 x+«/§}[ 1 1 ]

- +
x+dx -2 x=1 J{x+1 x-1
X +3Vx +2 Jx ) Yx—1+x +1

e e e



ZX+3\/;+2—X—2\/§ (\/;+1)(\/§_1)
(Vx+2)(Vx-1)  2dx

G (FE)

C(e2)(-1) 2l 2k

b) Ta c6
x>0;x#1

1 1

F_\/;8+ >1<9 20 _\/§+1>1 ()
x+1 8

163x —(Vx +1) )
(*)e 8(\/(;”) ) >1 & (Vx-3) <0ex=9(tm)

>1

1 Jx+1
8

Vay x=9 thi 7
Cau 2.

a) Diéu kién: x>-1

J;:§+2XJ;:I=2X+VQ?IZ;:E

= x+3+2xJ;:T=2x+ (x+1ﬂx+3)

<:>2x(m—1)+\/x+3(1—x/x+1):0
@(M—1)(2x—«/>?3)=0

c{mbo :{“O(tm)
2x—x+3=0 |[x=1

Vay phuong trinh da cho c6 nghiém x=0;x=1
b) Ta co:

1 1 1
X4y +2+ S +—5+—5=6



x——=0
X x=-1 x=1
Siy-——=01y=-1 y=1
f z=-1hoac|,_1q
z——=0
z

Do d6 P=x®" +y™® 4+ 7 —3 khi x=y=z=1

Hodc P=x*" + y2018 +7" =1 khi x = y=z=-1

a) Néu n=3k(keZ) thi A=9Kk’+3k+2 khong chia hét cho 3.
Néu n=3k+1(keZ) thi A=9Kk”+9k+4 khong chia hét cho 3.
Néu n=3k+2(keZ) thi A=9k*+15k+8 khong chia hét cho 3.
Do d6 A khong chia hét cho 3 véi moi sd nguyén n.
Vay A khong chia hét cho 15 véi moi sd nguyén n.
b) Néu y=2k(k €Z), suy ra VT la s8 chén (v6 i)
Néu y=2k+1(keZ), suy ra

Y™ =2n+1=> 2017y** = 2017.(2n +1)°

= 2017y*** = 2017.(4n* +4n+1) = 4.2017.(n’ +n) + 2017
Ma 2017 chia cho 4 du 1, suy ra VT chia cho 4 du 1.

Con VP=2019 chia cho 4 du 3 (v0 li)
Vay phuong trinh trén khong cé nghiém nguyén.

a) Goi CP cit AH tai N
Ta c6 OA=OB=R; AP=PB (tinh chat hai tiép tuyén cat nhau)
Suy ra OP la dwong trung truc cia AB hay OP L AB tai K.



Xét AACH va APOB cé
AHC = PBO =90°
ACH = POB (cung phu vdi ABC)

AH CH
Do d6 AACH db6 d APOB (g.g) — = —— 1
o dé ong dang (g-8) 58 = OB (1)

NH CH 2NH CH
Sy
PB CB PB OB
Tt (1) va (2) suy ra AH=2NH hay AN=NH.
b) Xét AABC vuodng tai A véi duong cao AH co:
AH?=BH.CH = (2R-CH).CH 3)
NH.OB

Xét ACPB c6 AH//BP (gt) nén

T (2) ta ¢6 CH=2 thay vao (3), két hop véi AH=2NH ta duoc

AHE — ( R AH.CB)(AH.CB)

2PB 2PB
< 4PB* AH? = (4R.PB - AH.CB) AH2R =8R?PB.AH -4R?>.AH?
< PB2.AH=2R>PB-R2.AH

PN AH(PB2 + Rz) —2R*PB

2R?

2

m? —R?

Thay PB*=m?-R? vao déng thirc trén ta duvoc AH =

o) Ta cd Syop = %MP.OB = %(PB +BM).0A = %(PB +BM)R  (4)

Ap dung bat déng thitc AM-GM ta duoc:
%(PB +BM)>PBBM  (5)
Dau “=" xay ra khi va chi khi PB=BM
AMOP vuéng tai O v6i OB L PB c6: PBMB=OB’ =R* (6)

>R?

T (4); (5); (6) suy ra S, =
Do d6 MinS,,, =R* ©PB=MB=R

< APBOvuong can tai B< OP = RV2

Vay dién AMOP c6 dién tich nhé nhédt < OP = Rv/2. Khi d6 P 14 chan duong vudng
gbc ha tir O dén duong thang d.

Cau 5.
N 1 1 9
a) Tt gia thiet suyra —+—+—2 =32 =a+b+c>3
a b c a+b+c a+b+c
2
Ta thdy —2 = ab

a_
1+b? 1+b?



Caul.

Cau 2.

Ap dung bat dang thicc AM-GM cho hai s6 duong ta duoc
a ab® ab’ ab

—— =a-— s =a— =a——

1+b 1+b 2b 2

=2b-— E ; ¢ za-— @

1+c’ 2 "1+a’ 2

Cong theo vé& ctia ba bat dang thiic trén ta dugc

Tuwong tu ta duoc:

P2a+b+c—1(ab+bc+ca)+l(ab+bc+ca):3
2 2

Ddu “=” xay ra <a=b=c=1.
b) C6 1009 s6 1é trén bang ltc dau
Mai [an cac phép toan dwgc thuc hién, sd cac s6 1é con lai hodc gitt nguyén nhu vay
(khi cac s6 nay dwa ra la khong cung 1é) hodc giam di hai (khi cac sd dwa ra la cung
1é)
Vi vay s6 cac s6 1@ con lai trén bang sau moi phép toan ludn 1a 1é.
Boi vay, khi thyc hién quy tac trén mot s6 con lai thi né phai 1a 1é va vi thé khong
thé'1a s6 0.

Dé s6 14

a) PKXb: x>0,y 20,xy #1.

Pz(\/;+\/§)(1+ Xy)*(\/;_\/;)(l_\/;):(lXy+><+y+2xy)

1-xy 1-xy
:«/;+x\/§+\/;+y«/;+«/;—x\/§_z—\/§+y«/; 1-xy
1-xy 1+X+y+XY

2(\/;+Y\/;) 2\/;(1+y) 24X

(T+x)(1+y) (1+x)(1+y) 1+x
> 2(2-\3)
2+\/§_(2+\/§)(2—\/§)
e BT 464

2(\3-1) _2J3-2_6J3+2
1+(\/§—1)2 5-23 13

b) Voi x=

=4—2J§=(J§—1)z.

P=

a) DK: 4<x<6



VT =x* ~10x+27 =(x~5) +222, ddu “=” xdy ra <>x=5

VP=J6T><+J@3\/(12 +12)[(\/6—x)2+(\/x—4)2} =2,

Dau “=" xay ra < <:>6—x:x—4<:>x:5(tm).

11
J6-x  \a-x
Vay phuong trinh c¢6 nghiém duy nhat x =5.

b) Ta co:

V2 +2xy —=3x—-2=0< x> +2xy +y’ =x +3x+2

(:)(ery)2 =(x+1)(x+2) (*)

VT ctia (*) 1a s6 chinh phwong; VP ctia (*) 1a tich cta hai s6 nguyén lién ti€p nén
x+1=0 @{x=—1:>y=1

hai cé mot s6 bing 0 <
phatcome 8 L+2=0

X=-2=y=2
Vay c6 hai cdp sd nguyén (x;y) = (—1;1) hoac (x;y) = (—2;2).
Cau 3.
a) Ta co
+d 1a s6 nguyén td va abcd la sd chinh phwong nén d =5.
+abod <10000=100° = abed =(¥5) ; vi e {1:2,34;..;9}
+ Vi abcd chia hét cho 9 (X_5)2 9= Xx5:3=> X+5¢ {6,912} = xe{1,4;7}
Kiém tra lai ta duwoc hai so: 2015 va 5625.

b) Véi x;y;z>0 ta co:

Xy
+) y+Xzz (1).

+ l+l+12 4 (2)
X y 2z X+y+Z
X2+y2+Z2 >1 (3)

+) Xy +27 2 Xy +YZ+ X S >
Xy +YZ+2zX

Xay ra dang thtc 6 (1), 2) va (3) & x=y=z

Ta cé:
ab+bc+ca 2 a+b+c
:ﬁ+(a+b+C) .
a“+b +c abc
=—al;+b§+c?+(a2+b2+c2+2ab+2bc+2ca).a+b+c
a“+b"+c abc

Ap dung cac bat dang thic (1), (2) va (3) ta duoc:



VS ALSs BY RIS J Y
a“+b +c ab+bc+ca

2 2 2 2 2 2
:[ab”’ﬁca a +b+c J A 185048418228,

+ )
a’+b*+c? ab+bc+ca ab+bc+ca

Dy o a’+b>+c® =ab+bc+ca L
au “=" xay ra < <a=b=c
ab=bc=ca

Cau 4.

a) Ta co:

+ AOHB vudng tai H ¢6 HM 1a duong cao nén OM.OB =OH?
+ AOHC vuong tai H c6 HN 1a duong cao nén ON.OC =OH?
Suy ra OM.OB =ON.OC

Ma OA=OH = R = OAZ = OM OB — A _OB
OM OA

+) Xét AOMA v AOAB c6:

AOB chung

OA OB

—— =— (cmt)

OM OA

Suy ra AOMA AOAB dong dang theo trueong hop (c.g.c)

=MAO=0BA ma AOB=0BA (vi OA=AB=R)=MAO=MOA=AMOA can tai
M = MA=MO.

Chtng minh tuong ty: NA=NO.

Ttt d6 suy ra MN la duong trung triec cia ON = MN L OA

b) Goi giao diém cia MN va OA la D. Ta c6 DA=DO

OM OC

Taco OM.OB=ON.OC(cmt) = —=—
ON OB



= AOMN dong dang vdi AOCB (c.g.c) = OMN =OCB = AOMD #AOCH (g.g)

:OM:OD:OD:ESOM:EOC
OC OH OA 2 2

Laic6 OMOB=0OH?’=R’ = %OB.OC =R’ = 0B.0OC =2R?

c) Tacd AOMN dong dang v6i AOCB

2 2
Son_(O0)_R 15 15, Lonec
Socs OH 4R 4 4 8

1 1 R?
<=R(AB+AC)==R(R+R)=—.
SR(AB+AC)=SR(R+R) ="

D&u “=” xay ra <> A B,C thang hang < A=H

2

Vay dién tich I16n nhat cia AOMN 1a S_,,, = RT SH=A

Cau 5.

Goi BC la canh 16n nhét cta tam giac nhon ABC c6 dién tich béng 1.
Ké trung tuyén AM
bat MA=R
Vé (O;R) cdt BC tai D, E
Cac diém B, C d6i xting véi nhau quaM, chiing nam trong duong tron.
Ta sé chiing minh tam giac ADE la tam gidc can tim. Nghia la can chtng minh
S,oe <V3.
Ké duong cao AH
bat MB=MC =a, ta co:
1

S,oe =—DE.AH =R.AH
2 _
= SADE -4

Q@ | 0

AH = 28ABC :i —
BC 2a

_1
a

Ta sé chitng minh % <.



Ta thdy trong hai géc AMB, AMC ¢6 mot goc 16n hon hodc bang 90°.
Gia st AMC >90° khi &6 ta co:
AM? +MC? < AC?> = R?>+a’ < AC? <BC? =4a?

2
:RZSSaZ:(Ej 3Rz (dpcm)
a a
Ppeé s6 15
Caul.
a) DPKXD: x>0;y >0,y #1,x+y =0.

< 1)1 ) )
R BT I 1)
(V5 +7 )(JR 5 xRy +y-xy)

B R I

DY DE P=2x+xy -y =2 Vx(1+fy |-y +1) =1 (Vx-1)(1+4y ) =1

Tacod: 1+\fy 21=x-1<1=Vx <2 & x<4.

P=

Két hop v6i diu kién x>0=0<x<4 < xe{0;1;2;3;4]
Thay vao phuong trinh trén P =2
Ta duoc (x;y)e{(4:0);(2;2)}

Cau 2.

a) Diéu kién x>0

2 2
«/2x2+x+6+\/x2+x+2:x+é<:> x4 _x
X x/2x2+x+6—\/x2+x+2 X

<:>\/2x2 X 46 =X X2 :x<:>\/2x2+x+6 U +x+2 +X

=) x2+x+2=é:>x4+x3+2x2—4=0
X

& (x=1)(xX +2x* +4x+4) =0 x=1 (do x*+2x" +4x+4>0)

Vay phuong trinh da cho ¢6 nghiém x =1

b) Ta co:
X’ +2y" +2xy +3y —4=0 & (X’ +y* +2xy ) +(y* +3y —4) =0
(cty) +(y-1)(y+4)=0 (y-1)(y+4)=-(x+y) (")
Do —(x+y) <0 ¥xy nén

(y—l)(y+4)£0<:>—4Sy£1:>ye{—4;—3;—2;—1,'0;1}



Theo céc gid tri nguyén ctia y ta tinh duoc cac gid tri nguyén ctia x.
Vay phuong trinh c6 nghiém nguyén (xy) la:
(85-4):(2:0):(1-3):(5-3):(-2:0)( 1)
Chu 3.

a) Ta cod: 45=59 ma (5;9):1:>a56b§45<:> ab6b:5vao.

* Xét a56bi5 < b e {0;5!)

-Néu b=0taco a560:9«<>a+11:9=a=7

-Néu b=5tacd ab60:9 < a+16:9=>a=2
Vay ta tim dwoc hai s6 7560 va 2565 thdoa man.
b) Dit x=a’;y=b’;z=c’
Tacd x;y;,z2>0 va xyz=1=a,b,c>0 va abc=1
a3+b3:(a+b)<a2—ab+b2)2(a+b)ab(d0a+b>0,'a2—ab+b2Zab)
:a3+b3+12(a+b)ab+abc:ab(a+b+c)>0
- 1 < 1
a3+b3+1_ab(a+b+c)

1 1 < 1

Twong tw ta co: < ; <
&1 b*+c® +1 bc(a+b+c) A +a’+1 ca(a+b+c)

Cong theo v& clia cac bat dang thiic ta co:
1 1 1 1 1 1
+ + = + +
x+y+1 y+z+1 z+x+1 a’+b’+1 b’ +c’+1 ’+a’+1

< 1 i+i+l= 1 .(a+b+c)=1.
a+b+clab bc ca a+b+c

D&u “=" xay ra khi va chikhi x=y=z=1.
Cau 4.



B

H
E
D C
=

N

>,

a) Ta c6 ABEDnoi tiép duong tron (O;R) duong kinh BD
= ABED vudng tai E—=BE L ADtai E

+ Chttng minh AH.AO = AB’ (1)

+ Chttng minh AE.AD=AB* (2)

Tt (1) va (2) suy ra AE.AD = AH.AO

b) Chiing minh AO L BC tai H va OH.OA=0B* (3)

+ Chtmg minh AOHF #AOKA(g—-g)

M _OF _ okoF-oHoA (4)
OK OA

Ttr (3) va (4) suy raOK.OF =OB?

Ma OD = OB(bk) = OK.OF =0D? = 2~ - 9P
oD  OF

Chting minh AOKD #AODF (c—g—¢)
= ODF =90° = DF L OD tai D

Ma D thudc duong tron (O) duong kinh BD nén FD la tiép tuyén ctia duong tron
(O)

Cau 5.
Ap dung dinh ly Pitago ta c6:



ND’ + 0D’ = NO? = ND’ = NO* —~OD” =(NM?* +OM?) - OB’
=(NM?+0M?)-(0I°-1B?)
=(NM?+0M?)-[(OM?+MI?)-IA*] (IA=IB)
=(NM?+0OM?)-0OM? +(1A* - MI?)

=NM?+AM2 = NA?

= ND = NA(dpcm)

Goi AB la canh 16n nhat ctia ngti giac 161 ABCDE ¢6 cac goc tu. Ké cac duong
thang Ax, By vudng goc v6i AB, tao thanh 1 dai (hinh vé).

E, C nam ngoai giai vi BAE >90°; ABC >90°

D nam trong giai vinéu D nam & vi tri D’ cung phia véi C d8i véi By thi
ED’ > AB trai vdi cach chon AB.

Ké DH L AB(H € AB). Hinh tron dwong kinh AD pht tt gidc AHDE, hinh tron
duong kinh BD phu tt gidc BHDC.

Nhu vay AD, BD la hai duong chéo can tim.

Pe s 16

Caul.
1) Ta co:

A «/;+3 «/_+2 Jx +2 J[l LJ
K2 34k x-5dx+6 Ix +1

A=\/;+3 \/_+2 »\/;+2 ] 1
-2 x-3 (k-2 x-3) ) Ix+1




A (K +3x=3)-(x+2)(x - +dx+2 1
(Vx=2)(x=3) x+1
x—9-x+4+x+2 1
(Wx-2)(Wx-3)  x+1
Jx-3 1 x+1
T(h-2k-3) Vx1 k-2
2) Viabtbctca =6 nén a?+ 6 = a? + ab+bc+ca =(atb)(a+c); twong twr ta o :
b? +6 = (b+c)(b+a) ; ¢ +6= (cta)(ct+b)
Thay va biéu thirc P ta ¢6 :
b \/(a+b)2(b+c)(c +a) \/(a +b)(b+c)(c+a) | \/(a +b)(b+c)(c+a)’
(b+c)(c+a) (a+b)(a+c) (b+c)(b+a)
=2(a+b+c) (via, b,c>0)
Mat khac : (atb+c)’= a2 + b? + ¢? -2(ab+bc+ca) = 21-2.6 = 9
=>atbtc=3=>P=6

A:

Cau 2.
1) x* +2015x—2014 =2+/2017x—2016
Diéu kién x > 2016
2017

=Phuong trinh da cho twong duong voi

X? —2X+142017x—2016—2:/2017x — 2016 +1=0

~1)" +(~/2017x - 2016 - 1)-—0

Xx—-1=0
J2017x 2016 -1=0

{2017x 2016 =1

< X =1 (thdéa man diéu kién)

Vay x =1 la nghiém ctia phwong trinh da cho.

2) D& duong thang (d) tiép xtic véi dueong tron tam O (O la goc toa d6 Oxy) ban kinh
2cm khi khoang cach tir O téi dwong thang (d) 1a 2cm

*Néu m =1 ta ¢ : y = -1 la dwong thang song song véi truc Ox cat truc tung tai diém
co tung d¢ la -1. Khoang cach ttr (d) t6i O la 1# 2 =>m = 1(loai)

* Néum = 1,5 ta cé: y = 0,5x la duong thang di qua gdc toa d9, khoang cach tir O téi
(d)la0# 2=>m=1,5 (loai)

*Néum=#=1, m#1,5:



+ Cho x=0 => y=2m-3 ta c6 A(0, 2m-3)=>0A= |2m —3|

+Cho y=0 = x:_(L_f’) ta 6 B(M;OJZ>OB:||2£_]T|

m-1
D6 thi ham s6 la duong théng AB va tao voi 2 truc toa d¢ tam giac AOB vuong tai
1 1

O.Ké OH L AB tacd - =——+— dé OH=2 thi:
OH? OA’ OB
_ 2
1__ 1 2+(m 1)2:>4m2—12m+9:4+4m2—8m+4<:>m=§(tm)
4 (2m-3? (2m-3) 4

Vay m = Z thdéa man dk dé bai.
Cau 3.
1) Tacd: n* +6n° +11n* + 30n—24
=(n*+6n’+11n’ +6n)+(24n-24) =n(n’+6n’ +1In+6)+24(n-1)
=n[(n3 +n2)+(5r12 +5n)+(6n+6)}+24(n—1) :n(n+1)(n2 +5n+6)+24(n—1)
= n(n+1)(n+2)(n+3)+24(n-1)
Vin;n+1;n+2;n+3;1aboén sd tw nhién lién ti€p nén tich cua chung chia hét cho 3.
Mit khac trong 4 s8 ty nhién lién tiép ludn ton tai 2 s& chan lién ti€p nén cé mot s&
chia hét cho 2, mdt sd chia hét cho 4 . Vay n(n +l)(n + 2)(n +3) chia hét2.3.4=24 va
24 (n - 1) chia hét cho 24 nén n* +6n° +11n* +30n — 24 chia hét cho 24.
2) Thay x =1+2 vao phuong trinh ta c6 : (1+«/§ )+ a(1+x/§ )? +b(1+x/§) +2=0
=>9+5+y2+3a+2ay2 +b+b2=0
=>(5+2a +b)\/2 =-(3a + b +9)
—(3a+b+9)
5+2a+b

. [5+2a+b=0 2a+b=-5
Vay =
3a+b+9=0 3a+b=-9

Néu5+2a+b=0thi v/2 = cQ(voli)

—=a=-4b-13

Cau 4.
a) * Tam gidc ABH vudng tai H, dwong cao HE nén : AH?=AE.AB
Tam gidc ACH vudng tai H, dwong cao HF nén : AH?=AF.AC
=> AE.AB =AF.AC
* Tam gidc ABC noi tiép (O)
dwong kinh BC => 4 ABC vudng
tai A, c6 AH la duong cao




=>AH?=BH.CH => AH*=BH2.CH?

Mat khac: BH? =BE.BA ; CH>=CF.CA => AH*=BE.CF.BA.CA

Talai c6 AB.AC= AH.BC => AH? =BE.CF.BC

Ta c6 : Tk gidc AEHF la hinh cht nhat => AH=EF => EF? =BE.CF.BC

b) -ViH dx vo6il qua AB =>1AB = HAB

- Tam gidc OAB can tai O => OAB=0BA

Ta c6 OAB+ IAB = OBA+ HAB =90°=> A0 =90°=> IA la tiép tuyén vdi (O) tai A
o) bat BH=x(0<x<2R)=>HC=2R-x

Tinh duwgc AH = /X(2R-X)

Tacod S, s :%AH.BH :%X.Q/X(ZR—X :%«/x3(2R—x)
Bién d6i :

2 2 2 2\2 2\2 252
X3(2R—X):X2(2RX—X2):X (6RX_3X )<(X +6RX_3X ) :(6RX—2X ) _(3RX—X )

3 - 12 2 3

9R2_( __) 9R2

g 1 [BIR*_3V3R' 3R 3R
=> O, AuB 2\ 163 3 T Y, AHB(max) 3 => X_7
3J/3R?

Vay S, ssmay = —8 khi A 1a giao diém cua duong trung truc doan OB va (O)

Mat khac: 3Rx—x* =

Cau 5.
1 1 4
Chirng minh BDT phu: Véimoix, y >0tacéd: —+—2 , ddu =" xdy ra khi x=y
X Yy X+y
Ap dung BDT phu trén ta 6 :
1 1 1 1 1 4 1
=T 2.4 =2 2.4 + Z 53 +
a~+b +1 2ab a"+b°+1 6ab 3ab a"+b +1+6ab 3ab
4 1
> +
(a+b)*+1+4ab 3ab

Via, b >0, theo BDT Cosi ta co a+b22«/£, ma a+b£1=>ab£i

Vay P> 4 + 1 :§+

12+1+4L.1 3.1
4

[SSHI

:§ dau ‘= xay rakhia= b——
3’ 2

4

Pé s6 17
Caul.



a) DPKXD: x>0;x =1
X+2 \/;+1 1 X+2 «/;+1 1

Y SRV SETTPTIN SR SEETVN SEETINIY S R S

X+2+(«/;+1)(«/_ 1)—x- \j; 1 x+2+x 1-x— «/_ 1 X — \/l_
(Wx =D)(x++/x +1) (Wx—D)xdx+1)  (Sx—T)(x+vx+1)

O IxWx-y Wk
Wx-D(x+x+1) x+Ix+1

b) Ta c6: x=9-42 = (242 -1> = x =242 -1. Khi d6

Ta cd: M=

M= VX 2421 2\/_ 1_(@2V2-1©9+2\2 2) _ 1682 -1
x+x+1 9-42+2{2-1+1 9-2{2 81-8 73
c) Xét M_LL_L —(x -1y

x+Ux+1 3 3(x+x+1)
Vi x> 0;x #1=5 3(x+x +1) > 0;~(Vx ~ 1) <0. Suy ra M—%<O:>M<%.
Cau 2.
a) Ta c6 3#-1 dé duong thang (d) song song duong thang y = 2x -1 thi
m-2=2< m=4.
b) Diéu kién dé (d) di qua diém cd dinh N(xo, yo) véi moi gia tri cia m la:
(M-2)xo-yo+3=0 VM < mxo- (2xo+yo-3)=0 Vm

-0 -0
O =177 Vay (d) di qua diém ¢8 dinh N(0; 3) VYm.
2%, +y,~3=0" |y, =3

0

c) Goi A va B la giao diém (d) véi Ox; Oy. Y

x=0=y=3=0A=3 N
3 3 3 N4

y=0=2x=——=——=0B=
m-2 2-m [2—m)|

»

Lo

O B

Goi OH la khoang céach ttr O dén (d).

Ta cb: 1 1 1 1 (2 m)’ m —4m+5
a Co: = + =
OH> OA* OB’ 9" 9 9

Ma OH=1=m’-4m+5=9 < (m-2) =8 =>m=2+22

Vay véi m=2+2+/2 thi khoang céch tir O dén (d) béng 1.
Cau 3.
a) bPK: x#=-1,x#2

Tacs: X2, 3 . S e —413(x+1)=3+x° —x—2
x+1 x-2 x"—-x-2




Cau 4.

Cau 5.

Si4x=2=x= %(tm) . Vay phuong trinh c6 nghiém x = %

b) Vx* —1=x+1++/x+1.Diéu kién cin thitc c6 nghia

x>1

x>=1>0 x=-1

S| xL-1

x+1>0 x>1
x>-1

* Thay x = -1 thoa man phuong trinh.

*Voi x21.Khi do phuong trinh c6 dang \/(x—l)(x-i-l) —Ix+1=x+1
Vi x>1 nén +/x+1>0, chia hai v& cho «/x+1

Ta cd: \/E—1=\/E. Vivdi x>1 thi \/E<M

Nén Jx-1-1</x+1 = phuong trinh vo nghiém.

Vay phuong trinh cé nghiém x =-1.

Ta c6: X’y +xy —x=4 < xy(x+1) = (x+1) =3 < (xy —1)(x +1) =3

x+1=1 x=0 x+1=3 x=2
+ TH1: & o + THS3: & (tm)
xy—-1=3 -1=3 (vo li) xy—-1=1 y=1
x+1=-1 X=-2 x+1=-3 xX=-2
+TH2: = (tm) + TH4: = (tm)
xy—-1=-3 y=1 xy—-1=-1 y=0

Vay phuong trinh 6 nghiém (x;y) € {(-2;1);(2;1);(-2;0)} .

a) Theo tinh chat hai tiép tuyén cat nhau ta cé:

A =A;A =A, =>MAN=A +A +A +A, =2(A, +A,)=290" =180°
Suy ra ba diem M, A, N théng hang.

b) Ta co:

MB L MN;CN L MN = MB//CN = BMNC

hinh thang cé dwong cao MN.

Theo t/c hai tiép tuyén cat nhau ta c6:

BM =BH =2cm; CN = CH =4,5cm.

Ap dung hé thitc luong trong tam giac vuong
ABC duong cao AH=+vBHCH =/2.4,5=3 (cm).
MN =2.AH =2.3=6 (cm).
_(MB+CN)MN _ (2+4,5).6

BMNC —
2

S

=19,5 (cm?)

c) bat AK=x; KN =y.



Tacé AKNA ~ AKHC(gg) = 2R KN _AN - x _ y _2
CK KH CH y+45 x+3 3

3x=2y+9 (1);3y=2x+6 (2)
Te(1)va(2)suyra x=7,8, y=7,2.

Vay AK=7,8 (cm); KN =7,2 (cm).
Cau 6.
Ta c6: X’ +y* +2°* =3 < 6x* +6y” +62° =18
S (¢ +y° +47° +2xy +4xz +4yz) + (X = 2xy +y7) + (4 —4dxz+7°) +(4y® —4yz+27) =18
S (x+y+2z) +(x—y) +(2x—2z)* +(2y -z)* =18
Vi (x—y)* 20;(2x—z)* 20;(2y —z)* 0.
Suy ra (x+y+2z)* <18 <> -3v2 <x+y+2z<3V2.

x-y=0

o 2x—-z=0 )
VayM1nP——3«/§<:> 2y—2=0 SX=y= > ,z——\/E

x+y+22=—3\/§
x-y=0

2x—-z=0 Ng)
MaxP:3x/§<:> 2y—2=0 <:>x:y:7,z \/E

x+y+2z=3\/5
Pé s6 18

Caul.

1) Tacd x—y=v29+125 —245 = /(2\5 +3)> =245 =25 +3-25=3

Nén: A=x"+x* -y’ +y* +xy —3x’y + 3xy’ —3xy +1974

=(x-y) +(x-y) +1974
=3°+3%+1974
=2010

1 «/_ \/_ b-c ()
\/E+\/_ Ja+db (x/g+«/_)(«/_+«/_) " (Je+a)a +VB)b k)

Tuwong tw L - (2)

\/B+\/§ Je+a (\/E+\/a_)(\/a_+\/g)(\/5+\/5)

Ma b—aT“:sa b=b-c(3)

2) Ta cb

1 1 1

RN S S e A e

T (1) (2) 3) =




Cau 2.

1 2

1
Jaib \bide Jera

hay

1)DPK: a+b#0,a+c#0,b+c#0

Bién d6i phuwong trinh ta duoc :

1 1 1 ab ac bc
X + + = + + +(a+b+c)
a+b a+c b+c) a+b a+c b+c

Bién d6i v€ phai :
ab ac bc
+ +
a+b a+c b+c
ab ac bc a(b+c) b(a+c) c(a+b)
+ + + + +
a+b a+c b+c b+c a+c a+b

ab ac bc (ab+ac ba+bc Ca+ch
= + + +

+(a+b+c)=

= + +
a+b a+c b+c b+c a+c a+b
B ab+bc+ca+ac+ab+bc+bc+ab+ca
a+b a+c b+c

a+b a+c b+c

Tacc'):x( 1 + 1 + 1 j:(ab+bc+ca)( 1 + 1 + 1 J

:(ab+bc+ca)( 1 + 1 + 1 j

a+b a+c b+c a+b a+c b+c

< x=ab+bc+ca

Vay phuong trinh c6 nghiém la x=ab+bc+ca
2) Tt hé phuong trinh da cho ta co:
Xx+y#0;x+2y #0,x+3y #0,y+2x#0,y+3x=0

60 105
= X+y= =
(x+2y)(x+3y) (y+2x)(y +3x)
Hay —— 105 60y +300xy +360x* = 105y” + 525y + 630y

x> +5xy + 6y’ B y? +5xy +6x°
Rut gon phuong trinh ta duoc: 525x° —225xy —570y* =0

X =2y
<17x* =15xy —38y° =0 < (x—2y)(17x+19y) =0 < -19
X=——Yy
17

- Véi x = 2y thay vao mot trong hai phwong trinh ctia hé ban dau ta duwoc x =2; y =1

1934 1734

—Véix:_1—179ytaduqcx: 1 ;Y= 1

4 ' 4

1934 173/a J

Vay hé phuong trinh c6 hai nghiém la: (2; 1){



Cau 3.

Cau 4.

1) Ta co:
(a-+2011)(b-++2011) =14

& ab+ay2011 -by2011 -2011 =14

< (a—b)y/2011 =2025-ab
-Néu a#bthi VP1a s6 vo ti, VT la s6 nguyén = Vo li
-Néua=Dbthiab-2025=0=a=b=445.Vaya=b = +45
2) Tacod:
N= K + 2k — 162 — 2k +15 = (k*- k2)+(2K? — 2K)- (15k? - 15)

= (k-1)(K2 + 2k — 15) = (k-1)(k+1)(k-3)(k+5)
Ta thay rang voi k 1a s6 nguyén 1@ thi N 1a tich ctia 4 thira s§

(nhan tir ) chdn. Do &6 N chic chin chia hét cho 16

Vay k phai la s6 nguyén 1é

P A Q

1) Ta c6 : CDB =CBA ( cung phu voi C )

— CBO=MBA=BMO (Vi AOBM can tai O)

CDB =BMO

Ma BMO+CMN =180

= CDN +CMN =180° = MNDC noi tiép

2) Xét APAE va ABAQ c6 PAE =BAQ =90°(GT) (*)

ta c6 APE +PEA= ABQ+BEI =90° ma PEA=BEI ( d6i dinh)
Nén APE =ABQ (*¥)

Tir (*) va (**) = APAE ~ ABAQ

1 1
APAQ 2 ACE AD

BA AB

AP :E: AP.AQ =BAEA= EA=

BA AQ



1
1 —AC.AD

(do AP=1AC AQ=1AD)>EA-4
2 2 AB

Ma AC.AD = AB? = 4R*( hé thttc trong tam giac vudong CBD)
Lar?

= EA= 4? = % .\Vay E la trung diém ctia OA

3) Ta cO:Sgpq = % AB.PQ

Do AB khong d6i, nén Sg., nho nhat khi CD nhé nhét ( Vi CD = 2. PQ).
Ta c6 CD = AC+ AD ma AC.AD = 4R? khong doi .

Nén AC + AD nho nhat khi AC=AD =2R

AC+AD _
2

Lacdo: PQ= 2R

Vay Sgp, dat gia tri nho nhat la % AB.PQ,, = 2R’

Cau 5.
Véi moi s6 x sao cho : -1 <x <1 thi taluén c6 x2<1va X <|X|
Tt a+b +c=0 thi 3 s6 khong thé cing ddu.Do d6 chi xay ra 3 treong hop sau :
1)Néub=0 =a’+b*+c*=a’+c* <1+1=2
2) Néu -1<a<0,b<c<1thi0<-a<l =a’+b’+c*<-a+b+c=-2a<2
3)Néu -1<a<b<0<c<1thi0<-a<l,0<-b<l
val0<c=(a+b)<l=a’+b’*<(-a)+(-b)+c=—(a+b)+c=c+c<1+1=2
Vay a?+b*+ c?<2

bé s6 19

Cau 1.

a) bKXD: x>0,x=1

-Ta céd



3x+9x -3 x+1 Jx-2
x+dx-2  Jx+2 Jx-1
C o 3x3Wx-3 (I DWx-1) (Wx=2)(Wx+2)
C(x )X -1) (Wx2) k-1 (W) -1)
3x+3x-3-x+1-x+4

(Vx+2)(Wx-1)
B x+3vx +2
(x+2)(Wx-1)
_(x+2)x+D W+l
RN

b) -Tacd:P<0

\/;+1
Jx-1

—>x-1<0 (do v/x +1>0)

:\/;<1

=>x<1
- Két hop véi BPKXD ta duoc: Voi 0<x<1 thi P<0.

Cau 2.
a) DKXD x>-5.

-Tacd: x> —7x=6+/x+5-30
SxP-8x+16+x+5-6x+5+9=0

& (x-4) +(Vx+5-3) =0
Vi (x-4) 20;(vx+5-3) 20 nén

= <0

o x=4
(thoa man BKXD)
- Nghiém ctia phuong trinh da chola x =4

b) Ta co: (a+b).[l+%j:2+%+9
a a

-Via, b>0nén 4p dung bat dang thikc cosi cho hai s6 duong



b

a

E+222
b a

=2

o

-Do d6 (a+b).[§+%j24

Dau “=" xay ra khia=b.
Cau 3.

a) Tim s6 ti nhién n sao cho A =n’+n + 6 1a s8 chinh phwong
- D& A 1a s6 chinh phuong thi A=n’+n+6=a%(a eN)
-Tacd:n’+n+6=a?
< 4n® +4n+24 =4a’
< (2a) ~(2n+1) =23
< (2a+2n+1).(2a-2n-1)=23
- Via, nla céc s6 ty nhién nén (2a +2n +1) la s6 ti nhién va
2a+2n+1>2a-2n-1. Do do

2a+2n+1=23 4a=24 a=6
{2a—2n—1:1 ©{4n:20 Q{n:5
-Vayn=5
b) - Xét phép chia ctia xy cho 3
Néu xy khong chia hét cho 3 thi

x =+1(mod 3)
{y =+1(mod 3)

x* =1(mod 3)

- {yz =1(mod 3)
=7’ =x* +y’ =2(mod 3)

Vay xy chia hét cho 3 (1)

(V6 1i)

- Xét phép chia cua xy cho 4
Néu xy khong chia hét cho 4 thi
x = +1(mod 4)
TH1:
y =+1(mod 4)
x*> =1(mod 4)
—
y? =1(mod 4)
= 7" =x"+y’ =2(mod4) (vd li)
TH2: Trong hai s6 x,y mot sO chia 4 du 2, mot s6 chia 4 du 1 hodc -1. Khong mat
tinh tong quat gia st



Cau 4.

x = t1(mod 4)
y =2(mod 4)
x* =1(mod 8)
=
y” =4(mod 8)
=z’ =x"+y’ =5(mod8) (vd i)
- Vay xy chia hét cho 4 (2)
- Tt (1) va (2): Vay xy chia hét cho 12

H

B
A

a) Chitng minh AAC'C ~ AAB'B

- Xét AAC'C;AAB'B c6

Goc A chung

B'=C'=90

Suy ra: AAC'C ~ AABB

b) Chting minh AM = AN.

- Xét AAMC vuong tai M duong cao MB'
AM? = AB'.AC

- Xét AANB vuong tai N duwong cao NC'
AN? = AC'.AB

- Theo cau a ta c6 AB'"AC=AC"AB
-Do d6: AM = AN

¢) Chitng minh cos* A+ cos® B +cos® C :1—%
N2
- Chi ra duoc Swer (ﬁj =cos® A
S age AB

Sgac
- Twong ty —EA< =cos® B
ABC



Seas
“CAB _cos’C
ABC

- Do do:

Sppc T Spac: T Scap:
cos® A+cos’ B+cos’ C = —ABC' _“BAC. _“CAB
ABC

_ SABC _SA'B'C' —1— S
S asc

Cau 5.

- Ta co:

A=3x+4y+£+i
5x 7y

1 1 2 5x 8 7y
=—X+=y+—F+—+—+—=
2727 "5x 2 7y 2

- Ap dung bat dang thtic cosi cho hai s§ duong ta duoc

£+5—XZZ‘/—2'5X:2
5x 2 5x.2
i+7—X22,’—8'7X:4
7x 2 7x.2

-Vix+y2%nénAZl.%+2+4:6z
35 2 35
2 5x
5x 2 X_2
, . 7 5
- Dau "=" xay ra khi 8.7y = 5
7y 2 _4
y2 077
Y735
_2
et s 17 .X_5
- A dat gia tri nhé nhat la 6 — khi
35 4
YZ;
bé 56 20
Caul.
1 2 ) 6x—9x-1
a) P= + .
20x -1 1-4x) 1-3Jx



Cau 2.

ay P=

Xét 2P =

o1 2 9x-63x +1
20x -1 @Y +DEVx-1)| 3Jx-1
_ o 20x#1-2 (3x-1)?
Jdx +1)(2vx 1) 3Jx -1
1
- (3x -1
Z&H(& )
_3x-1
2Jx +1
3Jx -1 11

VOix 2 0;X#—;X#—
2% +1 4”9

6Vx =2 _32Vx+1)-5_, 5

2x+1  2Jdx+1 Codx+1

Vo6ix e Z thi:

5

2J/x +1

la s6 nguyén 1é

PeZ<2P=3- 14 s6 nguyén chén

5
2x +1

& 2x+1e{1;5)

fe—

1) 2dx+1=1<x=0 (thoa min DK)
2) 2x +1=5<>x=4 (théa man DK)

Vay x e {0;4} la cac gia tri can tim.

b) Ta co:

x3:(%/5+2dﬁ+%/5—2dﬁj3
X =10+3€/—2_7(%/5+2JE+%/5—2\/B)

< xP=10-9x

<Sx+9x-10=0
<:>(x—1)(x2 +x+10)=0

2
ox=1w x2+x+10:(x+%j +%>O,Vé’imoi gia tri cta x.

Thay x =1 vao biéu thic A ta duoc:
A =12015 12016 + 2017 = 2017.



a) X° +3x+1=(x+3)Vx* +1.

Diat Vx?+1 =t, voi t>0,tacod 2+3x= (x+3).t
Tt d6 gidi duwoct=x;t=3

Do déo:

x>0
+VSit=x, tacé VX°+1=x Q{X2+1—X2 vO nghiém.

+Véit=3,taco VX’ +1 =3 & x2=8 < x = +2./2

Véy phuong trinh ¢6 2 nghiém x = +2+/2 .
b) Ta co: 5x — 3y =2xy - 11
S 2xy +3y =5x + 11
Sy(2x+3)=5x+11
Dé thay 2x +3 # 0 (vi x nguyén) do d6
_5x+11
2x+3

b€y e Ztaphaicd5x+11: 2x+3
= 2(5x+11):2x+3
—=10x+22:2x+3
=5(2x+3)+7:2x+3

= 7:2X+3

= 2x+3lauwdccua?

Ta cé
2x +3 1 -1 7
X - -2 2
1
y 6 -1 3

Vay cdp s6 (x; y) nguyén can tim la (-1; 6); (-2; -1); (2; 3); (-5; 2)
Cau 3.

a) Ta cd n la sO tw nhién 16n hon 1 nén n ¢é dang n = 2k hoac

n=2k +1, véi k 1a s0 ti nhién 16n hon 0.

+ Véin =2k, ta co:

n* +4" = (2k)* + 4% 16n hon 2 va chia hét cho 2.

Do d6 N* +4"1a hop s6.



+Véin=2k+1, tacéd:
n*+4" =n*+4%*4=n*+(2.4")?
=n*+2n22.4"+(2.4)? -2n%.2.4
=(n*+2.4)* - (2.n.2%)?
=(n*+2.4"-2.n.2")(n* + 2.4+ 2.n.2)
=((n-2)*+4")((n+2)* +4¥)

Madi thira s§ déu 16n hon hodc bang 2. Vay n* + 4" 1a hop sd.

Vay n*+ 4" la hgp s6 vdin la s6 twe nhién 16n hon 1.

b) Ta co: Lzl—i
X+1 X+1

Yy 41

y+1 y+1
Sz b

z+1 zZ+1

=P=3—( 1 + ! + ! )= 3-Q.
Xx+1 y+1 z+1

Theo BDT Cosi, néu a, b, c>0 thi

a+b+c23ﬂ&m¢>1+l+l233QLc:(a+b+Q(1+l+£]29
a b c abc a b c

1 1 1 9
=>4+ 4+=>
a b ¢ a+b+c
1 1 1.9

+ + >
Xx+1 y+1 z+1 4

Suyra Q=

~|©
[
~lw

:>—Q£—% néenP=3-Q <3-

Ddu “=" xdy ra <> x=y =z=

[
N
[
Wik Wl

Vay GTLN cua P =% khix=y

Cau 4.



=X

D F C

a) Chtitng minh duoc AABE = ADAF

= ABE = DAF

Ma DAF + BAF =90°

= ABE+BAF =90

= AIB=90°

Xét tam giac ABE vuong tai A, theo dinh ly Pytago co:
BE =+ AB2 + AE? = /22 +12 =/5 (cm)

Lai co6 AI L BE, do d¢:

AB.AE 21 25
=—=——(cm)
BE 5 5
AB? 22 45 (cm)
BE 5 5
b) Xét AABH va ABIM c6
ABH =BIM =45°
BAH = IBM (cling phu véi ABI )
Suy ra AABH <0 ABIM (g.g)
AB AH BH
B BM
Ta c6 AHAB <0 AHFD
HB AB HA
jr— = = =
HD DF HF

AILBE=AB.AE = Al =

BI.BE = AB? = Bl =

4J_ 2 245

2
~BH=28D=2.22="Y2 (cm), AH =2 AF=2. 5_—
3 3 V2===(em) 3 3J_ (cm)

&ﬁ
AH .BI __3 5 =ﬂ(cm)
AB 2

., BM BH 2
TacO —=—===
BC BD 3

Tir (1) = BM =




= ABMH <0 ABCD (c.g.c)

Do d6 BMH =BCD, ma hai goc nay ¢ vi tri dong vi

= MH // CD

MaBC_L1LCD

= MH 1 BC

Ta c6 ABIH va ABMH la hai tam gidc vudng c6 chung canh huyén BH, do d6 4
diém B, I, H, M cung thudc duong tron duwong kinh BH.

c) Ta cé6 BIM =MIF =45°, do d6 IM 1a phén gidc ctia BIF

Ta lai 6 AF=BE:\/§(cm):IF:AF—AI:f—i:i(
Suy ra F _DF 35
BA AH 10

Suy ra AIDF <0 ABAH (c.g.c) = DIF = ABH =45’
Do d6 ID la phan giac cua EIF
Xét tam giac BIH c6 IO va ID la phan giac trong va ngoai

OH_DH_MWH
OB DB IB
Suy ra DH.BO = OH.BD.

Cau 5.

3
Chting minh rang; [a+1j-(b+1)(c+iJz(Ej .
b C a 3
Via+b+c=1nén
P= 61+l (b+lj(0+l abc+i+1+1+l+1
b c a abc a b c
Tt bat dang thitc Co-si cho 3 s8 dwong ta co:

1 a+b+c 1
= > 3/abc = abc < —
3 3 27

bat x=abc, thi 0<xsi
27

27 -x)(1-27
Do dé6 x+l—27—i=( X)( X)z
X 27 27X
Suy ra x+1_abc+i>27 L 730
X
. , 1 1
Matkhac(a+b+c[ = —j —+ + >9
C a b c¢

Neén P>E1 1000:(0j
27 3



3
Vay (a+lj(b+1j-(c+lj2(g) ;dau “=" xay rakhi a=b= C—1
b c a 3 3

Pé s6 21

Caul.

DA=[1-2a)( 1 2/
a+1l)(1+Ja aJa+Ja+a+1)

=a—2\/5+1_[ 1 2a J

a+l ‘1442 (a+1)@++a)

_(Ja-1f . ar1-24a
a+l (a+1)(++/a)

_(Va-1f@@+na++a) A
(a+1)(Va-1)?

Vay A =1+a véia >0
Khi a=2016 - 2/2015 = (/2015 — 1)? thoa man DK.

TacoA=1+ (\/201 ) 2015
b) bat A= Jl+ 56 +i/1— 6
54 \'52
A3—1+\/:+1 \/7 s/l——A 2+3s/——

SA=2-ASA+A-2=0 (A-1)(A2+A+2)=
ViA2+A+2>0vdimoiA.
Néntacd A-1=0 < A=11lamot sd nguyén.

’56 f56
Vay 31+,[— +§/1—,/]— lamotsd en.
ay\/ 2 \/ =2 a mot sO nguyén

Cau 2.

a) Jx+4ﬂ+\/x—4m=4.DK: X>4
@\/ 4+2 \/( x—4—2)2:4
—4+2+\\/ﬁ—2\:4 *)

+Néu VXx—4-2>0<>x>8 thi (*) < 2x—4=4<x=8 (t/m)
+ Néu \/x—4—2<0<:>4§x<8




thi (*) < Vx—4+2+2—Jx—4=4<4=4 (ludn dung)
Vay nghiém cuia phuwong trinh la 4<X<8

b) (x2+2x)" —2x* ~4x =3 (x* +2x) ~2(x* +2x)-3=0 (1)

Pit X*+2x=a , phuong trinh (1) tré thanh
a’-2a-3=0
<(a+1)(a—3)=0
<a=-1hoaca=3
+Vdia=-1,tacox® +2x=-1 & (x+1)2=0 & x=-1
+Voia=3,tacOx®2+2x=3
< x+2x-3=0
<Sx-1)(x+3)=0
< x=1hoacx=-3
Vay phuong trinh ¢6 tap nghiém la S = {-1,1,-3}
Cau 3.
a)GoiM=2+22+23+..+2% = S5=2+M
M=2M-M=(22+23+ ... +2%+29) - (2+22+ 2%+ ... +2%)
M=2%-2
= 5=2%=(24*23=8.16*
Vi 16* ¢6 chit sO tan cung la 6
= S ¢ chir sO tan cung la 8
Nén S khong la s6 chinh phuong.
b) 2X* +y? +4X =4+ 2xy

<:>(x+2)2+(x—y)2 :8(1):>(x+2)2 s8<:>\x+2\§\/§

Vix, y nguyén nén ta cd bang gia tri sau:

x+2 | 2 -1 0 1
X —4 -3 -2 -1
Thay vao (1) ta dwoc:
(x-y)y| 4 7 8 7
X Loai Loai Loai

Véix =—-4va (x —y)>=4 ta duoc y =-2 hoac y = -6 (thoa man)
Véix=0va (x-y)?>=4ta dwgcy =2 hodcy=-2 (thoa man)
Vay (x;y) = (-4 -2); (-4

-6) ; (0; 2); (0; -2)




Cau 4.

a) Tacd B =D, =45
BGO+0, =135°; DOH +0, =135°

= BGO = DOH
= ABGO <o ADOH (g.g)
= oB _BG = HD.BG=0B.0OD (1)
HD OD
b) Tacd6 AMBO <0 AOBA (g.g)
OB MB
>—=—
AB OB
= OB.OD =MB.AD (2)
Twe (1) va (2) tac6 HD.BG=MB.AD
HD AD
—— =" ma ADH = =900
= VB BG ma MBG

= ADHA <0 ABMG (c.g.c)
= DHA=BMG
Ma DHA=HAB (2 goc so le trong, AB // DC)

ma OB =0D, AB=AD

= HAB =GMB, ma hai goc nay 6 vi tri dong vi.
= MG // AH.
) Ta cd Sger = Sgpe + Spor

= 1 BE.BF = 1 AD.BE +1 DC.BF
2 2 2

= BE.BF = AD.BE + DC.BF
Chia c4 hai vé€ cho BE.BF.AD (AD =DC)




Lai c6 BD = AD\2 = AD =

2 1,1

BD BE BF

8D
J2

Suy ra

Cau 5.

2
‘§+X+y:2+3x+3y

Theo bdt C6 si %(X+ y) <

2 6
g+y+z
E(y+z)s3 :2+3y+3z;
3 2 6
2
2 R P2HX 93743
—(z+x)£ =
3 2 6

Cong theo vélai ta co: \/g.(\/x+y+\/y+z +\/Z+X)S2

Suy ra: \x+y+yy+z+Jz+x<6.

A “_rr 2 . 2 1
Dau “= xayrakh1x+y=y+z=z+x=§ <:>x=y=z=§
Pé s6 22
Caul.
a-b a-b a?+b’
a) P= + . a>b>0
) (Ja+b+Ja—b <J¥—b2—a+g]da2—w ( )

_ a—b N a-b .a2+w
Ja+b++ya-b Ja—b(Ja+b—Ja—b) Ja? —p?
_(a-b).(Va+b-Va=b)+(a-b).(Varb+a=b) o7, p
~ Vab(Vatbivab)(Vatb-vab) -’
2(a—b).«/m. a’+b?>  a’+b?

2bvJa-b  Ja-b+a+b b

Via-b=1=a=b+1khidd

2 2 2 2 2
p-2 ;b :(b”z) b +b2b+1 =2b + %+222 /2b-%+2:2ﬁ+2

(Theo bat dang thirc Cosi)

b) X, :\/2+\/2+J§ —\/6—3\/2+\/§




=X, =2+2+/3+6-3 2+«/§—2\/2+\/2+«/§.\/6—3\/2+«/§
=8-2\2+\3-243.J4—(2+3)

—8-2\2+/3-2 /3.(2—J§)
= x,’ —8:—2\/2+»\/§—2\/3.(2—»\/§)

= (%’ -8) = [—2@ —2\/3.(2f\/§)}2

© %' ~16%,” +64=4(2+/3)+12.(2-3)+8\3
& X' —16x,” +64 =32

< %t -16x,°+32=0

Vay X,1a mot nghiém ctia phwong trinh X* —16x* +32 =0 (dpcm)
Cau 2.

a) x2+8x—1:2(2x+1)\/m *)

& 4 —4x+1= (X2 ~1) - 2(2x+ D)X ~1+(4x% + 4x+1)

= (2x—1)2 :( x? —1—2x—1)2

2x-1=X*-1-2x-1 [¢-1=4x (1)
QLX—1_—\/H+2X+1®[M_2 )
(1)<:>{x20 C>{XZO

16x* =x>-1 |16x°=-1
Phuong trinh vo nghiém
Q) = x2-1=4<x=+J5
Vay nghiém cta phuong trinh (*) la X = ixfg
b) x(l+x+x2)=4y(y+1)
S XX+ X =4y? +4y
S1+x+ X2+ X =4y* +4y+1
< (1+ x)(1+ x2)=(2y+1)2
Vi (2y + 1)?1a s6 duong 1é, 1 + x>0 nén 1 + x va 1 + x>déu la s6 duong 1é
Dit d = UCLN(1+x; 1+x?) nén d la sO 1é
1+x:d = @1+x)(1-x)=1-x*d

Mal+x*id =1+ X +1-x*=2id = d =1(vid la s§ 1é)



= 1+ x va 1+ x2 nguyeén t& cing nhau ¢4 tich 1a s& chinh phuong nén méi sd 1a s&
chinh phuwong
Ta chtiing minh hai s6 chinh phuong la hai s6 tw nhién lién tiép la hai s6 0; 1
That vay: Goi n la s ty nhién va n? n? + 1 la hai s6 chinh phuwong
= n? n?+ 1 la hai s6 chinh phwong lién tiép
= n?+1=(n+1)
<2n=0 < n=0=hai s6 chinh phuwong la hai sd tu nhién lién ti€p la hai s6 0; 1
Vi1 +x2va x?la hai s tu nhién lién ti€p va déu la s6 chinh phuong
= x =0 thay vao phuong trinh co6
y=0
4y(y+1)=0<:>[y 1
Vay phuong trinh c6 hai nghiém: (x; y) = (0; 0) ; (0; -1)

Cau 3.

1. Ké duong cao BH. AABH vudng tai H nén A

BH = AB.sin 60° = %ﬁ

AH = AB.cos60° = %

Xét ABHC vuong tai H nén BC? = BH? + HC?

4 2

2 2
= SAB +AC? - AB.AC + AB

oo (4 28]

BC?

BC? = AB?+ AC? - AB.AC
Hay a?=b%?+ c>-bc (1)
1 N 1 3 E
a+b a+c a+b+c

< (2a+b+c)(a+b+c)=3(a+b)(a+c)

—]
<:>2a2+2ab+2ac+ba+b2+bc+ac+bc+c2

C

< a?=Db?+ c2—bc ludn dang theo (1)

2. Xét (O) c6 NMA = MCA =%sd MA

Vi MN // CD = EMN =MCA (hai goc
dong vi)

= EMN = NMA. Trong te ENM = MNA



= AEMN = AAMN (g - ¢ - g) = ME = MA = AMAE cén tai M
Co MN la duong phan gidc cting la duwong cao = EA 1L MN
Ma MN // PQ = EA 1 PQ

AB cat MN tai K

Xét (O) c6 KMA=MBA = % sdMA nén AKMA ~ AKBM (g - g)

= KM? = KA KB. Tuong tir KN? = KA.KB nén KM = KN.

ABKM c6 AP // MK nén AP _ BA
MK BK
ABKN ¢6 AQ // NK nén 29 _ BA
NK ~ BK

Suy ra o0~ AQ 1115 MK = NK nén AP = AQ

MK  NK
AEPQ c6 EA vira la duong cao, vira la duwong trung tuyén nén AEPQ can tai E
Suy ra EP = EQ.
Cau 4. Taco:
(x—l)(y—1)21<:>xy—x—y20:>>w2x+y22\/@:>xy2x+y24(*).
A X2y + xy? _ xy(x+Y) . xy(x+Y)
(x2+y2+8)2.\/1+x2y2 (x2+4+y2+4)24/1+x2y2 16(x+y) 1+ X7y’

Xy < 1 1

Xy
- < I
16(x+y) 1+ Xy 32 xy1+x?y* 32,11 2

Xy
Laicéi+xy:i+ﬁ+15ﬂ22\/1+5_4:£(2)
Xy xy 16 16 16 16 4

T (1) va (2) co Asi.\/z:L
3217 1617
N1 Y . . A 1

Dau bang xay rakhi x=y=2 .VayA__ =m

Cau 5.
Xét 15 phan ti: 3',3,...,3" cta X. Vi cd tit ca 7 mau nén theo nguyén ly Dirichlet
trong 15 phan t trén ¢6 3 phan ti a, b, ¢ cing mau.
Gia swa>b>c>1thialaboicuab vablaboicta c (vi ching cung la cac liy thira
cua 3).
RO rang a, b, ¢ déu 1é nén2019%+1 1a boi cua2019° +1, 2019° +1 1a bdi caa
2019° +1.

Vay bai toan duoc chitng minh.



bé s6 23
Cau 1.
1) Taco:
_3+5 35
J10+43+5 10+43-+5

M 3+5 3-45 3+\5 3-45
2 2545+1 205+5-1 3541 3\/_ 1

_GB+B)BB-D-B-B)3E+D) _24_6 _ . 62
(35 +1)(3V5-1) “ 1 1

» o- X~ A1) +fx+Ja(x—1)

( 1 j voi X>Lx#2
X —4(x—1) x—1

Q= \/(X—l)—2\/;+1+\/(x—1)+2«/>:+1 x—2
B VX2 —4x+4 x-1
\/( x—1—1)2 Jr\/(\/ﬁﬂ)2
B (x—2)2 x—-1

‘\/_ 1‘ =141

‘x 2‘ x—1

*Néul<x<2taco:

1-vx-1+Vx-1+1 x-2 2
2—-Xx ‘x-1 x-1

*Néux>2tacd:

x/ 1+\/ 1+1 x-2 2

X—2 "x-1 x—1

Q=

Cau 2.

1) Diéukién: xeR
(X+4)\/X2+7=X2+4X+7
<:>X\/X2+7+4\/X2+7=X2+4X+7

<:>(x2+7—xx/x2+7)—(4 x2+7—4x):0
<:>(\/x2+7—x)(\lxz+7—4):0
[\/x2+7—x 0 [\/x +7 =x (1)

= WE+7-4=0 [P +7=4(2)



- Phuong trinh (1) vo nghiém
- Phuong trinh (2) c6 nghiém la x =3 vax=-3
Vay phuong trinh da cho c6 hai nghiém la x=3 vax=-3
2Ja +2
Ja+5

biéu kién: a>0

2\Ja+2
\/e;+5 =n (neZ)

Ta co: \/a_(n—2)=2—5n

2) Taco: M =

bat:

Néun=2=0=-8 (vdly)

NEu nz2— a2
n-2
Do «/520:2_5“20©§3n<2
n_

Do n nguyén nén n =1 khi d6 a =9 (thoa man)
Vaya=9
Cau 3.

a) Ta co: x=\/2x(x—y)+2y—x+2 (1)

Vix>0nén:

(1)<::>x2 =2X(X—y) +2y —=x+2 <> x* =2xX" +2xy =2y +x =2 < (1-x)(x —2y) =2

Do x, y la s& nguyén ta c6 bang sau

1-x 1 2 -1 -2
X -2y 2 1 2 -1
X 0 -1 2 3
y -1 -1 2 2

Ma x, y > 0 nén c6 cac cdp s6 nguyén (x; y) thoa man la (2; 2) va (3; 2)
b) Taco: 2a° +3ab+2b*:7
— 2(a® +b? —2ab) + 7ab:7 = 2(a—b)’ + 7ab:7
Do7abi7 (a,beZ)=2(a—b) i7do(2,7)=1
Tt d6 ta céa’> —b? =(a—b)(a+b):7
Vay (a°-b%):7
Cau 4.



Cau 5.

D

1) Xét ACDE va ACABc6 C chung CDE =CAB =90°

CD_CE_CD_CA
CA CB CE CB
CD _CA
CE CB

Nén ABEC ~ AADC (c.g.c)= BEC = ADC (Hai goc tuong ting)

Nén ACDE ~ ACAB =

XétABEC va AADC c6 C chung va —

Ta ¢c6 HD = HA (gt) nén AADH vudng can tai H
— HDA=45"= ADC =135" = BEC =135’ = AEB =45’

2

AABE vubng tai A AB = BE sin AEB = m = BE —~ = BE = m~/2

2) Ta c6 tam gidc ABE vuong can tai A ¢6 AM la duong trung tuyén dong thoi la
dwong cao ta c6: BM.BE = AB?
AABC vuong tai A, duong cao AH ta c6: BH.BC = AB?

— BM .BE =BH.BC o1 _ BM
BE BC
Xét ABHM va ABEC 6 B chung va oo =20
BE BC

Nén ABHM ~ ABEC (c.g.c)= BHM =BEC =135’ = AHM =45’
3) Tam giac ABE vudng can tai A ¢c6 AM la duong trung tuyén nén AM ciing la
duwong phan giac nén AG la phan giac cua BAC
GB _ AB "
Theo tinh chdt dwong phan giac ta co: o AC ma AABC dong dang ADEC
AB ED
>—=—
AC DC
ED AH HD
DC HC HC
GB_HD:> GB  HD :%_ HD
GC HC GB+GC AH+HC BC AH+HC

DE song song AH song song véi AH =

Do do:




1 1(1 1
* Ta chitng minh véi hai s6 dwong x, y ta ludn c6 S—L— + —J (*)

D&u bang xay ra khix =y

” . 1
* Ap dung dang thitc AM-GM ta c6: E

1
b+c+2az +c+2a 4

=
\/b+c+2a b+c+2a 4

1 1 _( 1 J
b+c+2a (a+b)+(a+c) 4 b a+c

= a Sl = <1
b+c+2a 4 a+b a+c \lb+c+2a 4 a+b a+c
b
Twong tu: ’ < +14; ’ +1
c+a+2b 4 b+c a+b a+b+20 b+c c+a

Dodé:MSl( a + a + b + + + +3j=_
4\ a+b a+c a+b b+c a+c b+c 2

Ap dung bat dang thikc (*) ta co:

Gia tri 16n nhat cia M lé% khia=b=c.

Dé s6 24
Cau 1.
a) Rut gon biéu thirc

R 2 o

Rtk | 2xe2dkodR -1 &(2x+&—1)
V(1) | (1= (1) (11 x)

I [ A IR U (e )]
\/;(\/;—1) ( \/;)(1+\/_) (1+\/_)( \/;+x)
A

1- «/;+x+«/;(1—\/;)
(-

_ &2&11) (2vx-1):



1 1 :1—\/;+x

TR R R
b) Tinh gia tri ctia A khi x=17-12/2

Tinh x=17-1242 =(3-242) = x =[(3-242) =p-22|=3-22
1-(3-2V2)+17-12V2 15 1007 5(3-242)

A 3-242 S 3-202  3-22 >

¢) So sénh A véi A (1 diéim).
Bié’ndé’iAzl\/_TzH:\/;+%—1

Chtng minh duoc \/;+%>2vc’yimoix>0;x¢i;x¢1
:>A=\/;+%—1>1:>«/X>1:>\/X—1>0:>«/K(«/K—1)>0

:>A—\/X>0:>A>\/X
Cau 2.

a) Chting minh ring 2(va —b) < —= < 2(«/b —/c | biét a; b; ¢ 14 ba s5 thuc thoa
8 8

B

man diéu kiéna=b+1=c+2; c>0

Ta co: a=b+1:>a—b=1:>a>b(1).
b+l=c+2=b-c=1=b>c>0(2). (c>0 theo (gt))

Tk (1) va(2)suyraa>b>c>0.

1 1
Mitkhac a~b=1=(va -vb)(va+vb)=1=+a-b- <
| Ja+ib  2Jb
(Via>b>0)
:>2(\/;—\/B)<i.
Jb
Chttng minh twong tw cho treong hop: %<2(\/B —\/E)

Vay 2(\/5—\/B)<%<2(\/B—JE)(dpcm).

2
b) Biéu thirc B = \/ 1+2008* + 20082 + 2008 6 gia tri la mot s6 tw nhién
2009° 2009
2008> 2008 B 2008% 2008

Taco: B= \/1+20082 + \/(1+2008)2 ~2.1.2008 +

+—= +—.
2009> 2009 2009° 2009



2 2
_ \/( 2009)" —2.2009. 2008 | 2008, 2008 _ [ 59 2008 |, 2008
2009 2009° 2009 009 ) 2009

2008 N 2008 2009 — 2008 N 2008 5

= =2009.
2009 2009 2009 2009

= ‘2009

Vay B ¢6 gia tri 1a mot sO tw nhién.
Cau 3.
a) U =3x+2 +0x+3 =X =2 +x% +2x—3

<:>\/(x—1)(x—2)+«/x+3 :\/X—Z +\/(x—1)(x+3)(1)

(x-1)(x-2)=0
o 1o | X+320
Diéu kién Sx2>22
x—-22>0

(x-1)(x+3)=0

(1)@\/>:(\/E—1)—\/>T3( x—1—1):0

Jx-1-1=0 x-1=1
& (Vx=T-1) (V=2 Vx#3) =0 | N ©x=2
x—=2—-4/x+3=0 Vx=2=+/x-3
x =2 thoa man diéu kién xac dinh. Vay phuong trinh c¢6 nghiém duy nhat x = 2.
b)\/4x+1—«/3x—2:X;3 (1).
a1 A 2
Diéu kién ng.
(Vax+1-V3x=2) (Vax+T+43x=2) i3 axs1-3x42  x43
(1)< = =N =
Vax+1++/3x -2 5  Jax+1+43x-2 5
- 4x+1-3x+2 =x+3<:> X+3 =X+3<:>\/4x+1+\/3x—2=5
Vax+1+43x-2 5 {4x+1+43x-2 5
()
. 2
(Vi ng nén x + 3 >0). M
Giai tiép phuwong trinh (2) ta dwgc nghiém ctia <
phuong trinh la x = 2. )
Cau 4. ¢
1) Chttng minh 4 diém C, H, O, I ciing thudc mot A 0 n B
duong tron.

Chttng minh OI L AC.
Suy ra A OIC vudng tai I suy ra I thu¢c duwong tron



Cau 5.

dwong kinh OC.
CH L AB (gt) ACHO vudng tai H = H thudc duong tron duong kinh OC.
Suy ra I, H cung thudc duong tron duong kinh OC. hay C, I, O, H cung thudc mot
duong tron.
2) Chttng minh MC la tiép tuyén ctia dwong tron (O; R). (2 diém)
- Chttng minh AOM =COM.
- Chitng minh A AOM = ACOM
- Chiing minh MC L CO
= MC la tiép tuyén cta (O; R).
3) Chting minh K 1a trung diém ctia CH. ( 2 diéin)
HB _AM.HB AM.HB

AMAB 6 KH//MA (cing 1 AB) =t _HB
AM _ AB AB 2R

Chang minh cho CB // MO = AOM = CBH (dong vi).

C/m AMAO dong dang véi A CHB
%:ﬁj(:H:AM.HB:AM.HB 2
CH HB AO R

Tt (1) va (2) suy ra CH =2 KH = CK=KH = K a trung diém cua CH.

4) Xéac dinh vi tri ctia C d€ chu vi A ACB dat gid tri 16n nhat? Tim gid tri I6n nhat

do.

Chu vi tam giac ACBla P, , = AB+AC+CB=2R+AC+CB

(1

Ta lai co

(AC-CB)’ 0= AC? +CB* > 2ACCB = 2AC* +2CB’ > AC® + CB + 2ACCB

2(AC? +CB*)> (AC+CB)’ = AC+CB< ,[2(AC? +CB")
= AC+CB<+/2AB’ (Pitago)

AC+CB<+24R> = AC+CB<2R+2.
Déng thitc xay ra khi AC = CB <>M la diém chinh giita cung AB.

Suyra P,.; <2R+ 2R+2 = 2R(1 +2 ) , ddu "=" xay ra khi M la diém chinh gitra

cung AB
Vay max P, = 2R(1 + \/5 ) dat dwgc khi M 1a diém chinh gitra cung AB.

a) Ching minh gia tri cia M la mét s6 nguyén.

Bi¢h d6i M =(5+26 )1004 +(5-26 )1004 .



Dit a=5+2y6; b=5-2/6 =a+b=10 vaab=1.
bat U, =a" +b" v6i ne N. Khi d6 M = Unons
Tacé U,,=a"*+b"* =aa"" +bb™ =(10—b)a"" +(10—a)b""
=10(a"* +b"*)—ab(a" +b")=10U,, - U, (viab=1).
=U, ., =10U, ,-U, .
Tathdy Uo=2€ Z; Ui=a+b=10 € Z
U,=a’+b’=(a+b) —2ah=10"-2.1=98¢Z.
Theo cong thitc (*) thi U, =10U, —U, ma U;, Uz e Zsuyra U, eZ.
Lai theo (*) thi U, =10U, —U, cling c6 gia tri nguyeén.
Qua trinh trén 1ap di 1ap lai vo han suy ra U c6 gia tri nguyén véimoin € N”.
Suy ra M = U1os ¢6 gia tri la mot s6 nguyén.
a)Tim chir s tan cung ctia M.
+U, =10U, ,:10
=U,,-U =(U,,+ Umz) (U,,+U ) 10=(U,,, - Un)§10:> U, vaU:

n+4 n+2

Tt (*)suyra U

n+2

c6 chir sd tan cung giéng nhau.
1004 = 4.251 suy ra Uions va Uo ¢ chi s6 tan cung giong nhau.

Ma Uo ¢6 chit s8 tan cling 1a 2 (theo ¢/m cau a) nén M ¢6 chit s§ tan cung bang 2.
bé s6 25
Cau 1.

a) DPKXD: x>0,x#1

A=

&(

i( i) oo Xl
(v -1)
b) Ta co:

A= x i 2x-3x -2 =0= (2Jx+1)(Vx-2) =0 > x=4 (™)

27 x
5 3/;=«/B>0 {x2=b3

c¢) Dat =1,
%/§=«/5>0 y

Ta co: \lb3 +b’c +\/c:3 +bc® =a

A=

=C3




Cau 2.

a)

Cau 3.

Binh phuwong hai v& dugc:  b® +b’c+c’ +bc® +2/b’c*(b+c)* =a’
Bién d6i ta dugc: (b+c)’ =a”

:>i°’/a_2=b+c hay %/a_2:%/x_2+§/y_2 (dpem)

a co: x+(m-1)y=2 - y=(m+1)x—(m+1)
Ta co: {(m+1)X—y=m+1 {x+(m1)[(m+1)x(m+1)]=m+1

=(m+1)x—-(m+1
[y (me1)x—(me)
m’x=m?>+1 *)
D€ hé phuong trinh ¢é nghiém duy nhat thi phuwong trinh (*) ¢ nghiém duy nhat
= m=0

2 7 2

2
Vi m khéc 0 hpt 6 nghiém duy nhat (x,y) = [m +1 m +1j
m m

Péx+5y=0thim?+1+5m+1)=0 = m=-2, m=-3

b) Dat ab_b£=§ x,y €Z xy=#0) = ay—bx=(by—cx)\/§ *)
—c

Via,b,c,x,y €Z = ay-bx € Z = (by—cx)\/EEZ
-bx=0 =b
ay —bx :{ay X

by —cx=0 cx = by

Ma 2 e Inéntfr(*):{
= acxy =b?*xy = ac=Db? (vi xy #0)
a’+b?+c2=(a+c)*-2ac+b?=(a+c)>-b?=(atc—Db)(atctb)
Via’+b>+2lasd nguyént6vaa+c-b<a+c+b

= a+b-c=1= a+b+c=a’+b?+¢? (1)
Ma a, b, cnguyén dueong nén a< a% b< b? c< ¢? @)
Tw (1) va (2) = a=b=c=1, thi lai: Théa méan, két luan

1)

a)Voim=1tacod(d):y=x+2

Liluan dwa ra dang phuong trinh hoanh d¢ giao diém: x> —x-2=0

Giai dung tim dwocx1=-1, x2=2

Tim duoc toa do giao diém: (-1; 1) va (2; 4)

b) Phuong trinh hoanh d6 giao diém cta (P) va (d):
X¥=mx+m+1=xX>-mx-m-1=0 (%)

(P) va (d) cit nhau tai 2 diém phan biét <> phuong trinh (*) c6 2 nghiém phan biét.

Tim dwocm = -2.



¢)Tacod:a?—-b=b2-c = a2-b?=b-c

satb=2=C g ypy1-_2=C
a—b a—>b

b—a c—Db

Tuong tu: btc+l= b—c;c+a+1: c_a

Tinh dang M = -1

2) Diéukién: x> —%

Pox—1= 4> —4x —4 =4
bat 8x+lzy,y20tacc’):{X * y@{x x Y

8x +1=y’ 8x +1=y’
= 4x2+4x -3 =y2+4y < (2x+1)? = (y+2)?
< y=2x-1hoacy=-2x-3
Véiy=2x-1=8x+1=2x—1, gidi ra duwgc x =3
Voiy=-2x-3 = 8x+1=-2x-3

Cau 4.

a) Chting minh DN 1a d/kinh ctia dwong tron di qua cac diém A, D, M, E, N
Chting minh DEN = 90°
Chttng minh DEC = 90°
Chting minh C, E, N thang hang
b)Cé: DMN = DEN (hq géc ndi tiép ) = DMN =90" = MN L DC
A DKC vuong tai K ¢c6 KM la duong cao = MK?=MD.MC (1)

AMHD ~ AMCN (g.¢) = MD.MC = MH.MN )
Tt (1) va (2) = MH.MN = MK?
¢) Ching minh A DCF = ACBN (gcg) = CF=BN 3)

Chting minh tt giac BCMN la hinh chitnhat = BN=CM  (4)



Tt (3) va (4) = CF =CM = A CMF vudng can tai C ma CA la phan giac ctua goc
BCD (t/c hinh vuéng) = CA L MF
Cau 5.

+) Néu ac < 0 = phuong trinh c¢6 nghiém.

~ \ \ ~ \ 2b C \ \ N
+) Néu ac >0 = a va c cung dau, tir ?25+4>0 = bvaacung dau
= a, b, c cung ddu. Vi thé ta chi can xét a, b va ¢ cung duong la du

Véia, b, c cung dwong ta co :

2 2
2_b23+4®b20+4a®b2>c +8ac +16a

a _a 2 - 4

2 2 c—da’
<:>b2—4aCZC 8ac+16a:

>0 = dpcm

Dé s6 26
Caul.

a/ Ta co:

v xeaed e | [adkes ) 2(Vx+5)
(M)(x+2\/;+4) (\/;—1)(\/%1)' Jx-2 (\/§+1)(\/§+5)
_( 1 +\/§+1j{3\/§—5+ 2 ]
k=2 Wx-1) U Wx—2 Wxel
:&‘“(&*1)(&‘2).(3&—5)<&+1>+2<&—2)
(x=2)(Vx-1)  (-2)(k
Ix—T4x-2x +/x =2 3x+3Jx —5Vx —5+2x -4
) (e

x—3 3x—9 x—3 (\/;—2)(*/;”)_ Jx+1

e e o R

Vay M= \/;-i-l

3(x-1)
M<lo Jx+1 . Jx+1 4-2x 2—\/§

voi x>0;x#13,4

1>0<

3(vx-1) - ©3(\/§—1)_ 3(vx-1) N )

>0



[2-Jx>0
, Jx-1>0 . .
Ta co6 <:>1<«/§<2<:>1<x<4.VayM>1kh11<x<4vz‘ax¢3

{2-J§<o
| [Vx-1<0

b/ Ta co:

e Vi ab++/boc++/ca=1nén T+c=+/ab ++/bc ++Jca+c=... (\/5+\/E)(\/5+\/E)
° Tucmgtutacé1+a=(\/§+«/5)(«/§+\/5);1+b:(\/5+«/5)(«/5+ c

¥e)
Vay H= Ja—b + Vb e Je-+a
Y (a+e) (Vb +v6) (Na+b)(Va+e) (Va+b)(a+e)

(Ya+vB)~(B+ V) (Va+B)-(va+e) (vB+E)-(va+b)
(Vasc)(Jb+ve)  (Ja+sb)(va+ve) (vb+c)(<a+<b)

1 1 1 1 1 1

“Jb+dc Vaive Ja+ve Ja+b a+b b+ie
Cau 2.

a) Diéu kiéu x* > \/g

Vi X2 2\/§ = %>0;6x2 —1>0, theo AM-GM ta c6

5 2
5 [5 o (¢ -1)
\/30—? = \/F(GXZ —1) < Xzf

Dau =cod khi%:6x2—1<:> Xx==1
X

5

(6x°——)+1

ViXe 2, |2 = 6x°~ >0, theo cbsi ta 6 \/GXZ—%:\/(BXZ—%)-lS—X
6 X X X 2

DAau = c6 khi GXZ—%:1<:> Xx=+1
X

5 5 %+6x2—1+6x2—%+1
Vay ta c6 \/30—7+\/6X2——2S X 5 X
X

o 30—%+\/6x2—£2 <6x’ Dau=cokhi < x=+1
X X

Vay x=%1 la nghiém phuong trinh \/30 —% + \/GXZ —% = 6x
X X



Cau 3.

b) Tim s6 thue x d€ 3 s8 x—+/3; X +2\/§;x—g 1a s8 nguyén
X

bat a:x—\/§;b:x2+2\/§;c:x—g voi a,b,ceZ
X

T a=X—+3=x=a++/3; tt b=x>+2J3=x% =b—24/3, nén ta cd
(a++3) =b-23 = a? +23a+3=b-2{3 = 23(a+1)=b-a’ -3

~ b_a2_3 \ b_a2_3
-Néu a+1¢0:>a¢—l:>2\/_:—1,V1 abez :>—1eQ:>2J§eQ:>VL
a-+ a—+

a+1=0 a=-1
Vay a+1=0 nén ta c6 = = X=\/§—l
Y {b—aZ—S:O {b=4

Véi x=+/83-1tacé a=-1b=4 va c=-2 nguyén, thoa man dau bai

a/ Tim x nguyén duong d€ 4x* +14x° +9x—6 1a sd chinh phuong
Vi 4x° +14x% +9x—6 1a s8 chinh phuong, nén ta ¢d 4x® +14x* +9x—6=k2 v4i keN
Ta c6 4 x° +14%? +9x—6=...=(x+2)(4x2 +6x—3)nén ta c6 (x+2)(4x2 +6x—3)=k2
Dt (x+2,4x° +6x-3)=d véide N’
Ta 6 x+2id =(x+2)(4x—2):d = 4x+6x—4id
Ta lai c6 4x* +6x—3:d = (4x* +6x—3)—(4x* +6x—4)=1id = d =1
Vay (x+2,4x* +6x-3)=1
ma (x+2)(4x2+6x—3)=k2 nén ta c6
x+2 va 4x* +6x—3 1a s6 chinh phwong = x+2=a’va4x’ +6x—3=b* véiabe N"
Vix>0nén ta co 4x* <b? <4x? +12x+9 < (2x)° <b? <(2x+3)°
Viblénén b? =(2x+1)" < 4x2 +6x—3=4x2 + 4x+1 x =2
Véix=2 ta c6 4% +14x° +9x—6=100=101a s& chinh phuong.
1

b/ Tt Gt suy ra: i+i+—:1.
Xy yz zX

A RV EDG 1 1 1 1 1 1)1 1) 1(2 1 1), .
Nen ta co: = [S+t—+—+—=[ S+ S+ || =+=+ = "="ey =2
X X° Xy yz X x y\x z) 2\x vy z

141+ X 1(4 1 1}
Vay ———— < | —+—+—|.
X 2\x 'y 2z

2 2
H_legz(zﬁgj 4147 J1+z<1(1+1+ﬂ]

y 2ilx y z)’ “2lx y oz

Tuwong tw ta cd
z 2



’ 2 ' 2 ' 2

Vay ta co 1+vlex +1+ 1+y +1+ 1+2 33[E+E+EJ;"="<:>X=V=Z
X y z X y z

Ta co (x+y+x)2—3(xy+yz+xx):....:%[(x—y)2+(y—z)2+(x_z)2}20

Nén(x+y+ x)2 > 3(Xy + Yz + XX)

XYz

:>(xyz)223(xy+yz+xz) §xyz:>3(1+£+l]3xyz

Xyz X y z
2 2 2
Vay 1+\/1+x +1+«/1+y +1+\/1+z <xyzi"="ex=y=z
X y Z

Cau 4.

a/ Chttng minh OM:OB=ON-OC va MN lu6n di qua 1 diém cd dinh

*Ta c6 OH L HB (t/c ti€p tuyén) = AOHB vuong tai H, ma HM 1 OB (gt) nén theo

hé thite lugng trong tam gidc vudng ta ¢4 OM -OB =0H? = R?
Chung minh twong tuy ta c6 ON-OC =OH? =R?. Vay ta c6 OM -OB=0N-OC

*Ta c6 OM -OB =OH? = R? ma OA=R nén ta c6OM -OB = OA? = M _ OA
OA OB
4 \ 4 7 OM OA
Xét AOMA va AOAB c6 O chung, c6 oA OB = AOMA ~ AOAB = OAM =OBA.

Ta c6 AO=AB=R (gt)= AOAB can — AOB =0OBA—= AOM =O0OBA , vay OAM = AOM

= AOMAcan = MO = MA
Chting minh tuong tw ta c6 AONA can = NO=NA
Ta c6 MO =MA; NO=NA, vay MN Ila trung truc cia OA, goi E la giao diém cua

MN vdi OA ta cod EO=EA=% va MN L OA tai E, ma O, A ¢6 dinh nén E c6 dinh.

Vay MN ludn di qua 1 diém cd dinh
b/ Chitng minh OB. OC=2R?

Ta c6 OM -OB =ON -0C — M _ON
OC OB



Xét AOMN va AOCB ¢ O chung,, c6 g—'\c"=g—';:>AOMN ~ AOCB,

ma OE L MN va OH 1 BC nén ta co
OM OE OM OE OE 1

_OE_OM _OE_CE _1_ om-Loc (vioH=0a=20E)
OC OH OC OA 20E 2 2

Ta c6 OM -OB =0H? =R? ( cm trén) :%OC-OB =R*=0C-OB = 2R’

¢/ Tim gia tri 16n nhéat cua dién tich tam gidc OMN khi H thay d6i

S E2 E? E?
Ta c6 AOMN ~ AOCB (cm trén) = —2MN = © == o = O > =1
Socg OH OA (205) 4

1 11 1 1 1 1
Nén Sy == Soes =——~-OH-BC=-R-BC<-R(AB+AC)=-R(R+R)=-R’
OMN 4 ocB 4 2 8 8 ( ) 8 ( ) 4

DA4u bang c6 khi B, A, C thang hang <> H = A
Vay dién tich tam giac OMN 16n nhat 1a Sg,,, = % R? khi H=A
Cau 5.
- Néu n la lay thtra bac 2 cuia 1 s6 tw nhién bai todn chiing minh xong
-Néu n khong la lay thira bac 2 ctia 1 s6 tw nhién, ta luén tim dwogc 1 s6 nguyén

duong k sao cho k? <n<(k+1)".Vin nguyén duong va n>k? = n>k?+1, vy ta co:
2n—(k+1)° > 2(k* +1) —(k+1)" =...=k* ~2k +1=(k—1)" > 0
Vay moi k nguyén duong, nén ta ¢6 k* <n<(k +1)2 <2n

Vay trong day ludn cé it nhat moét 1y thira bac 2 cua 1 sd ty nhién.
Dé s6 27
Cau 1.

a) DKXD: x>0;x=4;x=9 (¥)
1) Rat gon M: Véix > 0;x = 4;x # 9

SVQYM:\/;_Z(Vé‘iXZO;X¢4;X¢9)(*)
Ix+1
2)M:&—2_&+1—3_&+1 3 _, 3

\/;+1_ Ix +1 _\/§+1_\/§+1: \/_x—+1

Biéu thitc M c6 gié tri nguyén khi va chi khi: 3:v/x +1</x +1€U(3)
UB)e {£143 | Vi x20=/x+120=4/x+1>1

Neén+/x +1e {3 }



Xay ra cac treong hop sau:

 X+1=1/x=0<x=0 (TMDK (¥)
Ax+1l=3x=2<x=4

(khong TMDK (*) loai )

Vay x =0 thi M nhan gia tri nguyén.

b) x:\/6+2\/§.\/3—\/\/§+2\/§+\/18—8\/_.—\/§
CoV18-82 = (4-+2)* =[4-V2|=4-12
JJ§+&@+4—J§=JZ@+4:J0@+DZ:W§+q

X =6+ 24243—B+1 = 6+ 24223 = 6+ 2,/4—243 -3
x:\/6+2w/(\/§—1)2 —3=16+2/3-1-3=1/4+23 -3
X=NKJ§+12—V§:4J§+ﬂ—J§=V§+1—J§=1

Véix=1Tacd P=3.1"°+5.1*" + 2006 = 3+ 5+ 2006 = 2014
Véy voix=1thiP=2014
Cau 2.

a. Taco: y(L+x?) —4x® =1-3x* (1)
Tacd: 84X +1-3x* =-3x" +4x° +X* = x* +1=1+x*—X* (3x2 —4x +1) ()
Thay (2) vao (1) ta cé:

1) < (1+ x2)3 —(1+ xz):—x2 (3x2—4x+1) (3)
Dat y=+1+x*,véiy>1.Suyra X’ =y>-1

Thay vao (3): y* -y =(1-y*)(3x* —4x+1)

< Yy (y-1)—(1-y*)(3x* —4x+1)=0

y-1=0

~1)| y? 1)(3x* —4x+1) |=0
= (el tydfoe a0 | LR
*Véi y =1 thi x =0 thoa man phuong trinh.

*Voi y #1vay 21, tacod: y*+(y+1)(3x* —4x+1)=0 (4)

2
Vi 3X2—4x+1:3(x—§j —%2—% vay > 1 thay vao v€ trai caa (4)

1 1Y 13 1Y 13 1
2 _ +1—: - - > 1__ __:_1’ h :
y = (y )3 (y 6} 36 ( 6) 36 3on on



Do dé (4) vo nghiém
Vay phuong trinh (1) ¢6 nghiém duy nhat x =0
b) Gia st n*+2014=k’*(k* eN)

1)
2014 =k? —n? <2014 = (k +n)(k —n)

Suy ra (k +n) va (k —n) = 2k 12 s6 chdn nén (k +n) va (k — n) ciing tinh chan I¢
Do 2014 1 s6 chan nén (k + n) va (k —n) déu 1a s6 chan
= (k+n)(k—n):4
Khi d6 ttr (1) suy ra ta lai c6 2014:4 (diéu nay vo li)
Vay khong c6 s6 nguyén n nao dé€ n® + 2014 1a s chinh phuong
Cau 3.
a) Diéu kién can va du dé€ duong thang (m-2)x+(m-1)y =1 di qua diém c8 dinh
N(Xy;Y,) voimoimla:
(Mm-2)x, +(M-1y, =1 véi moi m
& MX, —2X, + My, =Y, —1=0 vdi moi m

< (X + Yo )M—(2X%, + Y, +1) =0 v6i moi m

Xo+ Y, =0 Xo =—1
= =
2X, + Y, +1=0 Yo =1
Vay cac duong thang (1) ludn di qua diém c5 dinh N(-1; 1)
b) Diéu kién a, b, ¢ #0
111 1

T —+—+-= Suy ra (bc +ac +ab ) (atb+c)—abc=0
a b c a+b+c

<(@+b)(b+c)(cta)=0 <a+b=0hodacb+c=0hodacc+a=0
Néua+b=0maa+b+c=2013 nén c=2013
Néu b + ¢ =0 ma a+b+c =2013 nén a = 2013
Néua+c=0maa+b+c=2013nén b=2013
Vay 1 trong cacsd a, ¢, bbéng 2013
Cau 4.



LN
N

a) Vi M thudc (O) nén cac tam gidc: BMA va CMD vudng tai M nén:
sin® MBA-+sin” MAB +sin* MCD +sin’ MDC =
(sin MBA+cos’ MBA) + (sin> MCD +cos* MCD) =1+1=2
b) Chiing minh: OK?* = AH(2R - AH)
That vay: KOHM la hinh cht nhat nén: OK = MH
Ma MH? = HA.HB (Hé thttc Iuong trong tam giac vuong MAB c6 MH duong cao)
va BH=AB-AH=2R- AH
Suy ra:OK>=MH?>=AH(2R-AH) (1d)
c) P=MA. MB. MC. MD =AB.MH.CD.MK = 4R>.0OH.MH (Vi MK = OH)
OH2+MH2:OM2 R?

Ma OH.MH< > =?(Pitago)
2 . \ Rv/2
Vay PS4R2.R?=2R4.déng thirc xay ra < MH = OH <:>OH=T\/_
Cau 5.
Patx=b+c-a y=a+c-b,z=a+b-cthi x,y,z>0"
a:ﬂ
b+c-a=x 2
X+2
Taco ja+Cc-b=y= b:T
a+b-c=z X+
c=—-+—
2
Vay

P=2y+22+9z+9x+8x+8y
X 2y z

:(ﬂ+%J+(E+8_Xj+[§_Z+8_VJZ 29 + 216 + 24/36 = 26
X

2y X y y z



Caul.

X 2y 4y? = 9x?
A~ < ’ 2 . 22 8X 2 2
Dau dang thtrc xay ra khi <=7 &9 217 =8x"=
2 Q2
9z 8y 9z° =8y
2y 2

Vay gia tri nho nhat cua biéu thite P la 26 khi va chi khi

Pé s6 28

X+2 Jx +1 1

(\/;—1)(x+ x+1)+x+ x+1_\/;—1
_x+2+x-T-x—+x-1
(Vx=1)(x+x+1)
x—x
(\/— )( X+1)

W)k
(JZ 1X x+1) xtx+1

=

X+4x+1

1) Taco: A=

Vay véi x>0, x=1 thi A=

2) Taco:

2J3+J5—13+ 2J3+J5—JQJ_+1

2 w2

_ 2\/3+m 23+ (B-)?
2 J6+2

_22+3 _\8+43
VB2 JB+42

_«/ 2+\/_ \/_+
Bz oz

Vay A=1

Widh plw NN

WIS pplw NN

>

<

x

<



Cau 2.
1) Vix=0khong la nghiém cta phwong trinh nén x=0.

Chia hai v& ctia phwong trinh cho X° ta dwoc:

2(x2 +%)—7(x+ij+9=0
X X

Dat y:x+% thi y*-2=x"+ L

? .
Do d6 ta c6 phwong trinh:
2(y*—~2)-7y+9=0
y-1=0

2y2- 7y +5=0 -1)(2y-5)=0
& 2y*-7y < (y-DEy-5) C{Zy—S:O

*Voiy-1=0taco X+ 1 -1=0 < x*x+1 =0 vo nghiém vi
X

2
x2-x+1= x—1 +§>0,‘V’X
2 4

X

&S2x-1).(x-2)=0 < ‘o
2

*VéiZy-5=0taC62.(X+1j -5=02x-5x+2=0
X
=2
1

Vay x=2vax =% la nghiém ctia phurong trinh

2) 24/3x+10 = x* +9x+20 Diéu kién xac dinh: x > —TlO

243x+10 = x> +9x+20
& X2 +9x+20—24/3x+10 =0
<> (X +6X+9)+3x+10—-2/3x+10+1=0

& (x+3)°+(VW3x+10-1)° =0

N {Ef/;%l;?l)z W (x+3)2>0 va (V3x+10-1)?>0)

X+3=0 .
= &> X=-3(thdéa mandiéu kiéen)

J3x+10-1=0
Vay phuong trinh da cho c6 mot nghiém x =-3
Cau 3.
1) Ta cd: x* +xy—2014x—2015y —2016 =0
< X2+ Xy +Xx—2015x— 2015y —2015=1



< X(X+y+1)—-2015(x+y+1) =1
& (x—2015)(x+y+1) =1
Vix,y € Znénx-2015vax+y+1eZvalawdccual.

Ta c6 cac treong hop sau:
. {x—2015 =1 {x =2016

=
X+y+1=1 y =-2016
x—2015=-1 x=2014

* <
X+y+1l=-1 y =-2016

Vay phuong trinh cé nghiém la (2016;-2016); (2014; -2016)

2) Vikla s nguyén té suy ra k> +4 >5; k> +16 >5

-Xétk=5n (neN) ma k 1a s8 nguyén td nén k = 5.

Khi dé k2+ 4 =29; k2+16 = 41 déu la cac s6 nguyén to.

-Xétk=5n+1 (neN)=k*=25n"+10n+1=k* +4:5

= k* +4 khong la s8 nguyén t6.

- Xétk=5n+2 (neN)=k* =25n> =20n+4 =k’ +16:5

= k* +16 khong la s8 nguyén t6.

-Xétk=5n+3 (ne N)=k?=25n"+30n+9=k* +16:5

= k” +16 khong la s6 nguyén td.

-Xétk=5n+4 (neN)=k*=25n"+40n+16 = k* +4:5

= k* +4 khong la s8 nguyén t6.

Vay d¢ k* +4 va k> +16 1a cc s6 nguyén t4 thi k =5.
Cau 4.

1) Hinh vé A E : B
1
o 2
3 M
Xét AOEB va AOMC, ta co:
1
OB = OC(vi ABCD la hinh vu@ig)

B =C; =45° b c
BE = CM (gt)

Suy ra AOEB = AOMC (c.g.c)

= OE=0OM va 0, =03

Lai c6 O, +0s; =BOC=90°(vi t& gidc ABCD la hinh vuéng)



=0, +0, = EOM =90°

két hop véi OE = OM

=AOEM vudng can tai O.

2) Vi ABCD la hinh vuéng = AB=CD va AB // CD

= AB//CN= AM _BM (Theo hé qua DL Ta- Iét) (*)
MN  MC

Ma BE =CM (gt) va AB=BC = AE=BM
AM _ AE

Thay vao (*) ta co :
y vao () MN _ EB

AABN 6 2M _AE _ ME /BN

I\/IN EB
(theo DL Ta-1ét dao)

3) Tt ME // BN = OME =OHB ( cap goc dong vi)
Ma OME =45° vi AOEM vudng can tai O
= MHB=45°=C,
=AOMC > ABMH (g.g)
_, OM _ MC

MB MH
két hop OMB=CMH (hai géc d6i dinh)
=AOMB ¢ ACMH (c.g.c)
= OBM = MHC =45’
Ta c6 BHC =BHM+MHC =45° +45° =90°
Do d6 CH L BN

Cau 5.

Chtng minh dugc BDT : L < i1 + 1 *)
a+b 4\a b
D4&u bang xay rakhia=b

Ap dung BPT (*) vao bai toan ta co:

A | 11 1
2X+Y+Z X+Y+X+zZ 4\ X+Yy X+12

S S | G S
X+2y+2Z X+y+y+z 4\ x+y y+z

11 11 1
X+Y+22 X+z+y+z 4\ Xx+z2 Yy+z

1 1 1 1 1 1 1
Suy ra + + <=2 + +
2X+Y+Z X+2y+Z X+y+2z 4 \X+y Yy+Z Z+X




Tiép tuc ap dung BDT (*) ta co:

1 1(1 1 1 1(1 1 1 1
<SSl =+ =, — <5 =+, —<=
X+y 4\x y) y+z 4\y z Z+x 4

1 1 1
Suy ra + + <

1
2X+Y+Z X+2y+z x+y+2z 4 4

1 1 1
+ + <1
2X+Y+2Z X+2y+7Z X+Yy+22

D4u bang xay ra khi X:y:z:%
bé s6 29
Cau 1.
a) Tu gia thiét ta co:
X° —6x° +12x—8+y° -6y’ +12y —8+X+y—4=0
o (x=2) " +(y-2) +x+y-4=0

& (x+y=4)| (x-2) ~(x-2)(y-2)+(y-2) +1]=0

Vi (x-2) ‘(X—Z)(Y—2)+(Y—2)2+1=(x—2— y;2]2+3(y;2)2 +150

Do d6 x+y-4=0 :>A=(x+y)[(x+y)2—3xy]+12xy=4(16—3xy)+12xy=64

Vay A=64.

b) Ta c6

x® —3x° +3x* —x* + 2017

(X0 =x® = x* )+ (=2x +2x* + 2% ) +(2x* = 2%° = 2x7 )+ (=X° + X"+ X) + (%" = x—1)+ 2018
=(x* —x-1)(x" —2x* - 2x* - x+1)+ 2018 = 2018

x® —x* —3x* —3x+2017

= (X =x*=x*)+(x* = x* = %)+ (2x* = 2x° = 2x* )+ (2x° - 2x* - 2x) + (x* = x 1) + 2018
=(%* = x—=1)(x" +x° +2x* + 2x+1) + 2018 = 2018

Do d6 Q =1.

) T x+y=1 =x=1-y,y=1-x.Khi do

X Y :1—y_1—x
y'-1 xX*-1 y*-1 x*-1

1 X —x-l+yiy+l
Yi+y+l X x+l (K +x+1)(y’ +y+1)




Cau 2.

Cau 3.

_ (y—x)(y+x+1)
X2Y2+xy(X+Y)+ X2+ Y2+ xy+Xx+Yy+1
_ 2(y—x) _2(y-x)
XY +2Xy + X2+ Yy +2  XPyP+3

x _ Y +2(x—y):0‘

y'-1 x*-1 xy*+3

a) bKXD: a,b=0;a=b.

Ta cod

2a-1=1 a=1 _ R
.Via#0nén a=1

|2a—]4:1<:{ S
2a-1=-1

a=0

b+1:E b:—1

|b+1|:—<:> o 2
b+1——l b——§

2 2

Do do

_h? _ 2
Bzz—( 1 ,1-b° b }1 b+b

+
1-b b 1-b) 1-b
(1+b)b+(1-b*)(1-b) 1-b

b(1-b) ‘1-b+b?
1+b® 1+b b-1
= — :2— =
b@—b+bﬂ b b

Vaoi b:—%:B:&

Véib=—>mB=2
2 3
b) Goi da thire Q(X)=P(x)—(x+1) ta c6 Q(2015)=Q(2016)=Q(2017)=0
Vi P(x) c6 hé s8 bac cao nhat bdng 1 nén Q(Xx) ciing c6 hé s3 cao nhat bang 1.
Do d6 Q(x) c6 dang Q(x)=(x—2015)(x—2016)(x—2017)(x—a)
Suy ra P(x)=(x—2015)(x—2016)(x—2017)(x—a)+(x+1)
Ta co
P (2014) + P(2018) = (—l).(—2).(—3).(2014— a) + 2015+ 3.2.1.(2018— a)+ 2019
(—6).2014+ 6a+6.2018—-6a +4034 = 4058

a) DPKXD: x#-1 x=-4; x=-7; x=-10.
Phuong trinh ban dau tré thanh:



Cau 4.

3 N 3 N 3 _ 9
(x+1)(x+4) (x+4)(x+7) (x+7)(x+10) 4x-2

1_1+1_1+1_1_ 9
Xx+1 X+4 X+4 X+7 X+7 Xx+10 4x-2

1 1
T (XD (x+10)  4x—2
< (x+1)(x+10) =4x-2
< XP+7x+12=0
< (x+3)(x+4)=0
x=-3(n)
x=-4(1)

Vay tap nghiém ctia phwong trinh dachola S = {—3}.
b) Ta co

X —xy+y>=3

& AX% —4xy +4y° =12

<:>(2x—y)2 :3(4—y2)20

=y’ <4

& —-2<y<2

x=-1
X=2
x=1
X=-2

o Véi y=1= x2—x—2:0c>(x+1)(x—2):0c{

e Vbi y=-1= x2+x—2:0<:>(x—1)(x+2):0c{

o V6i y=2=x*-2x+1=0<(x-1) =0 x=1

o Véi y=-2=x*+2x+1=0<(x+1)" =0 x=-1

e V6i y=0=x"=3(l)

Vay (xy) e{(-2-1):(1-1);(-11):(22);(-1-2):(1.2)}.

a) Tacod

F =5x>+2y° —2xy—4x+2y+3
= V2 +4X° +1-AXy —4X+ 2y + X° + y? +2Xy +2
=(y—2x+1)2+(x+ y)2+2

Do dé F>2.

Ddu "=" xay ra < (x; y):(%;—lj

Vay minF =2



Cau 5.

b) Dat A=2"+3"+4". Néu n=1 thi A=9 (thoa man)

Xét n>1 hay n>2 thi 2" +4" chia hét cho 4.

Ta c6 3" chia 4 dw 1 v6i n chdn hodc -1 v6i n 1é. Ma mdt s& chinh phuong chia

4 dw 0 hodc 1 nén A phaichia 4 du 1 nén 3" phai chia 4 du 1. Suy ra n chan.

Véi n chan: 2" chia 3 duw 1, 4" chia 3 du 1, 3" chia hét cho 3.

Do d6 A chia 3 du 2 (v6 1i, vi mét s6 chinh phwong chia 3 ¢6 s6 dwla 0 hodc 1
).

Vay n=1.

D N c
a) Goi P la giao diém cuta tia Al vatia DC
Ap dung dinh li Thales, ta c6:

AE _GE —1:> NP:ZAE:>NC+CP:2.§AB

NP GN 2
:>£AB+CP:EAB:>CP:§AB
2 3 6

IB AB 6
Suyra —=——=—
IC CP 5
,AG GE 1 IA IB 6
Taco —=

PA_EN 3 1P IC 5
1A 6 IA 6
=—:>_:_
IP+IA 5+6 PA 11
Gl _A AG_6 1_7
PA_PA PA 11 3 33
AG AG PA 133 11

Dodéo —=——=-.—=—=.
GI PAGI 37 7

=

b)



Ké EH 1L AB tai H, EN L AC tai N, FM L AB tai M va FK L AC tai K
Vi EAD = FAD va BAD =CAD

= BAE =CAF va BAF =CAE

= AHAE ~ AKAF = AE_HE

AF KF
Lai ¢ See _ BE__HE.AB _ AE.AB
S, CF KF.AC AF.AC

BE AE.AB
= —= (1)
CF AF.AC

Chting minh twong tu = BF _ARAS (2)
CE AE.AC

BE.BF AB’
CECF AC?’

Tw (l) va (2) =

Vi AC = AD =BC =CD nén cac AACD va AABC déu.
Ta c6 ABE =CFB va BAE = FCB =60°
= AABE ~ACFB

AE AB AE AC
=S — > = —
BC CF AC CF



Caul.

= AAEC ~ ACAF
— CFA= ACE ma FAB =CFA(AB//DF)

= ACE =FAB
Do d6 CAF + FAB =CAB =60°

= CAF + ACE =60° = EOF =120°.
Dé 56 30

1.a) DPKXD: x>0;y>0;x#y

5-

11 1 5 ) a
o e

oy ANY) e
y(Xy) () (V) VX
_ X+y+2ﬁ. Xy\/xy

XY(x/;ﬂN)z W=y
_ Loy

o -y -y

b) V6i x=3++/5; y=3-+/5tacé: x > y do dé:

oy
A0

oy BB e
x+y-2xy (3+J§)+(3—J§)—2\/32—(J§)2 6-22
Vay A=8=2\2

2. Tacod: a®+b®+c®=3abc = a®+b*+c—3abc=0

& (a+b+c)(a®+b*+c’—ab—ac—bc)=0 (1)

Ma A’ =

Ma a2+b2+c2—ab—ac—bc:%[(a—b)z+(b—c)2+(c—a)2];t0 (Do a=b=c)

Do do: (1) @a+b+c=0=a+b=-c,a+c=-b;b+c=-a (2)

Mat khac:



3 a—b+b—c+c—a_ ab(b—a)+bc(b—c)+ac(c—a)

P
C a b abc
b ab(a—b)+b’c—bc’+ac’—a’c (a—bh)(b—c)(a—c) 3
abc abc
Hon ntra
a-b=z X—y=a+b-2c=-3c
batib-c=x Taco:{y-z=b+c-2a=-3a (do (2))
c—a=y z-x=a+c—2b=-3b
Vi thé:

0-_C .23, b :_l(x—y+y—z+z—xj
a-b b-c c-a 3 z X y

1 (x=y)y-2(x-2)
3 Xyz

_ 1 (=80).(-33)[ - (-3Db)]
3" (a-b).(b—c).(c-a)

B —9abc

~ (a=b).(b—c).(c-a)

(Bién doi tuong tw rut gon P)

(4)

(a—Db).(b—c).(a-c) —9abc B
abc ‘(a—b).(b-c).(c—a)

T (3), (4) ta c6: P.Q =
Vay PQ = 9

Cau 2.

X+1

) 5—x 5-X) 5x—x*+x?+Xx+5-x
Tacd: a+b=x] — |+]| x+ = =5
X+1 X+1 X+1

a) DKXD : x#-1. Dit X(Ejza x4 2% p

a=2
ab=6 bh=3

@ =
a+b=5 a=3
b=2

Ma ab = 6D0d(’){

Véia=2;b =3thi X*-3x+2=0< x=1 hodc x = 2
Véia = 3; b = 2 thi X’ -2x+3=0 (PT v6 nghiém)
b) Gidi phuong trinh :(4x—1)x* +1=2(x* +1)+2x-1 (1)

biat VX2 +1=y (y=1) Tacd:



1) < (4x-1).y =2y* +2x -1

& 2y? —4xy+2x+y-1=0

e (2y* —4xy +2y)-(y-2x+1)=0
< 2y(y—-2x+1)—(y—-2x+1)=0

y=2x-1
-2x+1).2y-1) =0
<y )-(2y-) =0 y=%<1(L)

SUX+1=2x-1(DK: x>1)
S X +1=4x" —4x+1

x =0(KTM)

< X(3x-4)=0 = x=%(TM)

Vay phuong trinh c6 tap nghiém la S = {%}

Cau 3.
a) Tim cdc s6 nguyén X,y thdéa man: y*+2xy—7x-12=0
Yy +2xy —7Xx—12=0<4y* +8xy —28x—48=0
S R2y-7NR2y+7+4x)=-1

{2y—7:1 {x:—4
TH1: =

2y+7+4x=-1 y=4
2y—-7=-1 X=-3
THI: =
2y +7+4x=1 y=3
Vay x = — 4,y = 4hodc x = -3,y = 3

b) Tim s8 ti nhién n dé&: A=n**+n*®

+11a sO nguyén to
Xétn=0thi A = 1khong phai nguyén tG;
Xétn=1thi A = 3 nguyén t6.

22 _nen®+n+1

Xétn >1: A=n*?—-n’+n
=n*((n®)*° =1) +n.((n*)*®" =1) +(n* +n+1)

Ma (n%)* —1 chia hét cho n®-1, suy ra (n®)*° —1 chia hét cho n’+n+1
Twong tu, (n*)®" —1 chia hét cho n’ +n+1.

Do d6 A chia hét cho n*+n+1>1nén Ala hop sd.

SO tynhiéncantim n =1 .

Cau 4. (6,0 diém)



- H G

a) Chiing minh hai tam giac ADC va BEC dong dang. Biét AB =m, tinh BE theo
m.

C/m: ACDE va ACAB dong dang (g.8)

Tam gidc ADC va tam gidc BEC :

E—E = % (Vihai tam giac CDE va CAB dong dang)

Go6cC: chung

Suy ra tam giac ADC dong dang tam giac BEC (c.g.c)

C/m: Tam gidc AHD vudng can tai H => ADH =45° = ADC =135°
AADC dong dang véi ABEC (cmt)

= ADC =BEC

= BEC =135°

= AEB =45°

= AAEB vuong can tai A

Do d¢, BE =m+/2

b) Goi M la trung diém ctia BE. Chttng minh rang: ABHM#ABEC . Tinh géc AHM
- C6: AB? =BH.BC (Hé thtrc lwong trong tam giac vudng)

— 2AB? =2BH.BC

= BE* =2BH.BC
BE BH BM BH
f— = f— =
2BC BE BC BE
- C/m: ABHM va ABEC ddng dang (c.g.c)
- Vi ABHM va ABEC dong dang (cmt)
= BHM = BEC =135° = AHM =45°
c) Tia AM cat BC tai G. Chiing minh rang: £° -

(Vi BE =2 BM)

HD
AH+HC

Tam gidc ABE can tai E nén AM con la phan giac ctia géc BAC
GB AB

Suy ra: G AC (T/c duong Phan giac) (1)



- C/m: AAHC va ABAC dong dang (g.)
:>AH :HC:AH :AB:HD:AB(DOAH:HD)(Z)
AB AC HC AC HC AC
Twe (1), (2) suy ra:
GB _HD N GB __ HD N GB__ HD
GC HC GB+GC HD+HC BC AH+HC

Cau 5.
‘ 1 1 4 1 1(1 1
Ap dung BDT —+->—— (Vbéiab>0)=>—<=| =+ =
p aulg a b a+b( ' ) a+b 4(a bj

Ta co:

1 1 1 1 1
= <= +
3x+3y+2z  (2x+y+2z)+(x+2y+2) 4(2x+y+z x+2y+zj

1 1 1 111 1 1 1 1
== + <= + + +
4{(x+y)+(x+z) (x+y)+(y+z)} 4{4(x+y X+Z X+Yy y+zﬂ

1( 2 1 1
=— + +
16\ X+y XxX+z Yy+1z

1 1( 2 1 1
Tuong ty: ————<— + +
3X+2y+3z 16\ X+z2 X+y y+z

1 1( 2 N 1 1
2x+3y+3z 16\ y+z X+Yy X+z
Cong vé theo V€, ta co:
1 1 1 1( 4 4 4
+ + <— + +
3X+3y+2z 3x+2y+3z 2x+3y+3z 16(x+y X+2Z y+z]

4 1 1 1 1 3
=— + + ==—.6=—
16(x+y X+1z y+z] 4 2
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Cau 1.
a) Véi x;¥y >0 va xy #1. Ta co:

()
<




(V)i )+ (o ) (o 1) (o +2) (1)
(Vo #2) {1y )+ (g ) (o 1)~ (V1) 1= )

1++/x _ 1
xJy +xy  xy

b) Ta co:

(v3-1)310+6v3 :(45—1)-3(\/5”)3 (e o =\5-2
V214445 +3 \/(@+1)2+3 \20+4 2(V5+2)

Suy ra: x* ~4x—1=(\5-2) +4(5~2)-1=0= P=(-1)""" = 1.

Cau?2. 1.Ta co: x:ﬁ+1=3+2ﬁ.

J2-1

1 12 mot nghiém ctia phwong trinh ax” +bx+1=0 nén:

17a+12ay2 + 30+ 2072 +1=0 < /2(12a+2b) =-17a-3b-1.
Do a,b 1a cic sO httu ti nén —17a—3b—1 va 12a+2b 1a cac s6 hiru ti.
Suy ra +/2(12a+2b) la 1 s8 hitu ti.

12a+2b=0 a=1
= .
17a+3b+1=0 b=-6

Do dé {
2.Tacd p* —l:( p* —1)( p + p? + p®+ p* +1).
Do p la s6 nguyén t6 16n hon 5nén p 1la mét so 1é.
= p*+1va p®—11a cacsd chan
= p* —1 chia hét cho 4
= p” -1 chia hét cho 4
Vi p las6 nguyén t6 1é6n hon 5 = p la mot s6 khong chia hét cho 5.
Lap luan ta dwoc p*—1 chia hét cho 5.
Lap luan ta dwoc p*+ p* + p®+ p* +1 chia hét cho 5.
Suy ra p”—1 chia hét cho 25.
Ma (4;25)=1nén p®-1. (dpcm)
3. Ta co:
a* +b* +c* <2a’v® +2a’c® + 2b*c’
< a'+b*+c* —2a’h? —2a%*c® - 2b*c’ <0

<:>(a2 —b? —c2)2 —(2bc)* <0



< (a*—b* —c*—2bc).(a’ —b*—c® + 2bc) < 0
<(a-b-c)(a+b+c)(a—b+c)(a+b-c)<0 (1)
Vi a;b;c la d6 dai 3 canh ctua 1 tam giac nén:
(a—b—c)<0; (a+b+c)>0; (a—b+c)>0; (a+b-c)>0 (2)
Tt (1) va (2) suy ra dpcm.
Cau 3.
1. Ta c6: X° =3x* +x+2=(x-2)(x* -x-1)
* Xét Xx—2=0=Xx=2: thdéa man yéu cau bai toan.
* Xét x* —x—1=0: Loai.
*Xét Xx—2=x*—x-1ta céd: x=1.
*TH x#2; x=1. Véi x nguyén ta chtng minh duoc (X—l; X —x—1):1.
Nén x*—3x*>+x+2 1a s6 chinh phuong khi x—2 va Xx*—x-1 cling la s§ chinh
phuong.
Dé& x* —x-1 1a s8 chinh phuwong thi X* —x-1=y* véi yeZ.
Tim duwoc X =2(loai do x#2) va x=-1. Thirlai x=-1 ta cé x°*—3x* +x+2 cé gid
tri bang —1 khong phai 1a s§ chinh phwong nén = x =1 (loai).

Vay x=2 hodc x=1 thi x*—3x*+x+2 1a 58 chinh phuong.

2. Giai phuong trinh: Vx* +3X + 24X +2 = 2x+ /x+g+5 *).

Diéu kién: x> 0. Khi d6 ta co:

2
) o [x(x33) 4 2dx 2 —2x— [ FOX*6 g
(*) (x+3) .
;3—4,(X+2)X(X+3)+2\/x+2—2x:0

@@(x_m)_z(x_m)w

@(X—M)(@—ZJZO

& X—/X+2 =0 hoic %3—2=0

<X

Néu X—+/X+2=0 tacd x=2 thdéa man.

Néu ,/X—+3—2=o ta c6 x=1 thoa man.
X

Vay S={1;2}.



Cau 4.

K

+Do ABCD la hinh thoi nén AB=BC=CD=AD=a.
+ Bl la duong phan gidc cua tam gidc BNC nén c_Bc_ 2
IN BN BN
+Vi AM// BC nén ap dung dinh ly Ta lét trong tam giac NBC ta c¢:

MC AB a

CN BN BN’
Suy ra M—Czﬁ(zij: ICCN = INCM .
CN INU BN

+ Dé dang chirg minh dwoc hai tam gidc BNC va DCM db6ng dang véi nhau (g-
8)-
BC BN

- _——=—_=DM.BN=a’
DM DC

Tacé6 AB=AD=a va BD=a=AABD déu ABD=BDM =60°.

Laic6 DMBN =a? = 2 N _ BD BN )
DM a DM BD

Tt (1) va (2) = hai tam giac MDB va DBN dong dang (c-g-c) = BND =DBM .

Xét hai tam gidc DBP va DNB c6 goc D chung va BND =DBM .
= hai tam giac DBP va DNB dong dang (g-g) = NBD=BPD =60°.
Vi S,z khong doi = S, 16n nhét khi S, +S,sp 16n nhdt hay S, 16n nhat.

That vay ta cé: Syg = % NB.BK.sin60° (Hoc sinh phai chitng minh cong thirc

nay).

= Sy = % NB.BK /3 .

2
Lai c6 NB.BK s(mj =42’ =S, <a’\3



Dau “=" xay ra khi BN =BK =2a, ma AN+DK =2a, BA=BD=a. Vay N,K
cach A,D mot khoang la a.
Cau 5.

Ap dung BDT Cosi ta co: a5+§22a2; b5+%22b2; CS+%2202.

T d6 suy ra: a5+b5+c5+1+1+122(a2+b2+c2) (1).
a b c
Mit khac a’ +1>2a; b*+1>2b; ¢®+1> 2c. Suy ra:
a’+b’+c’>2(a+b+c)-3=3 (2)
\ \ 5 4.5 5 1 11

Te (1) va(2)tacod: a®+b°+¢c’+=+=—+=26.

a b c
Dau “=" xay ra < a=b=c=1.
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Caul. 1.a,Taco: x=0,x=1.Khido:

A—[ X+2 + Vx n 1 J.J;—l_x+2+X—J;—x_J;_l 2
OO TR T2 () (xadx+l) X d

o x=20x+1 2 2

_(«/;—l)(x+\/§+1)'x/;—1: X+ /X +1

b, Vi x>0,x#1 taludn céo A>0

Lai cé: X+«/§+1212>;£2 hay A<2.

X+vX+1

Vay: 0<A<2.

2. Ap dung tinh chat: a_ty a-b_c-d p, co:
b d a+b c+d

\/m+\/ﬂ_\/z:>2\/ﬂ_\/§—l
2rx—2-x 202+ x  2+1

Tt gia thiét -2 < x<2 suy ra:

2
27X g 27X —(ﬁ_lj N 2_’(:(3+2\/§)2:>"L2:—17—12\/§

2+X 2+x (241 2+X X—2
Cau 2. a) biéu kién: x>-5. Khi dé ta co:

G —7x=6\/x+5—30<:>(x2—8x+16)+(x+5—6\/x+5+9)=0

2 X—=4=0
& (x—4) + JXx+5-3) =0 =
( ) ( ) {\/x+5—3:0

X =4,

Vay x=4.



Cau 3.

2. a, Hoanh d¢ diém G la nghiém ctia phurong trinh:
(m-1)x—m*-2m=(m-2)x—m?-m+1l< x=m+1
Tung d6 diém x=4 la:
y=(m-1).(m+1)-m’-2m < y=-2m-1
Suy ra G(m+1-2m-1).
b, Tacé y=—2m—-1=-2(m+1)+1. Ma x=m+1nén y=-2x+1.
Toa d6 diém G thda man phuong trinh dwong thang y =-2x+1 ¢d dinh. Chiing
t6 G ludn thudc duong thang y =-2x+1 c8 dinh khi m thay d6i.

a, Tacd p?-1=(p-1)(p+1).
Vi p 1a s6 nguyén 8 1én hon 3nén p 1é. Do d6 p-1 va p+1 1a hai s8 chdn lién
tiép. Tkr d6 suy ra (p—1)(p+1)i8 (1).
Xét ba s8 tw nhién lién tiép p-1; p; p+1.Tacod (p-1)p(p+1):3.
Ma p la sd nguyén t6 16n hon 3 nén p khong chia hét cho 3. Ma 3 la s6 nguyén
t6 nén suy ra (p—1)(p+1)i3 (2).
Tw (1) va (2) két hop véi (3;8) =1 va 3.8=24 tasuy ra p>—1:24 (dpcm).
b, Ta c6 A=n?*+n+6 1a sd chinh phwong nén A cd dang:
A=n*+n+6=Kk* (keN")
Ta cé:
n+n+6=k? < 4n*+4n+24=4k* = (2k)" - (2n+1)" =23

2k +2n+1=23
& (2k+2n+1)(2k-2n-1) =23
2k-2n-1=1
Vi 23 1a s6 nguyén td va 2k +2n+1> 2k —2n-1.
Ta co:
2k +2n+1=23 k=6
=
2k-2n-1=1 n=>5
Vay véi n=5 thi A la s6 chinh phuong.
¢, Ta co:
y2+2xy —3x—2=0< x> +2xy + y* =x* +3x+ 2 < (X+ y)2 =(x+1)(x+2) (*).

V& tréi cua (*) la s6 chinh phuwong; V€ phai cua (*) la tich ctia 2 s6 nguyén lién
A Ay | X+1=0 _ | x=-ly=1
ti€p nén phai cd 1 s6 bang 0. Suy ra ta co: = .

X+2=0 X=-2,y=2

Vay 6 2 cdp sd nguyén (X;y)=(-11) hodc (x;y)=(-2;2).



Cau 4.

Yéu ciu hoc sinh vé hinh diing dén ciu a.

a, Vi MA, MB la hai tiép tuyén cia duong tron (O;R) nén OB L MB; OA L MA.

Dé dang chimg minh AOAM =AOBM nén suy ra MA=MB.

Lai c6 OA=0B nén OM la duong trung truec ctia doan thang AB.
OM 1L AB = AOMB vudng tai B cé Bl la dwong cao. Do do:

OB? =0I.OM = Ol.OM = R? khong d6i. (dpcm)

b, AAMB can tai M (theo chttng minh trén)

bé AAMB déu thi goc AMB=60° < géc BMO =30°.

= AOBM vuodng tai B c6 OB =0,50M .

=0M =20B =2R.

Két luan: Vay M la diém thudc duong thang (d) sao cho OM =2R.
¢,Ké OH 1d, Hed = H c8 dinh, OH cit AB tai K.

Ta c6 AOIK ~ AOHM (g-g) nén = OH.OK =0OI.OM = R? khong doi.
Ma O,H c6 dinh nén OH khong d6i = OK khong d6i K e OH ¢4 dinh.
Vay K ¢6 dinh. (dpcm)

Cau5. Tacd X+Yyz=X(X+y+2)+yz=(Xx+Yy)(z+X).

Tuong tw ta cd y+2x=(X+y)(y+2), z+xy=(y+2z)(z+x).

Ap dung BDT Co6si cho hai s& duong ta cé:
(x+y)(y+2z)(z+x)= 2\/@.2\/y_z.2\/§:8xyz

Suy ra:



2l (x+y)(y+z)(z+x)+xyz ]

X y 2 x(y+z)+y(z+x)+z(x+y)
+ + =
X+YZ Y+2X z+xy (x+y)(y+2z)(z+x) (x+Y)(y+2)(z+x)
2Xyz 2xyz 9
=2 <oy 2P 7
+(x+y)(y+z)(z+x) +8xyz 4
(dpem).
Déngtht’rcxéyra@x:y:z:%.
Pé s6 33
J2+3+6+8+4

Caul. a)Tacd A= NP
V2434 4+J§(J§+J§+JZ)_1 N
i 2+\B+a e

2 2 :ﬁ. Thay

b) Ta cb: x= = >

F 11 ﬁﬂ (m 1)(m+1)

X =+/2 vao biéu thtc, ta duoc:

S N e B e

c)Tacod:

3
=(£/3+2J§+#3—2J§) = 34+22 +3x+3-242 = 643x.

3
y? :(%/17+12J§+$/17—2J§) =17 +1242 +3y +17 122 =34 +3y .
Cong vé theo v& ta dugc: X° +y® =40+3x+3y < X° +y° —3(x+Y)+2018 =2058.

Vay C=2058 khi x=33+2v2 +33-22 va y=17+122 +317-242 .

Cau 2. a) Goi sd can tim la ab, theo d8, ta c6 10a+b=kab. (Trong d6: 1<a, b<9vaa,b

keZ").
Suyrab=—0_ =10 vitchcom1< 20 <oy Logg
ka—-1 k—l K1 9 a
a a a
0 119 L s s
Tir 4 ° 1a k——e{§;2;§;5;10}.
10:k—=e7* a

a



a=3
(khong thoa) hoac <k =2 (thoa)
b=6

Il
» wloo &

— {k =3 (thoa) = ab =15.

1 {a(k—z)zl a=1
b=5

a=2
(khéng thoa) hodc {k =3 (thoa) = ab=24.
b=4

a=1

a(k-95)=1 —

Néu k—£:5:> (k-5) =1k =6 (thda) = ab=12.
2 b=2 b=2

Néu k—lzloz

= {k =11 (thda) = ab=11.
a b=1

{a(k—lo)zl a=t
b=1

Vay ab e {11,12;15;24;36} .

b) Ta c6

B =1.2.3.....n.(1+%+%+...+1J (*) la s6 tw nhién. That vay:
n

V6i n=1 thi B=1eN suy ra (*) dung.
V6i n=2 thi B=3eN suy ra (*) dung.

Gia st (*) dung khi n=k, nghia la B=1.2.3.....k.(1+%+%+...+%]eN.

Can chitng minh (*) dang khi n=k +1, nghia la

B=1.23....(k+1). 1+£+£+...+ 1 eN
23 " (k+1)

Ta cé:

B=1.23...(k+1). 1+1+1+...+ ! :1.2.3.....(1+l+1+...+1j(k+1)+1.2.3.....k
273 77 (k+1) 273 7K



Cau 3.

1.2.3..... 1+l+l+...+1 eN
2 3 k

Cod<k+1eN = BeN.
1.23...keN

Vay 1.2.3.....n.(1+%+%+...+1j 1a sO tu nhién.
n

Suy ra, v6i n=2K thi 1.2.3.....2k 1+1+1+...+i va 1.2.3...k 1+l+1+...+1
2 3 2k 2 3 k

1a cic so tu nhién.

Suy ra ST SN § (k+1)(k+2).....2k cling la cac s8 tu nhién.
k+1 k+2 2k

Ap dung cac chitng minh ta cé: 1.2.....1009. 1+1+...+i va
2 1009

1 +i+...+L .1010.1011.....2018 cling la cac sd ty nhién.
1010 1011 2018

_ (1011:3 .
Ta c6 =1010.1011.....1342.....2018: 2019
1342:673

=1.2.....1009. 1+1+...+L .1010.1011....1342.....2018:2019.
2 1009

3:3
Va . _.—1.23...673....1009:2019
673:673

=1.2.....1009. L+L+...+L .1010.1011.....2018: 2019.
1010 1011 2018

Vay s tw nhién A=1.2.3....2017.2018. 1+1+1+...+L+i chia hét cho
2 3 2017 2018

2019.

a) Tinh a+b+c, biét rang ab+bc+ca=9

T

a?+b? +c? :(a—b)er(b—c)2+(c—a)2 =a’+b’+c®+2(ab+bc+ca)=4(ab+bc+ca)

Ma ab+bc+ca=9 nén (a+b+c)’ =36—220 sa4h+c=6.

b) Ta c6 a® +b*+¢? =(a—b)" +(b—c)’ +(c—-a)’ = (c—a—b)’ =4ab.
Khong mat tinh tong quat, gia st c>a>b. Khi d¢, ta cé:
c—a—b>2b(1)

c—a—b)’ =4ab > 4p? .
( ) <~ c—a—b<-2b(2)



(I)=c-a-b>0=c>a+b
(2)=c—a-b<-2b<c-a+b<0(*), ma c-a=0 suyra (*) vo i
Vaynéu c>a, c>b thi c>a+b.

3.2 Cach 1.

Ap dung bét dang thiic Cosi ta c6 cac danh gia sau:

X% X% +1+1+1+...+1>2019%%. Dau “=" xay ra khi x=1.
%/—J
2017s01

Y 4y 4 1414+1+...+1>2019y?. DAu “=" xay ra khi y =1.

2017 so 1

2% + 7% +1+1+1+..+1>20197°. Dau “=" xay ra khi z=1.
2017 so 1

Khi do:
6(x2°19 + oy 22019)+60512 2019(x2 +y2+ 22) X

2019 2019 2019 -3 2 2 2
I >X“+y +2°<3.

Dau “=" xay rakhi x=y=z=1.

Vay E dat gid tri 16n nhat bang 3 khi x=y=2z=1.

Cach 2.

Ap dung bat dang thiic Cosi ta c cac danh gia sau:

X 4 1414+1+...+1>673%%; y°° +1+1+1+...+1>673y° va

672s01 672s01

22 +14+1+1+...+41>6732°
672s01

X 414141+, +1>2019%; y*° +14+1+1+...+1> 2019y va
2018s01 2018s01

22 +1+1+1+...+1>2019z
2018s0 1

Khi do:

+ X4y 4 279 42016 2 673(x° + y° + 2°)

X2019+ 2019+22019 -3

y

>x°+y*+2°<3.

Dau “=" xay rakhi x=y=z=1.

2019 2019 2019 _
XYt S x4y +2<3.

+ X2 4y 4 7% 1 6054 > 2019(x+ Y+ 2)

Ddu “=" xay rakhi x=y=z=1.

Cosi

Suyra 6>x}+x+y +y+28+z > 2(x2+y2+zz):>x2+y2+zzs3.

X} =X
Dau “="xdyrakhi{y’=y=>x=y=z=1.

’=1z
Vay E dat gia tri 1én nhat bang 3 khi x=y=2z=1.
Cach 3. (S dung BDT HOLDER)



Ap dung bat dang thicc HOLDER, ta c6

2019
(Xzow n y2019 n Z2019 )(Xzom n y2019 n Z2019 )32017 > (XZ n yz n ZZ)

2010, (/2018 2019 _5

y

&

2019
> 320 2(x2+y2+22) —>3>x*+y?+7°.
Ddu “=" xay rakhi x=y=z=1.

Vay E dat gid tri 16n nhat bang 3 khi x=y=z=1.

AM AN AN

a
<1 X< —

—1—
X<a—X
Cau 4. Viﬂ+ﬂ:1:> MB NC:> NC = = 2:>x+y<a.
MB NC AN AM AM y<a-y a
=1- <1 y<—
NC MB MB 2
Khoéng mat tinh tong quat ta gia git AM < AN.Ké MH L AC nhu hinh vé bén.
AM A

Khi do, taco AH = AM.cos60:T

a). Ap dung dinh lyd PYTAGO, ta cé:
MN2=MH?+HN? = AM2 — AH2 + (AN — AH )’

= AM? + AN? —2AN.AH = AM? + AN? — AM.AN = X + y2 — Xy

Vay MN2:x2+y2—xy:(x+y)2—3xy(1) B C
b). Theo dé ta c6:

AM AN _,  AB 4, AC 14
MB  NC MB ~ NC

:a%aera%y:B@az_a(H y)+a’=3a’—3a(x+y)+3xy =a’—2a(x+Yy)=-3xy(2)
Thay (2) vao (1) ta duoc:

MN? =(x+ y)2 —2a(x+y)+a’ < (x+ y)2 —2a(x+y)+a’ =(a—x—y)2

Vay MN =|a—x—y|=a-x—y (vi x+y<a).

o). Goi K, E lan luot la trung diém cua AB, AC.

D la tdm duwong tron noi ti€p AABC.

Ké DI LMN (1 e MN). Khi d6 ta d& dang tinh duoc: DK:DE:a—f;
MK=23_x;NE=2_y.
2 2

Ta c6 KM +NE :%—x+%—y: MN va (2)ax+ay—3xy=a(a—x—y).

KDMK KE.NE AH.AN

SADMN = ZSAAKD - SAMKD - SANED - SAAMN = DK.AK - 5 >




2
_ Dk Ak _DKMN _AH.AN _a 3_aJ§(a_X_y)_
2 4 12 12

zg[az —a(a—x—y)—3xy]:1—J2§[ay+ay—3xy]:_

Do dé bl ';le -~ DK'ZMN = DI =DK. Suy ra DI la ban kinh duong tron néi tiép,

ma MN L DI = MN la tiép tuyén cua duong tron.

Cau5. Goi D la trung diém cua AC.

Ta chitng minh dugc AAHB ~ AMOD (ba cdp canh song song)

AH _AB
OM " MD

Goi G la giao diém ctia AM va OH . Ta chirng minh duoc

=2=HG=20G.

_ AG _HG _AH A

=2= AH =20M .
~GM GO OM k\
Dé dang chitng minh dwoc tt giac OMKH 1a hinh b

chit nhat (hinh binh hanh ¢ mét géc vudng). 5 % C
= HO =KM = HO =40M, suy ra 30G =40M .

Ap dung dinh ly PYTAGO trong tam giac vuong

OGM, ta co:

2
OM?+0G* =GM? < OM?* + 1;OMZ:AM <50M =AM = OM =6 cm.

Khi d6 OH =24 cm; AH =12 cm; AK =18 cm.
Ta c6 OC = OA=+JOH? + AH? =12./5,, tit d6 tinh duoc
BC = 2MC =2J0C?—OM?2 =12./9

AKBC _18. 112/19
2

> =108y19 (cm?).

Vay Syupc =

Dé s6 34

Caul. a)Tacd 4X° +8x=38-6y’ < 2x*+4x=19-3y’ & 2(x+1)" =3(7-y?).
Ta thiy: 2(x+1) 2= (7-y*)i2 =y le.
Mt khdc: 7-y*>0=>y*<7.Dodd y* =1=>y==1.
Khi d6 2(x+1)° =18= x+1=43 = x =2 hodc x=-4.
Vay phuong trinh da cho c6 nghiém (x;y) € {(2:1); (2-1); (-41); (4 -1)}.



b) Tacé n*+4=n*+4+4n?—4n’ =(n?+2) —(2n)’ =(n* ~2n+2)(n’ +2n+2).
Vi n la s6 t¢ nhién nén n*+2n+2>1, ma n*+4 1a s8 nguyén t6 nén
n“-2n+2=1<n=1.

Cau 2. a) Nhan ca 2 vé& ctia dang thiic da cho véi (X —X 2015) ta duoc:
~2015( y+[y? +2015 ) = 2015(x—Vx* +2015 | (1)
Nhan ca 2 v& ctia dang thiic da cho véi (y -y + 2015) ta dwoc:

—2015(x+x/x2+2015)=2015(y—a/y2+2015) (2)

Lay (1)+(2) v€theo vé&'ta dugc x+y =0.
Vay A=x+y+2016=2016.

b) Dit aF =by’ =c2° =t, ta c6 Y +hy? +oz =3+ Lottt v T4lilog
X y z X Yy 2

(1)-

Mat khac ﬁ/f:xﬁ/azy%:z%.Suyra 3/5+3b+3/6:€/t_[%+%+3=§/f (2).

Ttr (1) va (2) ta co diéu phai chitng minh.

Cau3. a)Taco 4(x*+4x+2)=11x"+4 (1)

= 6(x +2x+2)-2(x* —2x+2)=1]_\/(x2 +2x+2) (X —2x+2)

6(x* +2x+2 [x2
@Q—Zzl w (do X’ —2x+2=(x-1)*+1>0 voi moi X).
X" —2X+2 X" —2X+2
,x2+2x+2 t=2
Dit t=,|———, (t>0). Phuong trinh (1) tr6 thanh 6t’-11t-2=0< 1.
X" —2X+2 t=—
6
2 -
Chon t=2, khi d6 wz4@3x2—10x+6=o@x=5—ﬁ.
X" —2X+2 3
+
Vay phuong trinh da cho c6 tap nghiém S = {%} :
b) Thay y =0 vao hé phuong trinh ta thdy khong thdéa man.
Véi y =0 ta co:
2
X l+x+y:4
y

{x(x+y)+ y>—4y+1=0 {X2+1+ y(y+x)=4y
=

(xey)f-2¢-Ty=2  |y(x+y)-2(+1)=Ty 2 X +1
y y y= (x+y) -2 =7



2
. X +1
batu=

, V=X+Y

. . . u+v=4 u=4-v v=3u=1
Hé phuong trinh tr6 thanh:< | SR & .
ve-2u=7 vi+2v-15=0 v=-5u=9

e Vo6iv=3u=1 tacohé phuong trinh

X>+1=y X +x-2=0 x=1y=2

= = .

X+y=3 y=3-X X=-2,y=5

e V6iv=-5, u=9 taco hé phrong trinh
2 . 2 o 2 _

X +1_9y<:> X +1_9y<:> X“+9x+46=0 (vd nghiém).
X+y=-5 y=-5-X y=-5-X
Vay hé phuong trinh c6 nghiém (x;y) € {(%;2); (-2:5)}.

Cau 4. a)Taco AABE vudng tai E nén COSAZ%, AACF vuong tai F nén COSAz%

Suyra —= AC = AAEF -~ AABC (c.g.c). A

2
Khi d6 S“i:(ﬁj =cos? A. ‘
SABC AB ﬂ'

\V
b) Twong tw cau a) ta co: ‘?
o

S S
ZBOF — cos® B, —CE =cos®C .
ABC ABC

B .
\ 4 D
Tt d6 suy ra:

SDEF — SABC _SAEF _SBDF _SCDE :1_0052 A—C082 B—COSZ C

SABC SABC
Suy ra Sper =(1-C0s* A—C0s’ B0’ C).S 5 .
¢) Ta chttng minh duwoc OA_LEF; OB L DF; OC LED.
Ta 6 25,5c = 2.(Sacor +Sevor + Scooe ) => BC.AD = OAEF +OB.FD+0C.ED

= BC.AD = R(EF + FD+ED) = EF + FD+ED = BCF'QAD _

Chu vi ADEF dat gia tri 1on nhat < AD 16n nhat < A la diém chinh gitta cta
cung l6n BC.
2 2 2
Cau5. Tacé P> +b PR 22ab + 22bc + 22ca .
2bc 2ca 2ab c"+ab a“+bc b +ca

a® a’+bc 1 b* b’+ca 1 ¢ c’+ab 1

Ma -—, = S BT -5
2bc 2bc 2 2ca 2ca 2 2ab 2ab 2
a?+bc  2bc b’+ca 2ca c’+ab 2ab 3
Suyra P> +— + += + +— ——
2bc a“ +bc 2ca b* +ca 2ab c-+ab) 2



22+2+2—§:§ (Vivéi x, y>0, ap dung BDT Cosi ta dugc =+ > 2).
y X

Dédu "=" xay ra khi va chi khi a=b=c.

Vay GTNN ctia P bé“mg % dat dwockhi a=b=c.

Pé s6 35

Caul. la)bK: x=>0;x=#1. Ta co:

o XVx+26vx-19  2Vx  x-3_xJx+26Vx-19  2Vx x-3
x+20x -3 x-1 Yx+3 (Vx-1)(vx+3) " x-1 Jx+3

E x+26\/;—19—2\/§(\/§+3)+(\/§—3)(\/§—1)

_ (Vx-1)(¥x+3)

_X X + 26X =19 —2X —6/X + X —4/X +3

o

_X X —X+164/x 16 (\/;_1)()“16) X+16

() (] e

X+16 25
b)Tacd P="——=x-3+ X+3+———6

Jx+3 \/_+ Jx+3
22\/(J§+3).J£3—6:10—6:4

Vay MinP =4 khi x =4.

2.Tr a=32-3+32+3 =>a*=4+3a=a’-3a=4

Vay

<a2 _3)3 —3a la s6 nguyén.

Cau 2.
1. bKXD : x 21(*)

Tacd: x> —x—4=2x-1(1-X) < X* +2x4/x -1+ x—1—2(x+\/x—1)—3:



Cau 3.

@(X+Jﬁ)2—2(x+\/ﬁ)— =

Dit x+4x-1=Yy (Diéu kién: y =1 (**)), phuong trinh trd thanh
y = —1(KTM)
y2—2y—3=0<:>(y+1)(y—3):0<:{
y=3(TM)

Véiy=23tacodpt

<x<3 1<x<3
x+m=3©m:3_x©{ -1=9- 6x+x2©{x2—7x+10=0
1<x<3
<{x=2 < x=2(TM)
{x=5

Vay phuong trinh c6 nghiém x=2.

2. Nha toan hoc De Morgan sinh ndm 1806, dng x tudi vao ndm X’ nén ta cd:

x* —x=1806(x e N *)

X(x—1) = 42.43 ma x va x — 1 1a hai s6 tw nhién lién tiép nén x = 43 = x* =1849
Vay nam 1849 6ng De Morgan 43 tudi.

3. Néu ménh dé b) dting thi A +51 ¢é chit s6 tan cung 1a 2 va A - 38 ¢4 chit s6 tan
cung la 3 nén ca hai s6 nay déu khong la s6 chinh phuong. Vay ménh dé b) sai va
cac ménh dé a) va c) dung.

Gia st A+51=m*;A—38=n’(m,neN;m>n)

= m?-n®=89 hay (m —n)(m + n) = 89

Vi89lasdnguyéntdnénm+n=8 vam-n=1=m=45van=44nén A =
1974.

a) Ta cd: 2x* +4x—3y* +5=0<=2(x+1)* =3y -320=y*>1=y>1 (1)
ox _ 2 _ 2N

Mat khac: X°y*+2x+y* =0 y? = < <
: y y y x2+1 x*+1 2|x|.l

1= -1<y<1(2)

Te(Il)va(2)tasuyray =1 = x = -1 .Vayx=-lvay=1.
b) Phuong trinh x*y+xy —2x* —3x+4 =0 <> xy(X+1) = 2x* +3x—4

2 —_—
Vi x = —1 khong I3 nghiém nén ta c6xy = 2 X4 _ oy i1 >
X+1 X+1

Vi X,y €Z suy ra (X+1) e{£1; 45} = x € {0;-2;4; -6}

x=0(loai);, x="2=>y=-Lx=4=>y=2,x=-"06=> y:% (loai)

Vay phuong trinh ¢6 nghiém la (-2;-1);(4;2)



Cau 4.
1a) Vé hinh ding dén cau a)

C/m tam giac AKC dong dang véi tam
Al

AK
idc AIB /2 K
giac suy ra

C/m tam giac AKI dong dang véi tam

gidc ACB (cgc) A .
Swe _ ALAK __
S,ac ABAC

b) 0s® A

S
Twong ty —E =cos® B
ABC

S
CHL = cos’ C
ABC

Ma S, =Sg =Sey Nén cos® A=cos’ B=cos’ C =A=B=C nén tam gidc ABC
la tam giac déu.
2. Vé hinh dang

Vé duong kinh AK ctia duong tron

(O;R)

C/m AN.AC = AH? =2R? o N

— AN.AC = R.2R = AO.AK ’

_ AN _AK a : ,
AO AC

C/m ANAO -~ AKAC (c.g.c) \_y

= AON = ACK

C/m ACK =90°= AON = ACK =90°

C/m tuong te

AOM =90° = AON + AOM =180°
nén ba diém M, O, N thémg hang.
Cau5. Vi x+y+z=1nénl-x*=(1-x)(1+x)=(y+2z)(2x+y+2)
X+YZ=X(X+Yy+2)+Yyz=(X+Yy)(X+2)
bat a=x+y,b=y+z,c=z+x,vdi a,b,c>0 va a+b+c=2.

C1-x

Khi d6: :(y+z)(2x+y+z):b(a+c):9+9

X+ Yz (X+y)(x+2) ac c a

Chting minh tuong tu ta co: L va a
y+xz a b Z+xy b




1-x* 1-y* 1-722 b b ¢c ¢c a a
+ + =—+—+—+—+—+—26
X+yZ y+xz z+Xxy ¢ a a b b c

1y : 1 s
Dau bang xay ra <:>X:y:2:§(Tra1 vOi gia thiet)

Vay dau = khong xay ra suy ra dpcm.

Pé so 36
a0
0
Caul. a)Ditukién {Nazle o
a=l
Ja=0
2 2
(Va+1) -(Va-1) +4va(a-1) 41
- a-1 Ja
4a+4afa(a-1) 4fal+a-1)
Ja Ja

Vay P=4a.

b) a =\/(2+J§)(2—J§)(2+J§).(J§—1)

JER) (B3 [ BB - 2
= [2(2++3)(2-+3) =V2.

Vay a=+2 dodé P=4a=42.
Ciau 2. Diéukién x>1

Jx—2dx-1 —\/x—1=1<:>4/(\/x—1—1)2 _Jx—1-1

e Nx=1-1-Vx=1=1 (1)

Khi Vx-1>1<x—1>1<x>2: Ta cb

(D) < VJx—1-1-+/x-1=1. Phuong trinh v6 nghiém
Khi 0<yXx-1<1<0<x-1<1e1<x<2: Tach
(e @) eol-Vx-1-JYx-1=1=-2Jyx-1=0=x=1

Vay x=1 la nghiém ctua phwong trinh da cho.

Ciu3.a) Vix>0,y>0nén > >0 va ¥>o

Ap dung bat déng thitc a+b>2\ab ddu "="xay ra <>a=b



ta co §+X22 §.X=2
y X Vy X

Véy§+X22.
y X
Diu =" xdyra X =L ¢ =y o xmy (4
yra < _X<:>x =y o X=y (vix>0,y>0)
bypita=X+Y taco M-as-32,28.1
y X a 4 4 a
V1a:£+X22nén3—a2§;
y X 4 2
Tac0§+122,/§.1:2.£=1
a 4 a 2
DodéM=a+£:3— E+12§+1=§;M:§<:>a:2<:>x:y
a 4 4 a 2 2 2

Vay gid tri nho nhat ctia M bang g khi va chi khi x=y.

Cau 4. a) Ta cd M,E nam trén nia duwong tron duong

X
kinh AB nén FMK =90°va FEK =90°. I
Vay 4 diém F, E, K, M cling nam trén duong tron F
duong kinh FK. M
b) Ta c6 AHAK can tai A nén AH = AK (1) H KE
Kla true tam ctia AAFB nén ta cé FK L AB K
Suy ra FK /[ AH (2)
A 0]

Do d6 FAH = AFK ma FAH =FAK (gt) cho nén
AFK = FAK

Suy ra AK =KF, két hop véi (1) ta dwgc AH =KF (3)
Tt (2) va (3) ta c6 AKFH 1a hinh binh hanh nén HF // AK. Ma AK L IB suy ra
HF LIB.

c) Chu vi cia AAMB=C,,,;; = MA+MB+ AB 16n nhat khi chi khi MA+MB 16n
nhat (vi AB khong d6i).

Ap dung bat ding thic (a+b)’ < 2(a’ +b2) dau "=" xay ra <a=b, ta ¢
(MA+MB)” < 2(MA? + MB?) = 2 AB?

Nén MA+MB dat gié trj 16n nhét bing AB+/2 khi va chi khi

MA=MB hay M nam chinh gitta cung AB.

Vay khi M nam chinh gitta cung AB thi C,,,,, dat gid tri 16n nhat.



Khi do

Cue = MA+MB+ AB = AB\/2 + AB = (1++/2) AB = 2R(1++/2)

Cau 5. Dit A=(2"+1)(2"+2)(2" +3)(2" +4), ta c6 2"A latich cta 5 s6 tw nhién lién tiép

nén 2".Achia hét cho 5. Nhung 2* khong chia hét cho 5, do dé A chia hét cho 5.
Néu y>1, taco (2" +1)(2"+2)(2" +3)(2"+4) -5 chia hét cho 5 ma 11879 khong

chia hét cho 5 nén y>1 khéng théa mén, suy ra y =0.
Khi d6, ta c6 (2" +1)(2" +2)(2" +3)(2" +4) -5 =11879
o (28 +1)(2° +2)(2° +3)(2" +4)-1=11879
o (2" +1)(2" +2)(2" +3)(2" +4) =11880
o (2°+1)(2+2)(2"+3)(2" +4)=9.10.11.12 = x =3.
Vay x=3;y=0 la hai gia tri can tim.
bé s6 37
Cau 1.

x>0

a) Diéu kién: {
x=1

b) Ta co:

A_(3x+\/9_x—3Jr 1 N 1 ol 1 x+3\/§+2
oxex=2 0 Yx-1 Jx+2 X

()
()

x>0
X=1

(o) ()

¢) V4i DK {

Ta co: A= (\/;+1)2

Vi Az(x/;+1)2 >1véimoi x>0 nén 0<

o)

Do d6: Ez 2

A

Ma /X +1>0 nén x +1=1 hoic /x +1=+/2.

e N khi (\/§+1)2 ~1 hoic (\,,/§+1)2 =2

Do d6: x =0 hoac X:(\/E—l)z :3—2x/§

Vay % 1a s& ty nhién khi x = 0 hodic x=3-22

et

x—1)



Cau 2.

a) PT: JXx—2++/6—x =X’ —8x+24 (1)

DKXD:2<x<6

Chting minh dwoc: VX—2 +/6—x <22

Ddu “=" xay ra <<>x-2=6-x & x =4

X2 —8x+ 24 =\/'i(x—4)2 +8>8=22

Ddu “=" xdy ra < (x-4)*’=0 < x -4 =0 x=4

Phuong trinh (1) xay ra <>x=4
Gidtrix=4 (TMPKXD) Vay: S= {4}

O +xy+y2) x> +y? =185 (1)

b) Giai hé:
(X2 =xy+y)yx*+y?> =65 (2)

Lay (1)+(2): (¢ + y2Nx? +y? =125 \[x* + y* =5 thay vao (1) = xy =12

2 2 _ X+Vy==27
Tudotacohe X Y =2 o )XY
2xy = 24 Xx—y=+41

Ttr d6 ta c6 hé pt:
TV T Tl
Vay hé da cho c6 nghiém: (x, y) €{(4; 3), (3; 4), (-3;-4), (-4; -3)}
Cau 3.
a) Thay y = 2x + 3 vao dang thikc, dugc: x2+ (2x + 3)2— 2x(2x + 3) —4=0
&SxX2+ox+5=0=x+1)(x+5) =0 & x=-1(=>y=1),x=-5(=>y=-7).

Nhitng diém c6 toa d6 thoa man dang thirc x2+y2—2xy —4 =01a (-1; 1) va (-5; -7)
b) *(d’) vudong goc vdi (d) nén co6 dang: y = — % x +b.

(d)quaA(-1;1)= 1= —%.(— 1H+b = b= %

Vay (d'):y = —%x + %
*(d”) c6 dang y = ax+b
(d”) di qua diém B(-3:-3) = -3 =a(-3) + b =-3a+b=-3
(d”)diquaC(1;0) = 0=a.1l+b = a+b=0.

-3a+b=-3
Ta c6 hé phuong trinh: .
a+b=0
i LA . 3 3
Giai hé, ta tim duoc: a = 7 b= 2



N 3 3
Vay (d”):y = 1571

(dyy=2x+3

dy y=-12x+ 1/2

(d"y: y=3/4 x - 3/4

¢ (d’) di qua C(1; 0) vi khi thay toa d¢ C vao (d") ta duogc dfmg thirc dung

0= —1.1+ l
2 2

Tam gidc ABC la tam giac duoc tao boi cac duong thang (d), (d’) va (d”).
Ta co: AE=1; EC =2. Tt tam gidc vuong AEC ta duoc

AC = JAEZ+EC?= 5.

AF =4; BF = 2. Tlr tam gidc vudng ABF ta duoc AB = JAF2 + FB? = 2./5.

Dién tich tam gidc ABC 12 = % AB.AC = % .2J5.4/5 =5 (dvdt).

Cau 4.
C
_ NN
7
//
Pad \\
Oy Z — — — > E B
M~ O
7
7~
b
7~
b
c' D

a) Vi CD L AB =>CM=MD

Tt gidc ACED c6 AE cat CD tai trung diém ctia mdi duong nén la hinh binh hanh.
Ma AE L CD=> ttr gidc ACED la hinh thoi.

b) Vi tam gidc ABC c6 AB la duwong kinh (O) nén tam gidc ABC vuong tai C

=> tit giac CHMK la hinh ch@ nhat



Caul.

Ap dung hé thitc lugng vio cic tam gidc vudng AMC ta c6:
MA-MC
AC
MB-MC
BC
MA -MB-MC?
AC-BC
ma MA.MB=MC? , AC.BC=MC.AB (do tam gidic ABC vudng tai C)
. MH.MKe MC*-MC* _MC’ . MHl\:[K _MC
MC-AB AB MC AB
Ma MC= HK (do CMHK la hinh chi nhat)
N MH-MK _ MC _ 2MC _ CD Vay: HM MK _ CD
HK-MC AB 2AB 4R " HK MC 4R
¢) Ldy O’ d6i xttng v6i O qua A suy ra O’ ¢6 dinh.
Tt gidc COC’O’ 1a hinh binh hanh vi ¢6 hai dwong chéo cat nhau tai trung diém A

MH - AC=MA-MC = MH=

tuong tu ta c6: MK=

= MH-MK=

ctia moi duong.

Do d6 O'C’ = OC =R khong d6i

Suy ra C’ nam trén duong tron (O’, R) c§ dinh khi M di chuyén trén duong kinh
AB.

Pé s6 38

) Tacd: X* +6xy+5y° —5y—X =X* +5xy +Xy +5y° —5y —X
=X(X+5Y)+y(x+5y)—(x+5y) =(x+5y)(x+y-1).
b) Tacé: a*—3ab? =5= (a®—~3ab?) =25 a°—6a'b? +9a%* =25 ()
b*-3a’h=10= (b’ —3a2b)2 =100 < b® —6a%h* +9a’b? =100 (2)
Cong (1) voi (2) v€ theo vé ta duoc:

a®+3a'h®+3a’h’ +b° =125 < (a2 +b2)3 =125 a* +b* =5

Do dé: S = 2018(a2 n bz) —2018.5=10090.

2 g2
c) A= 3X + 0 + 1 : x—2+10 X
X*—4x 6-3Xx X+2 X+2

Xx=0
X %12

DKXD: {



Ta co:

( X 2 1 j x? —4+10—x° X 2 1 ( 6 j
A=| —0—- + : = - + :
X2—4 x—=2 x+2 X+ 2 (x=2)(x+2) x—-2 x+2)\x+2

ZEX—Z(X+2)+(X—2)]_ 6 (x—Zx—4+x—2]_ 6 6 6 -1

(x=2)(x+2) | (x=2)(x+2)

X+2 TX42 (x—2)(x+2):x+2:x—2

Véi A>O:>_—12>0<:>x—2<0<:>x<2.
X_

Vay, x<2, x#0, X# -2 thoa man bai toan.
Cau 2. a)Vi n lasonguyén khong chia hét cho 3 nén n=3k+1 hodc n=3k+2 (k€Z).

-Xét n=3Kk+1 tac: 3" =379 3% g2 = (3*)" .92 27,9 =9 (mod 13)
3 =3 =3%3=(3) 3=273=3.

Suy ra: P=3"+3"+1=9+3+1=13=0 (mod 13).

-Xét n=3K+2 taco: 3" =372 = 3% 3¢ = (3*)" .81=27%81=81=3 (mod 13)
3 =3H2 =33 = (3°) 9=279=0.

Suy ra: P=3"+3"+1=3+9+1=13=0 (mod 13)

Vay, véi n 1a s§ nguyén khong chia hét cho 3 thi P =3"+3" +1 chia hét cho 13.

b) Gia str ton tai s6 hitu ti N va s8 nguyén duong m dé n>+n+503=m?’.

\ \ AN~ 2 A A . a \
Vii nlasdhttutinéntontai a,beZ, b0 sao cho n:B va (a;b)=1

2
Ta c6: n> +n+503=m? :(%) +%+503=m2 < a’ +ab+503b% = m?b?

< a’ =-b(a+503-mb*)=a’ib

Ma (a;b)zlnén b=1hay b=aeZ

Do dé: n® +n+503=m? < 4n® +4n+2012 = 4m* < 4m* —(2n+1)° = 2011
< (2m-2n-1)(2m+2n+1)=2011

Vi: (2m-2n-1)+(2m—-2n-1)=4m>0.

Ta ¢ cac treong hop sau:

2m-2n-1=1 m =503
=
2m+2n+1=2011 n =502

2m—2n—1=2011C> m =503
2m+2n+1=1 n=-503

- Trwong hop 1: {

- Trwong hop 2: {



Vay, n=502 ; n=-503 thda man bai toan.
Cau3. a)Tacé: (3x—1)(4x—1)(6x—1)(12x—1) =330 <> (36x° ~15x +1)(24x* ~10x+1) =330
& [3(12x° -5x) +1][ 2(12x" ~5x)+1]=330
Dit: y=12x* —5x.
Ta cd: (3y+1)(2y+1)=330 <> 6y’ +5y +1=330 <> 6y’ +5y—-329=0
<6y’ —42y+47y-329=0<6y(y—7)+47(y-7)=0

<:>(y7)(6y+47)—0:{ _47

VixeZ=yeZ,dodd y="7.

Ta co:
12X2 —5x =7 < 12x> —5X—7=0<=12X> - 12X+ 7x—7 =0<12x(x-1)+7(x-1)=0

x=1

<:>(x—1)(12x+7)0:{ -7
T

Do x € Z = x =1 thoa man bai toan.
b) Giai phuong trinh: [x—2|(x—1)(x+1)(x+2) =4
— Xét x <2 ta c6 phwong trinh: —(X—Z)(X—l)(X+l)(X+2):4<:>—(X2—4)(X2 —1):4

2
& x* -5 +8:0<:>(x2 —gj +£:0, (v0 nghiém).

- Xét x> 2 ta c6 phuong trinh: (X—2)(X—l)(X+1)(X+2):4<:>(X2—4)(X2 —1):4

0 x=0
=
5

X=45

Két hop véi didu kién x> 2 ta dwgc nghiém clia phuong trinh 13 x =+/5.

X2
©x4—5x2:0<:>x2(x2—5):0<:{ ,
X

Q) Tacd: y? +2xy—3x—2=0 X2+ Y2 +2xy —3x—2=x> = (x+y) = X2 +3x+2
<:>(x+y)2=x2+x+2x+2<:>(x+y)2:x(x+1)+2(x+1)c>(x+y)2=(x+1)(x+2)
Nhan thay X+1 va x+2 1a hai s6 nguyén lién tiép nén tich (X+1)(x+2) 1a s& chinh

phuwong khi: (x+1)(x+2):0©{x
-Voi x=-1=y=1

-Voi x=-2=y=2
Vay, céc cip (X;Y) nguyén thoa mén bai toan 1a: (—1;1) va (-2;2)



Cau 4.

Cau 5.

a) Ta c6: ACO =BOD =90° - AOC

AOC = BDO =90° - BOD
Suy ra:
OA AC AC
BD OB OA

AACO ~ ABOD =

b) Ta co:

AC:OCjAC:OB:OA

OB OD OC OD OD

Lai c6: CAO =COD =90° = AACO ~ AOCD = ACO=0CD

Suy ra: Hai tam giac vudng CAO va CMO béng nhau.

Do do: OM =0OA=0B nén tam gidc AMB vudng tai M.

¢) Ta c6 hai tam giac vudng CAO va CMO bang nhau nén CA = CM.

Chting minh tuong tu cau b) ta cling c6 hai tam gidc vuong DBO va DMO béng nhau nén
DB =DM.

AACO ~ ABOD =

DB DN __DM DN

= = = = MN//AC.
CA NA CM NA

Ap dung hé qua cta dinh Ii Talets ta co:

Ta c6: Bt déng thiic
- abc N abc N abc
a’(b+c) b*(c+a) c*(a+h)
= be +1+ ca +1+ ab +12§+3
ab+ca bc+ab ca+hc 2
1 1

+
ab+ca bc+ab ca+bc

bc ac ab
+ +
ab+ca bc+ab ca+bc

>3 >3
2 2

<:>2(ab+bc+ac)( jzg *)
Ap dung bt dang thirc Cauchy ta c6:

2(ab+bc+ac)=ab+bc+bc+ca+ca+ab> 3{»/(ab+bc)(bc+ca)(ca+ab) )

1 1+1>3§/1 1 1 )

+ > . )
ab+ca bc+ab ca+hc ab+ca bc+ab ca+bc
Nhan theo vé (1) véi (2) ta durgc bat dang thc (*).
ab=bc
. i ~ |bc=ca
Dau “=" xay ra khi : <a=b=c=1
ca=ab
abc=1

Pé s6 39



Caul.

a) Vdi O0<x=1tacod

P:(1+1J:&+1: 1 +1:J§+1
I i S I )

1++/x (\/;—1)2 Jx -1

:\/;(\/;_1)' 1 U

b) Ta c6
Q=P —9x+2019 = 6;_1—9J§+2019
:%umg - _(gx_6@+l)_5&+2019
o6 o)

— = -5+2019=2014 ——+———
NF NF

Vay maxQ = 2014 @3\&—1:0@\/':%@”:

<2014 (Vx> 0).

1
9
Cau 2.

<S1<x<L7

N 7—x20 Xx<7
a) Dieéu kién: =
Xx=1>0 x>1

Phuong trinh da cho twong duong véi

(V1) — 70 (x—1) +4(NT—x ~x-1)=0
& (Vx=1)(Vx=1-7-x)+4(JT-x-x-1) =0
& (Vx=1-47=x)(Vx-1-4)=0

[
Jx-1=4

e Jx—1=J7—x < x-1=7—x < 2x=8 < X = 4(thoa man diéu kién)
e JX-1=4 < x—1=16 < x =17 (khong théa man diéu kién)

Vay phuong trinh da cho c6 nghiém duy nhatla x=4.

b) Bién d8i vé trai ctia bat dang thikc, ta co:

(a0 broava

(\/5—\/5) +3a+3\/£
ava-bvb b-a




(«/5+J5)3—b«/5+2a«/5+ 3\/5(\/a+\/5)
(AT A

3a/a +3avb +30/a . 3J/a
(Va—b)(a+ab+b) vb-a

3\/5(a+ ab+b) 3/a
(Va—b)(a+ab+b) b—a

3Ja 3Ja 1

=0<

“Va—b Jb—va = 3abc’

Cau3. Do abc>0nén bat dang thiic da cho twong dwong véi

abc abc abc 1 1 1 1 1
> +— += <SS+ 55— +—5—<= 1)
a’+8abc b +8abc) c’+8abc 3 a b c 3
—+8 —+8 —+8
bc ac ab
2 2 2
bat x:a—, y:b—, C:C— voi xyz=1
bc ac ab

1+1+1§1 (2)
Xx+8 y+8 z+8 3

Ta sé chiing minh bat dang thic (2),

Bat dang thitc (1) tro thanh

Ta co (2) < J(xy+yz+2x)+16(x+y+2)+192] < xyz+8(x+y+2z)+512
< 5(Xy + yz+2X)+16(x+ y+2) 263 (do Xxyz=1) 3)
Ap dung BDT AG-GM, ta c6 xy+yz+2x>33(xyz)? =3 va x+y+2>33xyz =3
Do d6 ta chitng minh xong bat dang thtic (3)
D&u bang xay ra <> Xx=y=z=1hay a=b=c .
Cau 4.
n—50=a’

50— véi a,b nguyén duong va a<b.
n+50=

a) Giasw {

Suy ra b?—a* =100 < (b—a)(a+b) =2°5°
Do b—-a<a+b va chung c6 cling tinh chdn, 1é nén b—a va a+b phai la cac

s6 chan.

|b—a=2 a=24
Dodo{ {

a+b=50 " |b=26
Vay n=626 thoa man yéu cau bai toan.

b) Tacé (2,0)=1=8q=p’~1=(p-1(p+D) (1)
Do p?=8g+1nén p® lésuyra plé, ticla p=2k+1
Thay vao (1) ta dugc 8q =2k(2k +2) < 29 =k(k +1) )



Néu g =2 thi k(k+1) =4, khong thé tim duoc ke N.
Do dé q> 2,
Vi q la sd nguyén t6 nén (2,q) =1. Tt (2), ta c6
ek =2 va q=k+1tasuyra k=2, q=3. Thay vao (1), ta dwoc p=5.
ek =0 va k+1=3nén g=1(loai).
Vay (p;q) =(5;3) la cap so can tim thoa man yéu cau bai toan.
Cau 5.
a) Tacod
OB OH :sinOBH
OC ~ OK :sinOCK

2OCK lan lwgt vudng goc tai
H,K)

_ O 4o ABO=ACO)
OK

(do sOBH,

_ OA:sinOAH

~ OA:sinOAK
AOAK Tan lugt vudng goc tai
H,K)

(do sOAH,

_ sinOAB
sinOAC
b) Goi E,F lan luot la trung diém cua OB,0OC.

hay OB.sinOAC =0OC.sinOAB.

Do MEOF la hinh binh hanh nén MEO = MFO (1)
Ta c6 OEH =2ABO =2ACO =0OFK ()
Tt (1) va (2) suy ra MEH = MFK..

Lai c6 ME =0OF =FK; EH = EO = MF nén aAMEH =aMFK (c.g.C).

Suy ra MH = MK =aMHK can tai M= MN L HK..
Cau 6.



a)

b)

B

Do C ndm trén duong tron duong kinh ABnén ACB =90°.
Do d la tiép tuyén vdi duwong tron (O) tai C nén OCK =90°.
Khi d6

ACO+0CB =0CB+BCK =90° = ACO=BCK 1)
Mit khac aAOCA can tai O = ACO =CAQO;

(2)

aACB vudng va = CAO =DCB.

€)
Tt (1), (2) va (3) suy ra DCB=BCK.
Diéu nay dan dén aBCD =aBCK = BK =BD.
Tuwong ty AH =AD.
Suyra AH+BK=AD+BD = AH +BK = AB.
Vay AH +BK khong d6i khi tiép tuyén d thay d6i trén dudng tron (O).
aBCD =aBCK (chttng minh ¢ caua) =CD=CK.
Twong ty ACHA=2CDA =CD=CH.
Suy ra CH =CK hay C la trung diém caa HK.
buong tron duong kinh HK c6 AH 1L HK, BK L HK, AB L CD nén duong
tron d6 ludn ti€p xuc véi AK, BK va AB.
Do tt giac AHKBco AH L HK, BK L HK nén né la hinh thang vudng.
Do AH +BK = ABnén
Spke = %(AH +BK)HK = % AB.HK =0OC.HK

Do HK < ABnén S,,,; <OC.AB =0C.20C = 20C*.



Khi d6 S, 1on nhat < HK = AB <>t giac AHKB la hinh chit nhat

< C la diém chinh gitta AB.

Pé s6 40
Caul.
C[n+24=Kk?
a. Ta co: )
n—65=nh
o k?-24=h>+65
< (k-h)(k+h)=89=1.89
k+h=89 (k=45
= =
k-h=1 h=44
Vay: n= 45* —24 =2001
b. Véin=0tacd A(0)=19 : 19
Gia st A chia hét cho 19 véin =k nghiala: A(k)=7.5" +12.6:19
Ta phai chttng minh A chia hét cho 19 v4in =k + 1 nghia la phai chitng minh:
A(k+1)=75"" 112,619
Ta c6: A(k+1)=7.5"" 112,619

7.5%.5% +12.6".6
=7.5%6+7.5"19+12.6"6
=8.A(k)+7.5.19:19
Vay theo nguyén ly quy nap thi A =7.5 + 12.6" chia hét cho 19 v6i moi s tw nhién n
Cau 2.
a) PKXD x,y,z20.Kéthop xyz=4=x,y,z>0;/xyz =2

Nhan ca tir va mAu ctia hang tir thit hai v6i Vx, thay 2 & mau ctia hang tir th&t ba

bdi/xyz ta duoc.

\/; + \/; + 2\/; =1
\f;+«/;+2 2+ xy+\/; \/Z(\/;+2+\/;)

Suyra VA=1 (viA>0).

A:

b) Tt : E+9+3:0«:>ay2+bXZJrCXy=O<:>ayZ+bxz+cxy=0

X y z Xyz

2
Tacd: 2+ +Z 1| X1 2] 29
a b c b



2 2 2
DX T ey
a- b~ c ab ac bc
2 2 2
<:>X_2+y_2+z_2JF2CX}7+bxz+ayz=1
a- b° c abc

XZ y2 Z2
@a—2+?+c—2 =1 (dpcm)
Cau 3.

biéu kién: x#=-1

N 2 Xz Xz 2 X2

PTe|x——| =3-2. = +2 -3=0
x+1 x+1 x+1 x+1

X2

v 32 1+3=O
c»( +3]( —1J=0c> X+

2
~1=0

X

x+1

+3=0=x"+3x+3=0 (voly)

1+\/§
2 X, =

1
~1=0ex*-x-1=0< 2

+) X
x+1 1_\/5

1++5 1-5
/X,

Vay phuong trinh c6 2 nghiém x, =

Cau 4.

ac L AABC AA

Siug _ HC' Sy, HB'
S CcC'’s

Tuwong tu: .
A BB’

ABC ABC

HA' N HB' + HC' _ SHBC n SHAB n SHAC
AA' BB' CC Sapc Sapc Sasc

=1

Do do:




b) Ap dung tinh ch&t phan gidc vao cac tam giac ABC, ABI, AIC:
Bl AB AN Al CM IC
IC AC'NB BI'MA Al
Bl AN CM :AB ﬂE:EE:l
IC NB MA AC BI Al AC BI
= BI.AN.CM =BN.ICAM
¢) Vé Cx L CC'. Goi D la diém d6i xtng cua A qua Cx
- Chiing minh dugc goc BAD vuong, CD = AC, AD =2CC’
- Xét 3 diém B, C, D ta c6: BD = BC+CD
- ABAD vudng tai A nén: AB2+ AD? = BD?
= AB?+ AD? < (BC+CD)?
AB?+4CC? = (BC+AC)?
4CC? < (BC+AC)?— AB?
Tuwong tu: 4AA? < (AB+AC)2-BC%  4BB? < (AB+BC)*— AC?
- Chting minh dwoc : 4(AA’2+ BB2+ CC’2) < (AB+BC+AC)?

(AB+BC+CA)® _
AA*+BB”+CC"?

Déng thire xay ra khi BC = AC, AC = AB, AB =BC hay AABC déu

2)

a) Trong tam giac BDM ta c¢6 : D, =120° — M,
Vi M, =60° nén tacd: M, =120"—M,
Suy ra D, =M,

Chting minh ABMD~ ACEM (1

Suy ra B— = c(::—l\él, tir d6: BD.CE = BM.CM



BC®

Vi BM =CM :%,nén taco BD.CE =

b) Tt (1) suy ra 22@ ma BM = CM nén ta co: 22@
CM EM BM EM

Chtmg minh ABMDco AMED

T désuyra D, =D, , dod6 DM la tia phan giac géc BDE

Chttng minh twong tw ta ¢6 EM la tia phan gidc goc CED
¢) Goi H, I, K 1a hinh chiéu ctia M trén AB, DE,

Chttng minh DH = DI, EI = EK
Tinh chu vi tam gidc bang 2AH.

Cau 5.
bat x=3a+b+c;y=3b+a+c;z=3c+b+a
= x+y+z=5(a+b+c)=5(x-2a)=5(y-2b)=5(z—2c)
:>4x—(y+z)=10a;4y—(x+z)=10b;4z—(y+x)=10c;
:>10T:4x—(y+z)+4y—(x+z)+4z—(x+y)
X y z
:12_[y+z+§+5+§+y]£12_6_6
X Xy 'y z z
:>T$E
5
bé s6 41
Caul.
1) Ta co:
Ao Ox-(+6x-3 3 1
2(x—4dx +3)2-X) -2x+10Vx-12 3x -x-2
A 6x—(x+6)x -3 3

1
T 22-EK-3)VR-1) 20x-3)2-) 2=VR)x-1)
Dox =20; x #1; x #4;x #9

_ 6x—(x+6)x ~3-3(x'x ~1) ~2(’x ~3)

2(Vx - 1)(¥x =3)(2-+/x)

_ 6x=xyx 63X =3-3Vx +3-2Vx +6
2(x ~)(Wx-3)2—x)

A

A




A = (2x—63x) ~2(x = 3) = x(3/x =3) +/x(x ~3)
2(x-)(x -3)2—%)

(x-DEx-3)@2-x) _ 1
A = -
2) Ta co:
B __2+¥3  2-43  _2+V3 2-43
V2 o4a42B 2-a-23 3+V3 3-43
B _ (2+V3)3-V3)+(3+3)2—V3) _3+3+3-43
2 (3+3)(3-3) 6
%:1 —=B=2
Cau 2.
2 1) Taco: 3a+1 a-1_2a(a’-1) )

a+x a-—x
DKXD:x # *a
Bién d6i dua phuong trinh vé dang : 2ax = a? (a +1)
Véia =0 thi phwong trinh c6 dang : 0x =0.
Phuong trinh (1) c6 v6 s6 nghiém véix # 0

Voia iOtac()x=M

a(a+1)

béx = la nghiém ctua phuwong trinh (1) thi :

a(a+1)
2

Gidi(2) tadwoca # 1,a # 0

Giai (3)taco: a # 0, a # -3

Vay : a =0 phuong trinh ¢4 vd s6 nghiém x # 0

a@atd o, @)

# a (2)

a=-3;a= 1 phuong trinh vo nghiém.
a #1; a # -3va a # 0 phuwong trinh c6 nghiém duy nhat x= a@+l
b) Theo cau a:

Vi a =0 thi phwong trinh c6 v6 s6 nghiém x # 0 (loai do a > 0)
iy s \ . A ~ a(a+1)
Véia #1; a # -3 va a # 0 phueong trinh c6 nghiém duy nhat x= ——=
Viala s6 nguyén duong va a # Inén:

Néu a =2thi x=3,1a sd nguyén t0 (thoa man)

Néu a>2thia=2khodca=2k+1 vdéik €N, k>1



Xét a =2k thi x =k(2k + 1) la tich ctia hai s ty nhién 16n hon 1 nén x la hop s6.
(loai)
Xét a =2k +1 thi x = (2k +1)(k+1) la tich cta hai s6 ty nhién 16n hon 1 nén x la hgp
s0. (loai)
Vay a =2 thi nghiém cua phwong trinh x = 3 1a s6 nguyén t0.
2) Ta c6: {x3 ~y’ =z’ =3xyz (1)
x* = 2(y+2z) (2)
Vix, y,z >0nénxyz >0.
Két hop v6i phuong trinh (1)
= 3>y X$3>B=>x>y, x >z
Do d62x >y +z hay 4x >2( y+z) két hop vdi (2) ta c6 :

x2<4xvax:2=>x<4vax:2max e N nén x =2.

y’ +2° =8 —6yz

Thay x =2 vao hé phurong trinh ta dugc: { =y=z =1(Vix, y

y+z =2

nguyén duong)

Vay nghiém nguyén duong ctia hé phuong trinh la: (x;y;z) = (2;1;1)
Cau 3.

1) Ta c6: abc=100a+10b +c=n2-1

cba  =100c+10b+a=(n-2)

= 99(@-c)=n*-1-n’+4n-4 = 4n-5

= 4n- 5:99 (doa-clas6nguyén)

Laic6:100 £n?-1 <999 =101 < n?< 1000 = 11<n <31

=39 <4n-5<119

Vi 4n-5: 9nén4n-5=99 < n=26

= abc =675

2) Goi p la ntra chu vi ctia tam giac ABC ta ¢ :

_a+b+c a_b+c—a>0
pra=m, 2

Twongte p -b > 0;p-c >0
Ap dung bat dang thitc AM-GM cho 3 s6 duong p -a; p -b; p -c ta co:

(p—a) +(p - b) + (p —0) = 33/(p—a)(p—b)(p—0)

=>0<@-w@-m@-@s(ﬁ”@;b+”j

Vi a+Db+c=6nén bat dang thikc trén tro thanh :



O<p®-pXat+b+c)+3(ab+bc+ca)-abc <1

0<3%-32.6+3(ab+bc+ca)-abc <1

(a+b+c)’ -(a’> +b* +c?)
< 0<27-54+3. > -abc<1

o 27<3 0@ +2b2+(:2) -abc< 28
< 54<108 - 3(a?+ b2+ c?) - 2abc < 56
< -54< -3(a2+b%+c?)-2abc < -52
< 52 < 3(a’+b%*+c?)+ 2abc <54 (dpcm)
Ddu"="xayra< a=b=c=2.
Cau 4.
1) Chtng minh ABCF = A DCE (c.g.c)
= CF=CE va DCE =BCF.Ma DCE+ECB=90° =BCF+ECB=90° =>
ECF =90°

= A ECF vudng can tai C

Cé M la trung diém cua EF nén CM la duwong trung tuyén vira la duong cao, phan

gidc, trung truec

E s

D C

= ECM = 45°, md ACB = 45°( do ABCD 14 hinh vudng)

ACE= BCM (1)
Mt khac theo tinh chdt duong trung tuyén trong tam giac vudng ta c6: MA = MC (

1 ,
= E EF)=M € trung truc cia AC

ma BD 1a trung tric ctia doan thang AC.
=>M, B, D thang hang



= MBC =EAC =135°(2)
Tir (1) va (2) = AACE -~ ABCM (g.g)
2) DatBN =x=> AN =a —x

Sacre = Sace + Skcr = %CDAE +%.CE2 .

Tinh AE: C6 25— AN (40 AN/ DO)
ED DC
AE a—X a(a—x
= <:>AE:—( )

— —
AE + AD a X

4

d
Ta c6: CE?=CD?+DE?=a’+ (a+ AE@ =a’+ —
X
1 ala—-x 1 a’ as(a+x
Sacre = _a_g_,_ Z(at+ —5) = ( i )
X 2 X 2X

a’(a + x)

o2 =3a2® 6x2-ax-a2=0
X

Ma Sacre = 3Sascp =>

& (2x-a)(Bxta)=0 & x = %

d
Vay BN = E < N 1a trung diém ctia AB thi Sacre = 3Sascp

Cau 5.
A
B E C
Db/
F

Trén tia BC 14y diém D sao cho DAB =30° .
Tt GT suy ra:

A=180° — (B -C) = 75",

Do d6 D nim trén canh BC va DAC =75° — 30° = 45°,



Ké BE L AD,CF L AD (EF € AD)

Ta c6 AB = 2BE ( canh d6i dién vé6i gdc 30° trong tam giac vuong) va AC = J2 CF(
canh huyén trong tam giac vudng can)

Do d6 AB+AC/2 =2BC < 2BE +2CF =2BC

<=>BE + CF=BC & BE + CF=BD + CD

Ma BE < BD va CF < CD nén xdy ra dfang thirc trén khi va chi khi E,F trung D. Ttec
la AD L BC.

T d6 B=90° —30°=60°; C=90° —45° = 45°

Pe s0 42
Caul. a) DKXD: x>0;x =1 x #4.

, 3X+\16x—7 x+1 Jx+7 Jx
Ratgon A= (x+2\/_ 3 Jx+3 x- 1} (2 &—1]
X—6x—27 Jx-2

A=

Xx+24/x-3 " Jx-1
_(Vx+3)(Vx-9) k-1 Jx-g
T(Wxea)(Vx 1) 2 Vx-2

b)céf 2y27+745 \/_\/54+14«/__x/49+27\/_+5 7+J_
9 Ji0+72 \/_(«/_+7) 7+5 7+[

= x=9(TM

bK)

Thay vao A ta duoc: A=E=—6.
Jo-2

c) Co P:\/;_2 _¥x=2 Jx-9_x-9

Jx+27 x+2' Ix-2 x+2
Jx -9
\/;+2

Tacd: P<0=

<0 Xx-9<0 (vi Vx+2>0).

< X <81.

Két hop voi diéu kién, ta cd: 0<x<8Lx=1x = 4.
Cau 2. a)Goihais6léla (2a+1);(2b+1);(a,beZ).
Dit S=(2a+1)" +(2b+1)" =4(a’+b’+a+b)+2= S =2(mod4)
Ma mot s6 chinh phwong chia cho 4 duw 0 hodc 1.
Vay S khong la s6 chinh phuwong.

b) DKXD: —gs X< 4



X+17 = 24— X +62x+3
<:>4—x—2\/4—x +1+2X+3-6/2x+3+9=0
@(«/4—x —1)2 +(x/2x+3—3)2 =0
J4-x-1=0
=
\/2x+3—3: 0
Vay phuong trinh c6 nghiém x =3
) 6X° +19y° +24x—2y +12xy —725=0.
= 6(x2 +y +4+ 2xy+4x+4y)+13(y2 —2y+1):762

& x=3 (TMPK)

< 6(x+y+2) +13(y-1)° =762,

=13(y-1)° <762
762

1P <2<
=>(y-1) <03

=(y-1)" <58

Do 6(x+y+ 2)2 ;762 déu chia hét cho 6 va (13,6)=1=(y —1)2 la s6 chinh phuong
va chia hét cho 6. M3t khac (y-1)° <58

= (y-1)° €{0;36}

Ta c6 cac treong hop sau:

(y-1)'=0 y=1
TH1: , = ) (loai)
6(x+y+2)" =762 [(x+2) =127

y=7

~1)* =36
TH2: (-1 ) < L,:_5
6(X+y+2) +13.36 =762 (x+y+2)2=49

. 2 X+9=7 X=-2
V6i y=7=(x+7+2) =49= =

X+9=-7 X=-16
X—3=7 {x:lO
—

Vc’yiy:—5:>(x—5+2)2=49:{ 4

X—3=-7
Vay (xy)e{(-27);(-167);(10;-5): (4 -5)}
Cau 3. *Tim GTLN
Theo BDT Co-si cho hai s6 khong am, ta cé:
X2 +1> 2%y +1>2y;7°+1> 27

=M = 2X + 2y + 22 gi+l+i=§
x“+1 y°+1 z°41 2x 2y 2z 2




D&u bang xay rakhi x=y=z=1.

Vay gia triléon nhat ctaM 1la 1,5 khi x=y=z=1.

*Tim GTNN

Co x,¥,220;x+y+z2=3=>2z<3

Do vai tro ctia X, Y,Z nhu nhau, khong mat tinh tong quat, gia sk z>x;z>y

2x N 2y +2z > 2x +2y +2z :x+2y+2223 :i
x+1 y*+1 z2+41 z°+41 z°4+41 z°+41 z°+1 3 +1 10

=M=
D&u bang xay ra khi x=y=0;z=3.

Vay gia tri nho nhat cua biéu thie M la % khi x=y=0;z =3 hodc cac hoan vi

ctia no.
Cau 4.
A A N
3
M 12 M
c L0 A - 1
H D H D
E E

a)Ap dung hé thitc giita canh va duong cao trong cic tam giac vudng, ta co:
AB? =BH.BC; AC* = AH.BC

AB? _ BH.BC N AB? _ BH

AC®* AH.BC ~AC* AH

b) Ta co:

S =%AH.HC =8,64(cm*); S = % AH.HB =15,36(cm’)

Do d6:

= % AH?.HC.HC =8,64.15,36
Ap dung hé thitc gitta canh va dwong cao trong tam giadc vudng, ta co:
AH? = HB.HC
= % AH? AH? =8,64.15,36 = AH* = 4.8,64.15,36 = AH = 4,8(Cm)
¢) Goi N la diém d6i xtiing véi D qua M. ta c6 ANBD la hinh binh hanh.
Khi d6: NA| BD;NA=BD = 20— P& (1) ®inh 1y Ta - let

NA AE

DH _AH _ DH _AH
DB AB NA AB

Vi AD la phan giac ctia géc BAH = (2)



Ma AAHB ~ACHA(g-g)= A =B = A,=A+A =B +A =D, = ACAD can tai C

=CA=CD
AH CH - AH CH
AB AC AB CD

Do AAHB ~ ACHA(g-g)= 3)

T (1); (2); 3) = HE _CH = CE || AD (theo DL Ta- 1ét dao)
AE CD
Cau5. HD. Ta chia hinh vudng dé cho thanh 16 hinh vudng nho

bang nhau (nhu hinh v&)

Ta dugc do dai canh cua hinh vudng nho la: 1

Cé 33 diém dat vao 16 hinh vudng

theo nguyén li Dirichlet

Suy ra ton tai mot hinh vudng nho chita it nhat 3 diém
Gia st hinh vudng nhé dé 1a: ABCD (AC cat BD tai O)

2 2 2 2
AZC:JAB;BC :J12+1 :ngC:DB:\E

Gia st 3 di€ém d¢ trung voi 3 trong 4 dinh bat ki ctia hinh vuéng ABCD thi phan

Co OA=

chung ctia ba hinh tron chtta toan b hinh vuéng va nhw vay da ton tai 3 diém
thoa man yéu cau bai toan.

Né&u trong 3 diém c6 diém ndm bén trong hinh vudng thi phan chung ctia ba
hinh tron cling chtra toan bo hinh vuéng va nhw vay da ton tai 3 diém thoa man
yéu cau bai toan

KL: ton tai 3 diém trong cac diém da cho thdéa man yéu cau bai toan.

bé s6 43
Cau 1.
a/ X*-9x+20= x>-4x -5x +20=x(x -4) -5 (x-4)=(x-4)(x-5)
b/ Vi DK :x 20;x#4;x #9 ta co:



Al 2/x-9  Vx+3 2/x+1 _ (2Vx-9)-(x=9)+ (2Vx +D(/x - 2)
Xx—5Jx+6 Jx-2 3-x (Vx —2)(V/x - 3)
_ 2X —9—X+9+2x—3J/x -2 _ WX +1)(/x -2) :\/;+1:x+4\/§+3
(Vx-2)(x -3) x-2)(x-3)  Jx-3  x-9

x—4>0 x>4
Cau 2. a/ \/3x2—20x+16=x—4<:>{ {

2 _ e 2 U2
3x" -=20x+16 =(x—4) 3x" -20x+16=x"—-8x+16

x>4
x=>4 x >4
S, = S x=0=x=6
X" —6x=0 (x(x—6)=0 -

Phuong trinh trén c6 1 nghiém la x=6

8+6)

b/ Chia ttt va mau ctia A cho x?(x#0)ta c&6 A= ;(

Dat Y =t taco:
X

2 2
6t+8=9+ —ot"+6t-1_ 9+—%&—D <9

A=
t?+1 t2 +1 t2 +1
2 2
A=6£+8=— N t +26t+9 _ _1+(t2+3) S
t“+1 t°+1 t“+1
Vay 1< A<9

Do dé A dat gia tri nhé nhat la -1 khi y = -3x va dat gia tri 16n nhat la 9 khi x = 3y
Cau3.a/ Tac6:4S=4[123+ 234 + 345 T n(n+1)(n+2)]
1234 +  234(5-1) +345(62) +...+nn+1)(n+2) [n+3)-(n-1)]
= 1234 -12.3442345-2345+3456+... - (n-1)n (n+1)(n+2) + n (n+1)(n+2) (n+3)

n (n+1)(n+2) (n+3) = (n +3n +1 -1)(n +3n+1+1) = (n +3n +1)? -1
Vay4S+1= (n+3n+1)2-1+1 =(n+3n+1)

Suy ra 4S +1 la mot sO chinh phuwong néi moi s6 nguyén duong n

b/ Viab,c,d >0 nén ta co:

a_ a b S b L C c '
a+b+d a+b+c+d " a+b+c a+b+c+d  b+c+d a+b+c+d’

d . a
a+c+d a+b+c+d

a a b b C C

< ; < ; < ;

a+b+d a+b a+b+c a+b b+c+d c¢+d

d d

<
a+c+d c+d



a b c d

Suyra S > + + +
a+b+c+d a+b+c+d a+b+c+d a+b+c+d
S < a + b + ¢ + d =
a+b a+b c+d c+d
Vay 1< S<2
Cau 4.
A
E

+Xét AAEB va ACBD cé:
AB = BC (AABC déu)

ABE=CBD ABE (ciingbang 60°— ABD)
EB = BD (ABDE déu)
suy ra AAEB = ACDB (c-g-c)

do dé AE = CD B

ma CD = DF (ACDF déu)
nén AE = DF (1)

+ Xét AAFC va ACBD c¢:
AC = BC (AABC déu)
ACF =BCD ( ciing bang 60° - ACD)
FC = CD (ACDF déu)

suyra AAFC = ABDC (c-g-c)
do dé AF = BD
ma ED = BD (ABED déu)
nén AF = ED (2)
Tt (1) va (2) ta co6 tit gidc AEDF la hinh binh hanh.

Cau 5.
y
* i
h
—W
5




Cau2. a)Rutgon P=

a/ Taco Ax; By latiép tuyén cta (O) (gt) nén AM | AB; BN L AB

do do AM // BN
suy ra AAPM c~» ANPB
nén AP _ AM g

NP BN
Talaico:

Tiép tuyén qua A va H ctia (O) cat nhau tai M (gt) nén MH = AM (2)
Tiép tuyén qua B va H ctia (O) cat nhau tai N (gt) nén NH= BN (3)

AP MH
Tt (1), (2) va (3) ta co: —_— = —
w (1), (2) va (3) taco NP NH
Theo dinh li ddo Talet ta c6 HP // AM

b/ Xét AAHB c6 OH=0A=0OB=R= % (A, B, H € (0)) nén AAHB vuéng tai H

Mit khac HP //MA (cmt) va MA L AB (Ax la tiép tuyén ctia(O)) nén HP | AB hay
HK_1 AB
Ap dung hé thitc lugng ddi véi AAHB ta cé:

HK?2=KA.. KB = %AB.(AB —%AB) - % (2R)?

Pé s6 44

a) Tacé: A=6"°+1:6+1=7:7 va B=6"*-1=(6?)" -1:6’-1=35:7.
, 10,107 1) 10°7 —11+1 1
b) Ta co: 10. A = 102017 _11 = 102017 _11 =1+ 102017 _11 (*)
2016 2017
10510007 4D 10 r0e 1

10719 10%39 107749
1 1

027 _11 > 107 49 nén tu (¥) va (**) = 10A>10B=A > B.

Ta thay 1

24/x -9 +2&+1+J§+3

x—5\/;+6 \/;—3 2—«/;

_ 2% -9+ VX + DX ~2) - (VX =3 (Vx +3)

B (VX -2)(x -3)

o_ x=Vx-2 _ (x-2(x+1) _Jx+1
Wx-2)(x-3) (Wx-2)(vx-3) /x-3

P




b) Tim gia tri I6n nhat:
2016X* +2x+2016  (2017x* +2017) — (x* —2x+1)
Q= 2 = 2
X°+1 X“+1
2 1\2 1\2
_ 20172(x +1)_(x2 1) :2017_(x2 1) *)
X +1 X“+1 X°+1
(x=1)°
x> +1

Vi

>0 nén t (*)= Q<2017-

(x-1)°
x?+1

Vay max Q=2017 < x=1

D4u “=" xay ra < =0 x-1=0=x=1

¢) Tim nghiém nguyén dwong ctia phwong trinh: 6x° +5y* =74.
Ta cé: 6X° +5y° =74 < 6X° —24=50—5y* < 6(X* —4)=5(10—Yy?) (*)
Ttx (*) suy ra: 6(x*—4) : 5, Ma UCLN(6,5)=1nén x*-4:5
Dat x*-4=5t (teN) = x* =5t+4 thay vao (*) = y*=10-6t

t>—ﬂ

x>0 X*=5t+4>0 5 4 5

Vi = = =>-—-<t<=
y? >0 y*=10-6t>0 |, _° 5 3
3

=1=0 hoac t=1
@® Khit=0thi y*=10 (loaivi yeZ)

x*=9 [x=3
® Khit=1thi { , {y _s (vi nghiém nguyén duong nén 13y

y° =4
x>0,y>0)
Cach khac:
Ta cé: 6X° +5Yy? =74 < 6x2 —24 =505y < 6(X° —4)=510—Yy?) (*)
Ttr (*) suy ra: 6(x*—4) : 5, Ma UCLN(6,5)=1nén x’—4:5
=[(¥*-4)+5] i5 <X’ +1i5 (%)
T baira =>0<6x* <74 = 0<x* <12, Két hop (**)= x> =4hodc x* =9
® Khi x* =4 thi y*=10 (loaivi yeZ)
® Khi x¥*=9 thi y*=4 = (x=3,y=2) (vi x>0,y>0)
Cau 3.
a) Xétpt: (m—4)x+(m-3)y=1
Ta thay: (m—4).0+(m—-3).0=0#1 nén (d) khong thé di qua O(0;0).
+Véi m=4 ta dwoc y =1 nén khoang cach tit (d)dén O(0;0) bang |y|=1.
+Véi m=3ta dugc X=-1 nén khoang cach tir (d)dén O(0;0) bing |x|=|-1=1.



+Véi m#3; m=4 thi (d)cit Ox tai A(L,OJ va cat Oy tai B(o,i).
m—4 m-3

Ké OH vudng goc véi (d)tai H; ta c6 khoang cach tir (d)dén O(0;0) laOH .
Dwa vao AOAB vuodng tai O chi ra dwoc
L
OH?
Suy ra dugc: OH < J2

— (M—4)2 +(m—3)? =2(m—92 ;

Suy duoc khoang cach tir O dén (d) 16n nhat OH =+/2 khi m= %

b)Vi a, b, cla cac s6 duwong (gt) nén ta co:

a a a+c
< 1)
a+b+c a+b a+b+c
b b b+a

)

< <
a+b+c b+c b+c+a
C c c+b
< <
a+b+c c+a c+a+hb

@)

a b c

Cong tlng vé (1), (2) va (3), ta cé: 1<
Ong tung ve (1), (2) va (3), ta co a+b b+c c+a

<2 (dpcm).

Cau 4.

0 H

a) Ching minh duwoc OK L AM tai E.

Dya vao AOAK vudng tai A chi ra dugc OE.OK = OA? = R?* khong ddi.
b) Chting minh dugc: OK // BN (L AM)

Chttng minh dwoc: AAOK = AOBN(g.c.g) = OK =BN.

Suy dugc OBNK' 1a hinh binh hanh ttr d6 suy duwogc: IN=10.
HB MB HB*> MB?
AO OK _ AO? OK’
Chi ra duwgc MB? = HB.AB va OA> =0OE.OK (cau a) (2)

HB? _HB.AB N HB _ AB N HB _ OE 3)
OK.OE OK? OE OK AB OK

¢) Ching minh dugc AAOK -~ AHBM =

ey

Tt (1) va (2) suy dwoc



HB FB

Chttng minh dwoc —=— (4)
AB BK
FB OE
Tt (3) va (4 —=—= EF //OB// AB (d] Talet
u (3) va (4) suy ra KB~ OK (dl Ta let)
Cau 5.
- Vi AABC déu, P AB nén AP <PC.Lay diém Q trén PC sao choPQ=PA.
Ta thdy AAPQ can c6 APQ =P, =60° (chan cung 120° ) nén AAPQ déu =
AP = AQ = PQ
- Chttng minh dwoc AAPB =AAQC (c.g.c) = PB=QC.
Tt d6 = PA+PB=PQ+QC=PC.Ma PC lamdt day cta (O; R)nén PC <2R.
Chang to tdong cac khoang cach tr P dén A va tr P dén B khéng 16n hon
duong kinh ctia dwong tron (O; R). (dpcm)
Dé s6 45
Caul.
a) Taco:

A:\/4+\/10+2\/E_> +\/4—\/10+2J§ >0
o A? :4+\/10+2\/§+4—\/10+2\/§+2\/16—(10+2\/§)

o A?=8+26-245

o A2 =842 (J§—1)2

e A?=8+25-2
= A?=6+245

o A’ :(\/§+1)2



& A=y5+1 (doA>0)

b) Via, b, c dwong va a + b + ¢ =1 nén biéu thic B c6d nghia va 0 <a,b,c < 1. Ta co:

B:\/(l—b—c+bc)(1—a—c+ca)+\/(1—a—b+ab)(1—a—c+ca)+\/(1—a—b+ab)(1—b—c+bc)
l-a-b+ab 1-b-c+bc l-a-c+ca

_ [(=b)(A-c)(1-a)(1-c) [(1-a)(1-b)(1-a)(1-c) |(1-a)(1-b)(1-b)(1-c)
B‘J (1-a)(1-b) \/ (1-0)(1-0) J

B=(1-c) +(1-a)’ +|/(1-b)’
B=1-cl+I1-al+I1-bl
B=1-c+1-a+1-b (vi0<ab,c<1)
Tinh ding: B=2
Cau 2.
a) Tacd: x2—3x+2=(x-1)(x-2). Theo bai ra: f(x) E(x—l)(x—2)
f(x) chiahét chox-1 = f(1)=0

= a+b=0=b=-a (1)

f(x) chia hét chox -2 = f(2)=0

—8a+2b=-15 (2)

\ \ 5 5

Tu(l)va(Z):>8a+2(—a)=—15:>a=—5:>b=5

"l"hl’):lai:(x‘*—§x~°’+Ex—l):(x2—3x+2)=x2+lx—l

2 2 2 2

5 5

Vaya=-—,b=—

AT YT

b) Tacd: B=4x(x +y)(x +y + z)(x + z) + y?z?
B =4(x? + xy + xz)(X* + Xy + Xz + yz) + y*z?
B =4(x*+ xy + xz)* + 4(x* + Xy + Xz).yz + y*z*
B = (2x* + 2xy + 2xz + yz)?
Vix, y, z la s6 nguyén nén 2x2 + 2xy + 2xz + yz la s& nguyén
= B la s8 chinh phuwong
Cau 3.
a) bPKXD: x#2
2m-1
X—2

=m-3=2m-1=(x-2)(m-3)

:>2m—1:mx—2m—3x+6:(m—3)xz4m_7(*)



+ Xét m = 3, phuong trinh (*) tré thanh 0.x =5 (v0 i)
= m =3 phuong trinh da cho v6 nghiém

dm -7
m-3

+Xét m # 3, phuong trinh (*) c6 nghiém x =

4m_7:2:>m:

Dé phuong trinh da cho v nghiém thi 1
m-3 2

Vay véim =3, m= %th‘l phuong trinh da cho v nghiém.
b) PKXD: x>-1

4x+1=x"—5x+14 <X —5x—4x+1+14=0

X —6x+9+x+1-4yx+1+4=0

<:>(x—3)2+(«/E—2)2 =0

{x—3=0
=

Vx+1-2=0

<:>{X=3<:>x:3(tm)

X =

¢) Ap dung BDT Cosi cho cac s§ duong ta co:

3:X—y+E+3233X—y.E.§:33xyz =>xyz<1
zZ X y \jz X y

Vix, y, zla cac s6 nguyén duong nén tir (1) =>x=y=z=1

Thtt lai : Pung.

Vay nghiém nguyén duong ctia phuong trinh la (x;y;z) = (1;1;1)
Cau 4.

a) DatBH=x (0<x<6) =>BC=x+6,4
AB’ =BHBC = 6 =x(x+6,4)
=>x=3,6

—=BC =10cm



Cau 5.

Caul.

=AC=8cm

b) Chiing minh t&t gidc ADHE 1a hinh chi* nhat = DE = AH

Chting minh: BH2 = BD.BA, CH? = CE.CA
AH?2=HB.HC = AH*=HB2HC?=BD.BA.CE.CA
= AH*=BD.CE.BC.AH

=> AH?® = BD.CE.BC

Vay DE® = BD.CE.BC

¢) Chting minh £ZCNH=2/BHM  Hp - AE
Goi giao diém cua NA véi HD la M.

Ta co:
cOS’CNH — NE. NC _ NE _ AE
NCNH NH M'H
c0S’BHM — HD. HB _ HD _ AE
HB HM HM HM
_AE AR L MH=MH
M'H MH

= M’ trung M =M, A, N thang hang

d) C6 BM//CN, BD // NE, MD // CE

= A BDM ~ A NEC = BD/NE = DM/EC

Goi I 1a giao ctia MC véi DE = DI/EI = DM/EC

Goi I 1a giao cua BN véi DE = DI'/EI’ = BD/NE

Tt (1), (2), (3) = DI/EI=DI'/EI' = Ival trung nhau
Vay BN, CM, DE dong qui.

Xét da thic g(x) = f(x) — 10x = bac ctia da thiic g(x) béng 4

Ttr gia thiét = g(1) = g(2) = g(3) = 0.

(1)
()
)

Ma g(x) cb bac 4 nén g(x) = (x — 1)(x — 2)(x — 3)(x — a) (véi a la s6 thye nao do).

= f(x) = (x — 1)(x = 2)(x — 3)(x — a) + 10x
f(8) = 7.6.5.(8 —a) +80
{f (—4) = (=5)(—6)(—7)(—4 —a) —40
= f(8) +f(4)=5.6.7.8—a+4+a)+40
Vay £(8) + f(—4) = 2560.
Dé s6 46

a) Ta co:



(V=) +2xdx+y Y 3y -3y
X x+y\/§ X=y
xlaxfy + 3y —yfy 2y 3y (Vx-y )
(«/;+\/§)(x—\/;+y) («/;—\/;)(\/;+\/;)
S sy
(R h) o
Sty Ix+ly

:3J§+3J§:3
x iy

Vay gia tri ctia biéu thitc A khdng phu thudc vao gia tri ctia bién véi x,y 20 va

X#y.

b) Ta co:

x§=(%/9+4\/§+%/9—4\/§)3

voi x,y20 va x#y

Ta co
X =9+4J§+9—4\/§+3g/(9—4\/§)(9—4\/§).xo

< x =3x,+18

o (x2-3x,-17)" =127
&(x-3x,-17)" ~1=0
o (¥ -ax-17)"" ~1=0.
Vay x_ la mot nghiém cua phwong trinh
Cau 2.
a) Xét phurong trinh x* —2mx+2m-3=0 (1)

Tathdy A'=m?-2m+3=(m-1)" +2>0 Vm.

. o, , X, +Xx,=2m
Ap dung hé thitc Vi-ét ta co:
XX, =2m-3

2 7 2(2m-3)+7
Khidé B = X, X, + B ( ) _ 4m+1

X+ +2X,X, +2 4m® +2 4m? +2

_4m’42-4m’+4m-1_ (2m-1)

B 2 2
dm- +2 dm~ +2

<1



Vay gia tri 16n nhat caa biéu thire B la 1 khi m = %

Xy’ +1=19x°

2

b) Xét phuwong trinh (I) )
Xy~ +y=-6x

Ta thdy x =0 khong théa man hé phuong trinh, suy ra x #0.

1, 1 Y Ly(1
—+y’ =19 —+y| =3=|—+y |=19
R

(I)<:> X . X X\ X
l+Y_ -6 X l —
N x[x_'_yj_ 6

v ]' 7
bat —+y=u; X=V ta co:
X X

u’-3uv=19 ul=1 u=1
= =
uv =-6 uv =-6 v=—06

1
—+y=1
Suy ra | y @{@(2+X_1:0©{(2x+1)(3x—1)=0
Y__¢ y =—6X y =—6x
X
1 1
X=—— o = —
= 2 hodc 3
y=3 y=-2

Vay hé phueong trinh (I) c6 hai nghiém [—% ;3j ; (% ;—2}

Cau 3.
a) Xétzr 1a s6 nguyén duong, ta thay
x* =x=x(x=1)(x+1)(x*+1)16 (1) (vi chita tich ciia ba s5 nguyén lién tiép)
Véi x=5q (qeZ,) thi X’ —xi5
Vé6i x=5q+1(qeZ,) thi X’ —xi5
V6i x=5q+2(qeZ,) thi x’-xi5
Suy ra X’ —xi5(2) ma (5,6)=1 (3)
Tix (1), (2), (3) suy ra x’—x 30
Xéthiéu Q-P=(aj—a, )+(a} —a, ) +(a5 —a, )+ + (a3, —ay)

Vi x> —x:30 nén Q-P:30



Ma theo bai ra P:30 nén Q:30

b) Ta co: L L 2 : = 22
J1+a® \/(1+a)(1—a+a2) (1+a)+(1—a+a2) 2+a
1 2 1 2
Tuongtutaco.mZZerZ, mzercz
1 1 1

>~ < at+b’+c*>12

Bai toan trd vé: ~+ ~+ -
2+a° 2+b° 24c¢c° 2

Ap dung bat dang thiic Cauchy cho ba s6 a?,b?,c* ¢6 a’ +b* +¢ > 3/a’b’c? =12
D&u bang xay rakhi a=b=c=2.

Cau 4.
a) Chung minh AABI &3 AAIE (g.0) A
j—é:i—fiAIZ = AFE.AB
Tuong tu AI? = AD.AC
Suy ra M

AEAB = AD.AC = AAED -« AACB cyg.c

= AED = ACB = Tt giac BCDE noi tiép.
b) Vit gidc BCDE noi tiép suy ra
ADE = ABC

ma ABC :%AOC — ADE — %AOC

o P
Vi AAOC cantai O suy ra OACZM

Suy ra ADE +QOAC =90" . Vay OA 1 DE.
¢) Goi P la giao diém caa BM va CN.

Vi 00, // MN = BOI = BON (hai goc dong vi)

180" — BO I
Do AOBI can tai O, suy ra OBl = —————

* — BON
Tuong tw OBN = M = OBI = OBN .

Suy ra ba diém B,I, N thang hang. Suy ra BN L BM.
Chttng minh twong tw ba diém C, I, M thang hang = CN 1 CM
Do dé6 I la truc tam cia APMN = PI 1 MN



Ma AI L MN nénba diém A, I, P thang hang.
Vay ba duong thang AQ, BM,CN dong quy.

Cau 5.

Caul.

Cau 2.

Goi d¢ dai hinh chi€u cua EF trén AB,CD la x,,Y,. b

Taco x,+y, >1. y E\F

Goi do6 dai hinh chiéu ctia 37 doan théng con lai trén AB la A = B
1

X,, ... Xy €N CD la y,, ...,y w

Khi d6 ta c6 (X, +X, +--+Xy4 )+ (y, +y, ++-+¥s ) 238 C

Do vay ton tai mot trong hai tong 16n hon hodc bang 19, gia st
X, +X, ++ X 219
Do d6 trén AB ton tai mot diém M thudc it nhat hai trong cac hinh chiéu trén AB.

Puong thang di qua M vuong géc véi AB la duong thang can tim.
Dé 56 47

20x-9  Jx+3 2Jx+1
x—5Jx+6 x-2 3-x

a) Ruatgonbiéu thie A=

DKXD: x#4;x#9
A=

2x-9  x+3 2Yx+1_ 2Yx-9-x+9+2x-3Vx -2 x-x-2
R NN R N (o R
_)-2) e

(-2 (r-g) s

b) Cho X,Y,z thoa man: xy+yz+zx=1.

Hay tinh gid trj biéu thirc

A= X\/W+y\/(l+ 22)(12-|- x?) +Z\/(1+ X2)(12+ v?)
(1+x%) d+y) 1+12%)

Ta c: xy+yz+2x=11+X =Xy + yz+2X+X* = Y (X+2)+X(X+2) =(X+2)(x+Y)

Tuong tu: 1+y* =(y+2z)(y+x), 1+2° =(z+x)(z+Y)

Thay cac két qua trén vao biéu thiec A d€ tinh.

012

a) Chohams&: f(x)=(x*+12x-31)

Tinh f(a) tai a=316—8V5 +3/16+85



Tir a=316-85 +316+85
= a° =32+3§/(16—8\/§)(16+8\/§)[3/16+8\/§+§/16—8\/§} ~32-12a nén

a®+12a=32.
Vay f(a)=1.

b) Tim s8 tg nhién n sao cho n*+17 1a s& chinh phwong?
k-n=1

=n=8
k+n=17

Giast: n*+17=k> (keN)va k>n = (k—n)(k+n)=17<:>{
Vay véi n =8 thoa man yéu cau bai toan.

Cau3. a)DK: —4<x<1
ma$ﬁmnng2vé1—x+4+x+24@—xX4+x)=9¢> @-x)(4+x) =2

x=0
¢34—3x—x2:4¢3xa+3):0c3{x_ 3(&©anﬁn)

Vay phuong trinh c6 2 nghiém: x=0;x=-3.
b) x*+4x+5=2y2x+3

DKXD: x > _?3

x2+4x+5:242x+3<:(x2+2x+ﬂ+{2x+3—242x+3+&)=0

2 X+1=0
o (x+1)7 +(2x+3-1) =0 — x=-1 (thoa man DK
( ) ( ) {m:l ( Oa man )

Vay phuong trinh ¢6 nghiém duy nhat x=-1.
Cau 4.

a) Tim X;y thdéa man: Z(X\/y—4+y«/x—4):xy

DK: x>4;y>4.Ta co:
2(»Jy—4+ny—4)=xyc>XZJYTZ+yZJYjZ=xy
Xét VP = x2.[y—4 +y.2./x—4

Theo BDT Cosi: 2./y—4 £4+—)2/_4=%;2\/x—4 < 4“2‘_4 =§

Vay VP <xy=VT
Jx-4=2
Jy—4=2

b) Cho a;b;c la cac s8 thudc doan [-12] théa man: @’ +b®+c*=6.

Dau “=" xay ra khi va chi khi { = X =Yy =8 khi (théa man DK)

Hay ching minh rang: a+b+c>0



Do a;b;c 1a cac s6 thudc doan [-1;,2] nén a+1>0,a-2<0 nén (a+1)(a-2)<0

Hay a’-—a-2<0=a’<a+2

Tuong tw b*><b+2: c?<c+2.

Do d6 a*+b*+c? <a+b+c+6. Ma theo dé bai a*+b*+c* =6nén a+b+c>0
Cau 5. a) St dung dinh ly Pytago: A

AC®+CB*-BA’  AK’+KC?+(BK +CK)? - AB®
CB?+BA*—~AC? (BK +CK)?*+BA?—(AK +KC)?

_ 2CK?+2BK.CK 2CK(CK+BK) CK b
2BK?+2BK.CK 2BK(BK +CK) BK E
b) Ta c6 tanB:&;tanC:&
BK CK
2 B
nén tanBtanC = AK (1) “
BK.CK
ey . . KC
Mat khac ta ¢6 B=HKC ma tan HKC :m

Neén tanB = &
KH

Tuong ty tanC = K8 Do 6 tanB.tanC = &KZC (2)
KH KH

Tir (1) va (2) = (tanB.tanC)’ :(%T

Theo gia thiét HK = % AK nén tanB.tanC =3
, : \ " S, (ABY
¢) Ta chiing minh dugc: AABC va AADE ddng dang vay: s =\ 3)
ADE

Ma BAC=60°nén ABD =30°= AB=2AD (4)

Tw (3) va (4) ta co: Swec _ 4=S,,: =30 (cm?)
ADE

Dé s6 48

Caul.
DKXD: x>0;x#=4,x=9 (%)
1)Ratgon M : VGix > 0;x # 4;x # 9

M:{\/;+1—\/;J_[«/;+3_\/;+2+ X +2
Y+l ) [Vx-2 -3 (Sx-2)(x-3)




1| (X3 -3)-(x=2)(x +2) + (Yx +2)
Vx+1 Wx-2)(x-3)

1 Xx—9-(x—4)+Jx+2

T (X-2)X-3)

R

_\/;+1

oo Nx=2 ]

VayM—\&Jrl (voi x20;x=4,x=9) (%)

Z)M:&—2:&+1—3=\/§+1_ 3 _, 3
Ix+1 Ix+1 IX+1 Jx+1 Ix+1

Bidu thitc M c6 gia tri nguyén khi va chi khi: 3:yx +1< X +1e UQ3)
UB)e{#L+3 } Vi x20=>x>0=/x+1>1

Nén x +1e{1;3} Xay ra cac trudng hop sau:
JXx+1=1/x =0 x=0 (TMPK (%))

X +1=3/x =2 < x=4 (khong TMDK (*) loai )

Vay x=0thi M nhan gia tri nguyeén.

b)

x=\/6+2\/§.\/3—\/\/§+2\/§+«/18—8\/_ -3

C6 V18—82 =/(4—~/2)? =[a-v2|=4-V2

\/\/§+2\/§+4—\/§ :\/2\/§+4:\/(\/§+1)2 :‘\/§+#

x:\/6+2\/§.\/3—\/§—1—\/§:\/6+2\/§.\/2—\/§—\/§:x/6+2\/4—2\/§—\/§
x=\6+2J(3-1)? —V3=\6+23-1-3=1/4+2/3 3
X =+ (V3 +1)? —ﬁ:‘ﬁ+q—ﬁ:ﬁ+l—@:1

Véi x=1.Ta cd P =3.1"" +5.1°" + 2006 = 3+ 5+ 2006 = 2014
Vay véi x=1thi P=2014.
Cau2. a) (x+3)(x+6)(x+4)(x+5)=24 < (x*+9x+18)(x*+9x+20)=24 (1)

Dat x* +9x+19 = y phuong trinh (1) trd thanh :
(y+1)(y-1)-24=0<y*-25=0<(y-5)(y+5)=0
<:>(x2 +9x+24)(x2 +9x+14):0

& (x+2)(x+7)(x* +9x+24) =0



<:>(x+2)(x+7)(x2 +9x+24):0
Chting to x* +9x+24 >0
Vay nghiém cta phuong trinh : x=-2;x=-7.
b) Ta cd 2x—x* —1=—(x* =2x+1) =—(x-1)* <0
Phuong trinh trd thanh : 2x—x* —1=x* —2x+1 <> x=1
Vay nghiém cua phuwong trinh : x=1.

Cau3. a) (1,0 diém)

4.4 2.,2
X“y X“y
XY+1 (xy+1j ( 1]2
Xy
Ta co: xy+—— xy+i +1—
Xy 16xy ) 16xy

2 2 4 xy 16xy “16 4 16xy 4

1 1 15 1 15 17
Te(1)va2) =| xy+— |=| xy+—— = ,
wl)va @ [y xyj [xy 16xy] 16xy 2 4 4

2 2
VéyMz[xwij Z(zj _ 289
Xy 4 16
1 1
i“" II Xy:— Xy=_ 1 M

Dau “=" xay ra< 16xy < 4<:>x=y=§ (Vi x,y>0)

X=Yy X=Yy

Vay Min,, :% taix:y:%

b) (1,0 diém)

ApdungBDT 1+1>_(V(y1 ab>0):>i<1 1+1
a b a+ a+b 4\a b

Ta cé:

1 1 1 1 1
= <= +
3x+3y+2z  (2x+y+2z)+(x+2y+2) 4[2x+y+z x+2y+zj

1 1 1 111 1 1 1 1
<= + <=|= + + +
4[(x+y)+(x+z) (x+y)+(y+z):| 4{4(x+y X+Z X+Y y+zﬂ

1( 2 1 1
<— + +
16\ Xx+y X+z y+z




1 1( 2 1 1
Tuwong ty: ————— < — + +
3X+2y+3z 16\ x+z X+y y+z

1 <i 2 N 1 1
2x+3y+3z 16\ y+z X+y X+2

Cong vé theo V€, ta co:

1 N 1 N 1 1( 4 N 4 N 4
3X+3y+2z 3X+2y+3z 2x+3y+3z 16\ X+Yy X+zZ Yy+z

4( 1 1 1 1 3
<— + + =—6=—
16\ X+y X+z y+z

Cau 4.

1) BAla duong cao cua tam gidc BPQsuy ra H thudc BA.

N&i OE, ABEF vudng tai B; BAL EF nén AB? = AE.AF .
AE AB AE AB AE AB

=>—= 2T "1 "= a" 10
AB AF 1,. 1,07 0A AQ

Vay AAEO ~ AABQ (c.g.c). Suy ra ABQ = AEO ma ABQ =P, (gdc co cac canh
tuwong tng vudng goc) nén AEO = P, ma hai goc dong vi.

Trong AAEO c6 PE = PA (gia thiét); PH//OE suy ra H la trung diém cua OA.
2) Ta co:

P =sin’ & +cos® o = (sin’ a)3 +(cos? a)3

P =(sin &+ cos” &) [ sin* & —sin” azcos” & +cos* a |

P= (sin2 a +cos’ a)2 —3sin® acos’ @ =1-3sin’ e cos’

Ta co:

. 0 2 )2 . 0 2 . 0 2 . 0 2 1
SIN“a+Ccos”“ ) >24sin“acos” a < 1>4sin“ o Cos” a <> SIN” ¢ COS asz

Suy ra: P =1-3sin*acos’ o >1—

Mlw
Nl



Do dé: P :% Khi va chi khi: sin® @ = cos? & <> sina = cosa (vi @ 1a goc nhon)

sina
=

COSsa
Khi d6 CD vudng goc voi AB.
3) Ta c6 AACBva AADB ndi ti€p duong tron (O) ¢6 AB la duong kinh nén

=leotga=1= a=45°

ACB=ADB=90° = ADBC la hinh chi* nhat.

Ta co: CD* = AB? = AE.AF

= CD* = AB* = AE>.AF’ = (EC.EB).(DF.BF ) =(EC.DF).(EB.BF ) = EC.DF.AB.EF
— AB® =CE.DF.EF

Vay CD® =CE.DF.EF

BE’ EAEF AE _ BE' AE’ CEBE BE’ CE

Ta co: = = = = = = _
BF? FAEF AF _BF’ AF’ DFBF _BF° DF

Cau5. Gid st n*+n’+11as§ chinh phuong vi n*+n°+1>n* = (n?)
= n*+n®+1=(n? +k) =n* +2kn® +k? (ke V')
=n’-2kn* =k* -1=n’(n-2k)=k*-1>0
Ma k? -1:n> = k® =1hoac n’ <k?-1
Néu k’ =1=k=1=n’(n-2)=0=n=2
Thirlai 2* +2° +1=5" (thda man)

Khi k#1=k*>k*-1>n*=k>n
= n—2k <0 mau thuan v¢i diéu kién n?(n-2k)=k*-1=0.
Vay n=2.
Dé s3 49
Caul. Khong mat tinh tong quat, gia st p<q.
Truong hop 1: p=2
= p(p+3)=2(2+3)=25=10
=10+q(g+3)=n(n+3)
©10=n’+3n-q° -3q=(n"-q*)+(3n—-3q)
<10=(n—q)(n+0q)+3(n—q)
<10=(n-q)(n+q+3)
Vi p(p+3)+q(gq+3)=n(n+3) ma p; q; n la cdc s6 nguyén duong
=n>0q=2.
=>n+q+3>2+2+3=7

Ma 10=1.10=25



n+q+3=10 n+q=7 n=4
= = &
n-q=1 n-q=1

So v6i diéu kién thoa man.

Vay bo ba s6 nguyén duong ( p;q;n) can tim la (2;3;4).

Treong hop 2: p=3
= p(p+3)=3.(3+3)=3.6=18
=18+q(q+3)=n(n+3)<18=n’+3n-g°-3q=(n*-q*)+(3n-30)

<18=(n—-q)(n+q)+3(n-q)

<18=(n—-q)(n+q+3)
Vi p(p+3)+0q(gq+3)=n(n+3) ma p; g; n la cac s6 nguyén duong =n>q=3.
=>n+q+3>3+3+3=9
Ma 18=1.18=29=3.6

n+q+3=18 n+q=15 n==8
= = =
n-q=1 n-q=1 q=7

So v6i diéu kién thoa man.
Vay b ba s6 nguyén duong (p;q;n) can tim la (3;7;8).
Trueong hop 3: p>3
Ta sé chiing minh vdi 1 s6 nguyén a bat ki khong chia hét cho 3 thi tich a(a+3)
ludn chia 3 dw 1.
That vay:
Néu a:3dul =>a=3k+1=a+3=3k+4
=a(a+3)=(3k+1)(3k+4)=9k* +15k +4:3 dw 1.
Néu a:3du2 =>a=3k+2=a+3=3k+5
=a(a+3)=(3k+2)(3k+5)=9k*+21k +10:3 dw 1.
Tré lai bai toan chinh:
Vig>p>3=p13q13.
= p(p+3)+q(q+3):3 du 2.
Ma n(n+3):3 du 1 (néu nt3) hodc n(n+3):3 néu n:3.
= p(p+3)+aq(q+3)=n(n+3)
Suy ra khong c6 bd ba s6 nguyén dwong ( p;g;n) thoa man yéu cau bai toan.
Cau2. Via, b, ¢ labanghiém cua phuong trinh
2x° —9x* +6x-1=0
Khi phan tich da thiec 2x° —9x* +6x—1 ra thira s8 ta duoc:



2x° —9x* +6x—1=2(x—a)(x—b)(x—c)
< (x—a)(x—b)(x—c)= x3—§x2 +3x—%

2

c>x3—(a+b+c)x2+(ab+bc+ca)x—abc:x3—%x +3x—%

a+b+c:g

< <lab+bc+ca=3

abc:1
2

2 K2, A2 2 9 ? 57
=a’+b*+c* =(a+b+c) —2(ab+bc+ca)= > —2.3:?

Tinh a’’+b%*c?+c?a’:
a’b? +b’c? +c%a® = (ab+bc+ca)’ —2(ab-bc+bc-ca+ca-ab)
< a%h? +b%c? +¢%a® = (ab+bc+ca)’ —2abc(a+b+c)
= a’b*+b’c*+c’a’ =3 -2.2. ==
Tinh a°®+b°+c’:
a®+b°+c’ =(a+b+c)(a’ +b* +c” —ab—bc—ca)+3abc

:>a3+b3+c3:g ST glyg.l 47
2\ 4 2 8

Vay:
a+b+c=g
2

ab+bc+ca=3

abc:l
2

2 +b? 42 =2t
4
a’b? +b%c? +c%a’? =%

a3+b3+c3:%7

Khi d6 ta cé:
a’—-bh® b°-c® c°-a
= + +
a-b b-c c—a
S =(a4 +a’h+a’h? +ab3+b“)+(b“+b3c+bzc2 +bc3+c4)

5 5

+(c4 +cla+c’a’+ca’ +a4)



Cau 3.

< S =2a"+2b*+2c* +a’h+b’a+b’c+c+a’c+c’a+a’h® +b’*c? +ca’

e S=(a'+b" +c* +2a%* + 20°c* +2¢’a° ) +(a* +a’b+a’c)+(b* +b’a+b’c)
+(c* +c’a+c’h)—(a’h? +b’c’ +c%a’)

e S=(a’+b’ +c2)2 +a*(a+b+c)+b’(a+b+c)+c’(a+b+c)

~(a’h® +b%c* +c’a’)

&S :(a2+b2+c2)2+(a3+b3+c3)(a+b+c)—(a2b2+b2c2+c2a2)

2 8 2 8

(57)2 9 417 9 3465
S: —_— + =

4

1. Chting minh rang t& giac BCAI ndi tiép.

Dé dang chiing minh t gidc AIFH ndi tiép va ti gidc AFHE ndi tiép

= 5diém A, F, H, E, | cung thudéc mét duong tron.

= t& gidc AIFE noi tiép.

— GI.GA=GF GE (1).

Dé dang ching minh tt gidc BFEC noi tiép = GF.GE =GB.GC (2).

Tt (1) va (2) suy ra: GLGA=GB.GC = tit giac BCAI noi tiép (diéu phai chiing
minh).

2. Chting minh GH L AM.

Goi (O) la dwong tron ngoai ti€p AABC. Ké duong kinh AA' ctia (O).

Vi ¢ giac BCAI la tt gidc ndi tiép = |1 €(0) = AIA'=90° = A'l L Al hay
Al L AG.

Ma HI L AG (gia thiét) = Al =HI = A, |, H thing hang.

Ma dé dang chttng minh dwoc A'H di qua trung diém M cta BC (& giac
BHCA' 1a hinh binh hanh).



=M, I, H th:fmg hang.

Xét AAGM c6: AD L AM, MI L AG va AD cat MI tai H.
= H Ia tryc tam caa tam giac AGM.

=GH L AM

Suy ra diéu phai chtng minh.
Cau 4. Truong hop 1: Néu ton tai mot trong ba s6 a, b, ¢ thudc ntra khoang (0; ﬂ thi ta

1
a2

1
a 2

6+t >9=(a+b+c)’ >a?+b*+c?. Khi d6 bat ding thirc can chiing minh

dung.

Truong hop 2: a>l; b>l; c>l ta co a+b+(::3>a+l+l:>a<Z twong tu
3 3 3 3 3 3
b<Z;C<Z.Véy ab;ce lz .
3 3 33
. T 1.7
Ta chitng minh = -x*>-4x+4 Vxe §'§ . ().
X

That vay

(*) ©1-x' 24 +4x* & X' —4x° +4x* ~1<0 < (x-1) (X’ —2x-1) <0

& (x-1)"((x-1)" ~2) =0 ludn diing v VXE(E;ZJ.

33
N 1 1 .
Vay —-a">-4a+4; —-b°>2-4b+4; = —-c°>-4c+4.
a b C
Ttr dé LEMEINE ?—b?-c*>-4(a+b 12=0
trddsuyra 5+ 5+g-a —b'-c>- (a+b+c)+12=
1 1 2 2 2
:>—2+F+—22a +b”+c¢” (dpcm).
a

D&u “=" xay ra khi va chi khi a=b=c=1.
Cau5. Gia stt khong c6 2 diém nao trong méat phang duoc td cing mau ma khoang cach
gitta chuing la 1 don vi d¢ dai.
Xét mot diém O bat ky c6 mau vang trén mat phang.

Vé duong tron (0,/3). Lay mot diém P bt ky trén (O).

Dung hinh thoi OAPB cé canh bang 1 va c6 duong chéo 1a OP.

Dé thdy OA=0B=AB=AC =BC=1.

Theo gia thiét, A, B phai td khac mau vang va khac mau nhau.

Do d6 P phai td vang. Ttr day suy ra tat ca cac diém trén (O ) phai to vang. Diéu
nay trai véi gia thiét vi dé thay ton tai hai diém trén (O) ¢ khoang cach 1 don vi
do dai.



P/s: S6 1 c6 thé dwgc thay boi bat ky so thwee duong nao.

Pé s6 50

Phin tric nghiém.
Moi cau ding cho 0,5 diém
Cau 1 2 3
Dap an D A

Phan tw luin.
Caul.
a) Tinh A =6—+11—6++11

Nhan xét A<0

=(\/6—2\/1_1—\/6+2\/1_1)2 =6—\/1_1+6+\/1_1—2\/(6—\/1_1)(6+\/1_1)
_12-236-11=12-25=2

Suyra A= 2
(vi A<0)

voi X>0; x =4
X x+1 X— \/;+1 j( )

_2x+1—&(&+1) . (x+2 J_ 2
_(«/;+1)(x—\/;+1)'

(R (R 2)= 5 2

2x+1 A N

b) Ratgon P = [

X+1 (X—\/;—Z)

x +1 X +1)

1
\/;+1

x<4 X <4
{ = X<4

- PJA-x <0
X< Q{(&—z)\M—x <07 |Jx <2
Két hgp voi diéu kién ta c6 0<x <4 la cac gia tri can tim.
Cau 2.
Diéu kién x> -8
< (4x+2)Ix+8=3x*+7x+8
<:>x+8—3x.\/x+8—(x+2)\/x+8+3x(x+2):0
+8(\x+8-3x)—(x+2)(Vx+8-3x)=0
<:>(\/x+8—x—2)(\/x+8—3x):

x+8=x+2 (1)
TlTEen (2



Giai phurong trinh (1) va tim dwoc x =1 la mot nghiém ctia phuwong trinh da cho.
Giai phurong trinh (2 va tim dwoc x =1 la mot nghiém ctia phuong trinh da cho
Két luan: Phuong trinh da cho ¢c6 mot nghiém la x = 1.
Cau 3.
a)Toa do giao diém A cua (d1) va (dz) 1a nghiém cua hé phwong trinh
{x -3y+5=0
X+2y-5=0
Giai hé phuong trinh ta dwocx =1; y =2.
Vay hai duong thang cat nhau tai A (1; 2).
b) Ba dwong thing cat nhau tai mot diém suy ra (ds) di qua A.
—m?-1+32-5-2m=0= m(m—2)=o:mf2
Véim =0 thi (ds) c6 dang x—3y+5=0 trung vdi (d1) (loai)
Vay m =2 la gia tri can tim.
Cau 4.

1) Chitng minh t& giac BHCF la hinh binh hanh
+ V1A ACK noi tiép duong tron (O) duong kinh AK nén A ACK vuong tai C
+SuyraKC L AC
Tac6 BE L AC (gt)
+Suy ra KC // BE hay KC // BH
+ Chttng minh tuwong tw ta ¢6 KB // CH
+ Két luan t gidc BHCK la hinh binh hanh
2) Chitng minh 3 diém H, M, K thang hang
+ Chiing minh M la trung diém cua BC
+ Ta ¢6 t¢ gidc BHCK 1a hinh binh hanh (cmt). Suy ra 2 dwong chéo BC va HK cat
nhau tai trung diém ctia mdi duong.

Ma M la trung diém cta BC (cmt)



Suy ra M cling la trung diém cta HK
+Suy ra 3 diém H, M, K thang hang
Chitng minh Sanc = 2Saco
+ViM la trung diém ctia BC (cmt). Suy ra AM la dwong trung tuyén caa A ABC
+ A ABC ¢6 AM la duwong trung tuyén, G la trong tam (gt)

Suy ra G thuoc doan AM, AG = %AM

+ViM la trung diém ctia HK (cmt)

Suy ra AAHK ¢6 AM 1a duong trung tuyén. Ma G thudc doan AM, AG = %AM

(cmt). Suy ra G la trong tam caa A AHK

+ Chtrng minh HO di qua G, HG =2GO

+ AAHG va A AGO c6 chung duong cao ké tir A dén HO, HG = 2GO
Do d6 Sanc=2Saco

AD BE  CF
2) Chéng minh —+—+—>9
) 8 HD  HF  HF-
ipec lHEAc lHFAB
HD HE HF '/ DBC SHEAC ZHF

Tacdh: —+—+——= + T
AD BE CF ;AD.BC ;BE.BC ;CE.AB

_ Shec + Shiac + Stiap

SABC SABC SABC
SHBC +SHAC +SHAB — SABC =1

SABC ABC

+ Chttng minh bai toan phu:

Chox>0,y>0,z>0.ChL’rngminhréng X+Yy+z [E-i—i-l—1 >9
Xy

z

Ta cé:

X+Y+Z | S+ =344+ [+ S+ |+ =+
X Yy z y x) (z x
2 2 2 2 2 2
X“+y L X +z 2 +y
Xy Xz zy

=34+

2 2 2
X — +2X Z—X 42Xz Z— +2yz
y y+ n y y

Xy ZX yz
2

=3+

X—y’ z-x° z-y
=34+2+242+ + + >9
Xy zX yz




. Cx-ytozext 2y
1vol1x>0, , Z 1 =V 2V, =
(V. >0,y>0,z>0th >0; >0; >0)

Xy ZX yz

Céch 2: St dung x+y+2z>3¥xyz tacd 14—14— >33i suy ra
y z V&a
1

11
X+y+z [Z+=+=
Xy

+ Ap dung két qua bai toan trén ta c6

HD A HE HF)(AD A BE  CF . HD HE  HF
[ +—+ ][—+—+—]>9.M

— > — +—=1 (cmt)
AD BE CF)(HD HE HF AD  BE CF

AD BE CF
Dod6 —+—+—

HD * HF * HF -

Cau 5.

Diéu kién: XZ1 ; y=0

& (Vlefy) =9 V2x1+\y =3 o J2x1=3-Jy ()
Thay vao (2)
JBy+4—2y+1-2(,[y -2)-1=0
< By +4-4)-(2y+1-3)-2(Jy-2)=0
- 3y+4-16 2y+1-9 Y y—4
J3y+1+4  J2y+1+3 \/_+2

o (y-4) 3 B 2 2 0
Y 'wBy+l+4 2y+1+3 (Jy+2
y—4=0
= 3 2 2
= + 3
J3y+1l+4 [J2y+1+3 Jy+2 )
Véiy=4tacox=1

T (*)suyray < 9suyra \/_2 2 L

+ > — . Vay phuong trinh (3) vO nghiém
2yiie3 Jys2 2 Ay P g 3) ghie

Két luan nghiém caa hé (x;y)=(1;4)






