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Chu 1. (2,0 difm) Cho bidu thirc A=[X&-l "J;“J; 2% —dvx +2 (v6i x>0,x w1)

X-vX  X+VX x-1

a) Rut gon biéu thirc A,

b) Tim céc s6 nguyén x d& biéu thic A c6 gid trj nguyén,
Chu 2, (2,0 di¢m)

a) Giai phuong trinh V3x +1++2-x =3,

b) Tim m d& phuong trinh x*+2x+m=0 c6 hai nghiém phén biétx,, x,théa
mén 3x,+2x, =1.

Céu 3. (2,0 diém)

a) Tim nghiém nguyén diong cia phuong trinh (x+1)(y +1) =6,

b) Tim tét c& céc sb ty nhién n sao cho (2n+1)’+1 chia hét cho 22,

¢) Cho céc sé thye a,b,c thay abi, chimg minh ring: a? +b? +¢? 2 ab+be +ca.

d) Cho céc sb thyc: b, 2b, >0; 8, 2bj; 8,8, 2b;b, . Chimg minh ring: 8, +a, 2 b, +b,.
Ciu 4. (3,0 diém)

ChoA,B 12 hai diém c6 djnh ndm trén dudmg trdn tm O, bén kinh R =2. Gia sir C 12
diém cd dinh trén tia d6i cia tia BA sao cho CO=4, Mot cét tuyén thay ddi qua C cit dudmg trdn
(O) tai D va E (D nim gitva C, E).

8) Chimg minh riing: CD.CE=12.

b) Céc dudmg trdn ngogi tiép cdc tam gide BCD va ACE céit nhau tai giso diém thir hai M.,
Biét riing bén diém O,B,M,E tgo thnh ti gidc OBME. Chimg minh ring: T gifc OBME noi tiép,

¢)Khi M di chuyén, chimg minh ring: MO . MC <8.
Céu 5. (1,0 diém)

Anh Nam 14 mt vin dgng viéa choi cd. B luyén t4p, mBi ngdy anh choi it nhét mot vén.
Pé khoi mét, m3i tuln anh choi khong qué 12 van, Chimg minh ring tdn tai mdt sb ngdy lién tiép
trong 46 anh choi dlng 20 vén,
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1 De bai
Bai 1: Cho biéu thiic:

(/e =1 ayr+1\ 22 —-4yx+2
A_(x—\/f_x—l—\/f)' (x>0, #1)

r—1

a) Rit gon biéu thitc A.
b) Tim cac s6 nguyén x dé biéu thitc A nhan gia tri nguyén.

Bai 2:
a) Giai phuong trinh v/3z + 1+ /2 — 2 = 3.
b) Tim m dé phuong trinh 22 + 22 + m c6 hai nghiém z;, z» phan biét thoa man: 3z, + 2z, = 1.

Bai 3:
a) Tim nghiém nguyén duong ctia phuong trinh (x + 1)(y + 1) = 6.
b) Tim tat c& cac s tu nhién n sao cho (2n + 1) + 1 chia hét cho 22024,
c¢) Cho cac sb thic a,b,c thay doi. Chiing minh ring: a® + b? 4+ ¢ > ab + be + ca.
d) Cho cac s6 thuc by > by > 0;a; > bi;ajas > biby. Chitng minh réng: a; + ag > by + by.

Bai 4: Cho A, B la hai diém ¢6 dinh nim tren duong tron tam O, ban kinh R = 2. Gia sit C
1 diém cb dinh trén tia déi ciia tia BA sao cho CO = 4. Mot cat tuyén thay doi qua C' cit dudng
tron (O) tai D va E (D nam gita C va E).
a) Chitng minh rang: CD.CE = 12.
b) Cac dudng tron ngoai tiép cic tam gidc BC'D va ACE cat nhau tai giao diém thit hai M. Biét
rang bén diém O, B, M, E tao thanh t giac OBM E. Chitng minh ring: Tt giac OBM E noi tiép.
c¢) Khi M di chuyén, chiing minh ring: MO.MC < 8.

Bai 5: Anh Nam ld mot van dong vién choi cd. Dé luyén tap, mdi ngay anh choi it nhat mot
van. Dé khéi mét, mdi tuan anh choi khong quéa 12 van. Chitng minh ring ton tai mot s6 ngay lién
tiép trong d6 anh choi ding 20 van.



2 Loi giai
Bai 1: Cho biéu thiic:

(r/r—1 xr+1\ 20-4/x+2
A_<x—\/f_x+\/5>' (x>0, #1)

r—1

a) Riit gon biéu thiic A.
b) Tim céc s6 nguyén x dé biéu thiic A nhan gia tri nguyen.

1 1\ 2z — 47 +2
Loi gidi. a)Tacé:A=<‘” o1 wrt ): vodvTs

r—+x  x+ T r—1
:ﬁ54m+ﬁ+njﬁ+vaﬂ®} 2z =)
Va(yz —1) Va(yz +1) (Ve -1D(Vr+1)
:(:1:4—\/5—1—1_:1:—\/5—1—1).2(\/5—1)
v VT RVEE
o WVrHl o+l
2(Vr-1) Vr-1
o VT4l Jr—142 2
b)Taco.A—\/E_l— o1 —1+ﬁ.
Dé biéu thiic A nhan gia tri nguyén thi /= —1 13 u6c ctia 2. Chi y ring z > Onén /z—1 > —1.
Suy ra Vo — 1€ {1,2} <= z € {4,9}. O
Bai 2:

a) Giai phuong trinh v/3z + 1+ V2 — 2 = 3.

—1
Lai giai. a) DKXD: 3 <z <2

Taco: V3r+1+v2—2=3 < (V3r+1+v2-12) =9

= 204+3+2/Bx+1)(2—2)=9

— /Br+1)@2-2)=3-2

—1
— Br+1)(2—2)=B3-1) (D0?§x§2nén3—m20)



= 322 +5x+2=2>—-62+9

— 422 —11z+7=0

<= € {1, Z} (Thit lai déu thoéa man).
[l

b) Tim m dé phuong trinh 22 + 22 +m c6 hai nghiém x, 5 phan biét théa man: 3z, + 2z, = 1.

Loi gidgi. Xét A’ = 1 —m. Dé phuong trinh da cho c6 hai nghiém z;, xo phan biét thi A’ > 0 <=
m < 1.

T+ Ty = —2(1)

Theo dinh 1i Viete ta c6:
x19 = m(2)

Ta ¢6 3z1 + 2x5 = 1(3). Giai he phuong trinh gom (1) va (3) ta thu duge z; = bvry = —7.
Thay vao (3) ta dugc:

m = T2y = —35

Déi chiéu diéu kién ta thay théa man. Vay m = —35 1a dap sb clia bai toan. O
Bai 3:

a) Tim nghiém nguyén duong ctia phuong trinh (z + 1)(y + 1) = 6.

Loi gidi. Vi x,y 1a cac s6 nguyén duong nén x +1 > 2 va y + 1 > 2. Do do:

5 r+1=2 5 r+1=3
ho#c hoac
y+1=3 y+1=2
—1 -9
Hay v hoac v O
y=2 y=1

b) Tim tat ca cac sd tur nhién n sao cho (2n + 1)3 + 1 chia hét cho 22924,

Loi gidi. V6i cac sd nguyen a, b, ky hieu b | a nghia la a chia hét cho b hoac b 1a udc cia a.

Taco: 2n+ 1P +1=2n+2)[2n+1)> — 2n+ 1)+ 1] =2(n+ 1)(4n* 4+ 2n +1).



Chi y rang 4n? + 2n + 1 1a s6 18 v6i moi s6 tu nhién n nén dé (2n + 1)® 4 1 chia hét cho 220%
thi 2202 2(n + 1) <= 2298 | p 41 = n=2"%k 1 (keZ,). O

c¢) Cho cac sb thiec a,b,c thay d6i. Chiing minh ring: a® + b® + ¢? > ab + be + ca.

Loi gidi. Ta c6: a® + b* + ¢ > ab + be + ca.
<= 2(a®+b* +c*) > 2(ab + bc + ca)

< (a® —2ab+ b*) + (b* — 2bc + ) + (¢* — 2ca + a*) > 0

— (a—b*+(b—-c)P+(c—a)’>0
Diu” =" xdyra < a=b=c
d) Cho cac sb thue by > by > O, a; > bl, a1as > biby. Chfmg minh réng: ay + ag > by + bs.

Loi gidi. Trude hét, ta c6 bo dé sau:

Bo6 dé(Khai trién Abel): Vi bon s6 thic 1, 29, 1, y» bat ki thi luon cé:

T1y1 + ay2 = (11 — T2)y1 + T2(y1 + y2)
Déng thitc trén 13 hién nhién, ta chi can khai trién vé phai dé dang thu dudc vé trai.

Tré lai bai toan, ta c6: a; + as > by + by

< (al—b1)+(a2—b2)20

Ap dung B6 dé tren ta co:

aq a9 a1 aq a2
by | ——1 b | =—1)=(by =0 — -1 by | —+-—= -2 1
1(bl )+2(b2 ) (b 2)<b1 >+2(b1+b2 > @



Chua 5/' I'?ng tu bl > b2 va a, > bl nén (bl — bg) <% — 1) >0 (2)
1

Mit khac, ap dung bdt AM-GM ta c6 il + 2 _ 959

by by - b1bs
aq (05}
bo | —4+—=2—=21 >0 (3).
2(51%2 )_ 3)

Két hop (2) va (3), ta c6 dang thite (1) luon khong am. Bai toan duge chitng minh.

Dau” =" xdy ra <= a; = as = by = bs.

]

Bai 4: Cho A, B 1a hai diém ¢6 dinh ndm trén duong tron tam O, ban kinh R = 2. Gia si C
la diém cb dinh trén tia déi ciia tia BA sao cho CO = 4. Mot cat tuyén thay doi qua C' cat duong
tron (O) tai D va E (D nam gita C' va E).

a) Chitng minh rang: CD.CE = 12.

b) Céc duong tron ngoai tiép cac tam giac BC'D va ACE cit nhau tai giao diém thit hai M. Biét
ring bon diém O, B, M, E tao thanh tit giac OBM E. Chitng minh ring: Tt giac OBM E noi tiép.
c¢) Khi M di chuyén, chiing minh ring: MO.MC < 8.




Loi gidi. a) Dung C'H la tiép tuyén ctia C' véi (O). Khi d6: ACHD ~ ACEH (g.g) cho nén

CH CFE
D= CH hay CE.CD = CH?. Mat khac, ACHO vuong tai H nén theo Dinh Iy Pythagoras:

CH?+ OH? = CO? nén CH? = CO® — OH? = 42 — 22 = 12. Vay OD.CE = 12

b) Ta co:

BME = CME — CMB = 180° — BAE — CMB = 180° — BAE — BDC = 180° — 2BAE
Ma 2BAE = BOE nén ti gisac OBME la ti giac noi tiép

c) Ta c6: OMC = BMC + OMB = BDC + OEB = BAE + OEB = 90°

Do d6, AOMC vuong tai M néen OM? + MC? = OC? = 16. Ap dung bat déng thitc Cauchy
ta dugc: 16 = OM? + MC? > 2.MC.OM hay MO.MC < 8 O

Bai 5: Anh Nam 13 mot van dong vien choi c6. Dé luyén tap, méi ngay anh choi it nhat mot van.
Dé khéi mét, mdi tuan anh choi khong qua 12 van. Chitng minh rang ton tai mot s6 ngay lién tiép
trong d6 anh choi dang 20 van.

Loi gidi. Goi a; 14 s6 van ¢d ma anh Nam choi trong ngay thit ¢, i € N*, a; > 1. Khong mat tinh
tong quat gia sit anh Nam choi ngay dau tien 1a dau tuan.

Theo dé bai, méi tuan anh Nam choi khong qui 12 van nén arp1 + arpps + ... + arppr < 12 véi
Vk € N.

Dét Sn:Zaj=a1+a2+...+an.

j=1

V6i moi cap ]{?,l nguyeéen du’dng, k > l, thi Sy =5, + a1 + Qo+ ap—1 +ag > Si+k—-101>5
Do do6 Sk > S; khi va chi khi k& > [.

Xét 3 tuan dau tién, tic 21 ngay lién tiép, khi d6 tong s6 van da choi khong qua 36 van do
21

mdi tuan khong qué 12 vén, hay Sy = Y a; < 36
j=1

Do d(), Sl < SQ < ... < SQ() < Sgl <= 36

Do 51,5, ..., 89 déu la s6 nguyén duong, nén theo nguyén ly Dirichlet ton tai 2 cap S, va



S; trong 21 s6 nay ma 2 s6 nay cung so6 du khi chia cho 20. Khi d6 S, — S; sé chia hét cho
20, mat khéc, S, S € {1,2,...,36} néen Sy — S, € {1,2,...,35} nén né chi c6 thé bang 20. Ma
Sy — S; = aj11 + ajpo + ... + a, = 20 cho nén tit ngay thit [ + 1 dén ngay thit k& thi anh choi dung
20 tran va ta c6 diéu phai chitng minh. O
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