SO GIAO DUC VA DAO TAO  KY THI CHQON HQC SINH G101 LOP 9 CAP THANH PHO

HA NQI NAM HOC 2022 - 2023
PE CHINH THUC Mon: TOAN

Ngdy thi: 08 thdng 01 nam 2023
Thoi gian [am bai: 150 phut

Bai 1 (5,0 diém)
1) Gii phuong trinh Vx* +2x+6 +x* = J2x+2-x+3.
2 2
2) Cho a,b,c 1a cdc s6 thyc théa man ddng thdi cdc diéu kién 2a e b, 4:2[’ -
a

2

2

= = a. Tinh gid tr cia bidu thitc P=a+b+c.
c'+
Bai I (5,0 diém)

1) Tim tit ca s6 nguyén duong n dé 3n+1 va 12n-11 la cic s6 chinh phuong.
2) Cho P(x)=a,x™ +ax*™' +a,x*™ +...+ayy, 1 dathirc véi hé s6 thyc thda mén dong

théi céc diéu kién P(k)= ;% , V6i k =0,1,2,...,2022. Tinh gia trj P(2023).
Bai III (2,0 diém) ‘ '
Véi a,b,c 14 cic sé nguyén duong thda man diéu kién a+b+c =16, tim gié trj 16n nhit

va gia tri nhé nht cta biu thirc P=":b +b:°+°;“-
Bai IV (6,0 diém)
Cho tam gidc ABC vudng tai 4 (4B < AC) ndi tiép dudng tron (0). Céc tiép tuyén tai
A va C cta dudng tron (O) cit nhau tai diém S. Trén tia ddi cia tia CA 1dy diém M (M
khic C). Qua S ké dudng thing vudng goc véi OM, cit dudng tron (O) tai hai diém phan
biét E,F (E nim giita S va F).

a) Chimg minh dudng thing ME la tiép tuyén ctia dudng trdn (O).

b) Goi D la chan dudng vudng géc ké tir M dén dudng thing BC. Chimg minh EC 1a
tia phén gidc cia goc FED.

¢) Goi P,Q lan lugt 12 giao diém cta dudng thing MD véi hai dudng thing BE va
BF. Goi K 14 tim dudng tron ngoai tiép tam gidc BPQ. Chimg minh goc SDK = 90°.

Bai V (2,0 diém)

1) Tim t4t ca cac sb nguyén té m,n, p théa man m* +3n’ +5p* —8mnp =0.

2) Cho da gidc déu A4 4,...Aq,. Goi S 1 tip hgp gdm céc trung diém cua cdc dogn
thing 4,4,(1<i< j<2023) vd M la tong df dai cua tit ca cdc dogn thing c6 hai ddu mut la
hai diém thudc S. Goi N 1a tong do dai cia tét ca cic dogn thing A4, (1<i< j<2023).
Chang minh M <1011°N.

Hét
Cdn b coi thi khong gidai thich gi thém.
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V6 Québc Ba Cén — Tran Dirc Hiéu — Dao Phic Long

1. Dé thi
Bai 1 (5.0 diém).
a) Giai phuong trinh +/x2 +2x +6 + x? = /2x +2 —x + 3.

2¢2
c2+1

8b2
> 4b241

N A 5 ~ X e 2 5N N 2 <
b) Cho a, b, ¢ 1a cac so0 thuc thoa man dong thoi cdc diéu kién a;’T =b =cva =q.

Tinh gid tri cia biéu thic P =a + b + c.
Bai 2 (5.0 diém).
a) Tim tt ca cac sb nguyén duong n thda man 3n + 1 va 12n — 11 1a s6 chinh phuong.

b) Cho da thitc P(x) c6 bac khong qua 2022 théa man P (k) = 5 véimoik =0, 1, ..., 2022.
Tinh gia tri cia P(2023).

Bai 3 (2.0 diém). Xét cac sb nguyén duong a, b, ¢ théaman a + b + ¢ = 16, tim gid tri 16n nhit va
gid tri nhd nhét cda biéu thic P = 4+ 4 bie | cta,

Bai 4 (6.0 diém). Cho tam gidc ABC vuéng tai A (AB < AC) ndi tiép dudng tron (0). Céc tiép
tuyén tai A va C ctia dudng tron (O) cat nhau tai diém S. Trén tia d6i clia tia CA, 1iy diém M (M
khac C). Qua diém S, ké dudng thang vudng goc véi dudng thang OM, cit dudng tron (O) tai hai
diém phan biét E, F (E nam giita S va F).

a) Chiing minh ring dudng thang M E 1a tiép tuyén ctia dudng tron (O).

b) Goi D la chan dudng vuong géc ké tif diém M dén duong thang BC. Ching minh ring EC la
tia phan giac cua géc FED.

c) Goi P, Q lan luct la giao diém ctia dudng thang M D véi hai dudng thing BE va BF; K 1a tim
dudng tron ngoai tiép tam gidac BP Q. Chiing minh ring ZSDK = 90°.

Bai 5 (2.0 diém).
a) Tim tit ca cac sd nguyén té m, n, p théa man m? + 3n? + 5p% — 8mnp = 0.
b) Cho da gidc déu 4,4, ... Azgrs. Goi S 12 tap hgp gdm cdc trung diém cida cic doan thiang
A;A; (1 <i < j <2023) va M 1aténg do dai cla tit ca cac doan thing c6 hai dau miit 12 hai

diém thudc tap S. Goi N 1a tdng do dai ctia tt ca cdc doan thing 4;4; (1 <i < j < 2023).
Ching minh raing M < 10112N.
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2. Ladi giai va binh luan cac bai toan

Bai 1 (5.0 diém).
a) Giéi phuong trinh +/x2 +2x + 6 + x? = /2x +2 —x + 3.

b) Cho a, b, ¢ la cac s thuc thoa man dong thoi cac diéu klen = b, 4b2+1 = cva
czc+1 = qa. Tinh gia tri ctia biéu thic P = a + b + c.
Loi giai. a) Piéu kién: x > —1. Phuong trinh di cho tuong duong véi
V2425 +6-3+ (2 +x—2) + (2 «/2x+2) —
hay
x—1)(x+3 2(x —1
GO o) - e
Vx2+2x +6+3 V2x +242
Phuong trinh trén c6 thé dugc viét lai thanh
x+3 2 )
x—1 +x 42— | =
( )(«/x2+2x—|—6+3 V2x +242
A +3 N
Vi x z—lnenm >0vax+2— «/ﬁ+2 _x+2—— = x + 1 > 0. Do d¢, tit phuong

trinh trén, ta suy ra x = 1. Thit lai, ta thiy thda man. Vay, phuong trinh c6 nghiém duy nhit x = 1.

b) Tt gié thiét, dé thiy a, b, ¢ > 0. Néu trong a, b, ¢ ¢6 mot sb bing 0 thi hién nhién cic s6 con lai
cting bang 0 va nhu vay, trong trudng hgp nay, tacé P = 0.

Xét trudng hop a, b, ¢ > 0. Khi d6, tir gia thiét, ta c6
16abc = (a® + 1)(4b% + 1)(c? + 1).
St dung bt dang thiic AM-GM, ta c6
(@®> + 1)(4b> + 1)(c> + 1) > 2a - 4b - 2¢ = 16abc.

Vi diu ding thiic phai xdy ranén taphdicéa = 1, b = % va ¢ = 1. Thi lai, ta thdy thda man. Va nhu

vdy, trong trudng hop nay, taco P =1+ 1+ 1 = 3.

Vay P =0 (khia =b=c=0)hoic P =2 (khia =1,b =3, ¢ = 1). O
Bai 2 (5.0 diém).
a) Tim tit ca cac sd nguyén duong n théa man 3n + 1 va 12n — 11 1a s chinh phuong.
b) Cho da thitc P(x) c6 bac khong qua 2022 théa man P (k) = k+1 véimoi k =0, 1,
2022. Tinh gid tri ctia P(2023),
Loi gidi. a) Piat3n + 1 = a? va 12n — 11 = b? véi a, b nguyén duong. Khi do, ta c6

(2a —b)(2a +b) = 4(Bn + 1) — (12n — 11) = 15.
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Pén day, bang cach xét cac trudng hop cu thé v6ichi y 2a —b < 2a + b va2a + b > 0, ta dudc
(a, b) € {(4, 7), (2, 1)}. Mot céch tuong tng, ta cé n € {1, 5}. Thit lai, ta thiy thda man. Vay, c6 hai
gid tri n théa man yéu cau dé bailan = 1 van = 5.

b) bat O(x) = (x + 1) P(x) — 1, khi d6 Q(x) c6 bac khong qua 2023 va Q(—1) = —1. Ngoai ra,
theo gia thiét, ta c6 Q(0) = Q(1) = --- = 0(2022) = 0. Do d6, véi chi y deg O < 2023, ta ¢
O(x) = M(x —0)(x —1)---(x —2022) v6i M 1a mot s6 thuc nao do.

ViQ(—=1)=—1nén—1= M(—=1—0)(—=1—1)--- (=1 —2022) = —M -2023!, suyra M =

2023'
Tu dé O(x) = ﬁx(x —1)---(x —2022), suy ra
HP : 1 2022
(¢ + DPE) = 1= 5o w(x = 1) (x = 2022).
Cho x = 2023, ta dugc 2024 P(2023)—1 = 2023, -2023-2022---1 = 1. Suy ra P(2023) = 1012 O

Bai 3 (2.0 diém). Xét cac sb nguyén duong a, b, ¢ thdaman a + b + ¢ = 16, tim gid tri 16n nhit

va gid tri nhé nhét cta biéu thic P = b 4 btc 4 cta

Loi giai. Tu gia thiét, ta c6

I 1 1 r 1 1
P+3=@+b+o)[-+-+-]=16 ty e
a b c b

Doa,b>1nénc <14,suyra(c—1)(c —14) <0.Tu do 14 < 15c—cz,haylc—4 < 15 —c. Tuong
ty, tacling 6 2 < 15—ava 3 < 15—b. Do d6

1 1 1
M-+ +-)<45—(a+b+c)=29
a b ¢
Suyra i+ 3+ + <33 Nhuvly taco P +3 <16-2 = 232 hay P < 2LL. Mit khdc, dé thiy v6i

a=b=1vac=14 th1 P = 211 . Vay, gia tri I6n nhat cua bleu thic P la =~ 211

Tiép theo, ta s& tim gia tri nhd nhit ctia P. Khong mat tinh tdng quat, gia st a > b > c¢. Khi dé, ta c6
a> % = ?. Ma a 1a s6 nguyén duong nén a > 6.

Bay gid, st dung bit dang thifc Cauchy-Schwarz, ta cé

Lol 11 4 1, 4
a b ¢ " a b+c a 16—a’

Ta s€ chiing mlnh +

16 —a = 30,hay

(a — 6)(17a — 80) > 0.

Bit dang thic nay ding via —6 > 0va 17a —80 > 17-6 — 80 > 0. NhUVﬁy,tacé——i- +E—%

Suyra P +3>16-1 = 13¢ TudoP > 2L Mitkhdc, véia = 6vab = ¢ = 5th1P = 21. Vay,
gi4 tri nhé nhit cia biéu thuc Pla3l O
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Bai 4 (6.0 dié777). Cho tam gidc ABC vudng tai A (AB < AC) noi tiép dudng tron (0). Céc
tiép tuyén tai A va C ctia dudng tron (O) cit nhau tai diém S. Trén tia dbi ctia tia CA, 14y diém
M (M khic C). Qua diém S, ké dudng thang vudng géc véi dudng thang OM, cit dudng tron
(0O) tai hai diém phan biét E, F (E nim giita S va F).

a) Chiing minh rang dudng thang M E 1a tiép tuyén ctia duong tron (O).

b) Goi D la chan dudng vuong goc ké tit diém M dén duong thang BC. Ching minh ring EC
la tia phan giac cua goéc FED.

c) Goi P, Q lan lugt 1a giao diém ctia dudng thang M D véi hai dudng thang BE va BF; K 1a
tdm dudng tron ngoai tiép tam giac BP Q. Chiing minh ring ZSDK = 90°.
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LJi gidi. a) Goi I 1a giao diém ciia dudng thang AC va dudng thang AC; J 1 giao diém clia dudng
thang OM va dudng thang EF. Khi d6, dé thay hai tam giac OJS va OI M ddng dang (g-g). Suy ra
9% = SL.Tud6 OJ - OM = OI - 0S = OC? = OE?. Vi thé tam gidgc OEM vuong tai E, hay
néi cach khéc, ta c6 M E 1a tiép tuyén ctia dudng tron (O).

b) Dé théy nam diém O, E, D, M, F cung thudc dudng tron tdm 7, duong kinh M O. Goi L la giao
diém ctia dudng thang OM va dudng thang DF, ta c6

ZDTF = /ZDTL + ZFTL =2(4DOT + LFOT) = 2/DOF.

Ching minh tuong tu, ta cing c6 ZDTF = 2/DEF.Suyra ZDOF = ZDEF. Bay gio, goi G la
giao diém thif hai ctia dudng thang OE va duong tron (0), ta c6

/ZDOF = /ZC0OG — ZGOF =2(LCEO — LOEF) =2/CEF.

Do d6 ZDEF = 2/CEF. Suy ra EC la tia phan giac cua goc FED.

c) Dé théy C, E, P, D cung thudc mot duong tron va Z/CPD = ZCED, Z/FEC = ZFBC (chiing
minh tuong ty nhu § cau b)). Suyra /CPD=/CED=/FEC=/FBC.Ma /ZFBC+/BQP =90°
nén ZCPD 4+ Z/BQP = 90°,ttd6 PC L BQ.Laic6 CF L BQ nénbadiém P, C, F thang hang.
Tir day, dé thiy C 1a truc tim ctia tam giac BPQ. Kéthop véi EC L BP,tasuyrabadiém C, O, E
thang hang. Tiép theo, ta c6 chd ¥ rang

/ZPEM =180°— ZBEO = 90° — Z/BEO = 90° — ZEBO = ZEPM.

Suy ra tam gidc M PE cantai M, tictacé M P = M E. Ching minh tuong tu, tacingcé MF = MQ.
Ma ME = MF nén MP = MQ, tiic M 1a trung diém cta PQ.
Pén day, bang cach st dung két qua quen thudc ctia truc tim tam gidc, ta c6 MK = %BC = 0C.Dé
thiy hai tam giac OCD va M DC dong dang (g-g), suy ra

MK O0oC CD

MD MDD CS’
Tir d6, ta c¢6 hai tam giac vuéng KM D va SCD dong dang (c-g-c). Suy ra ZMDK = Z/CDS. T
day,taco ZKDS = Z/KDC + ZCDS = ZKDC + ZMDK = 90°. ]

Bai 5 (2.0 diém).
a) Tim tt ca cac s6 nguyén t6 m, n, p thda man m? + 3n? + 5p% — 8mnp = 0.

b) Cho da gidc déu A4, ... Azp3. Goi S 1a tap hop gdm céc trung diém cla cdc doan
thang 4;4; (1 <i < j <2023) vd M 1a téng d6 dai cda tit ca cac doan thang c6 hai
dau mut 12 hai diém thudc tap S. Goi N 1a tdng do dai cia tit ci cdc doan thing A; A4
(1 <i < j <2023). Chitng minh raing M < 10112N.

Ldi giai. a) Néuca basdm, n, p déu 1é thi m? + 3n? + 5p? 1a s6 1&, suy ra 8mnp ciing 1a 56 1¢, mau
thuin. Do d6, trong ba s6 m, n, p c6 it nhit mot s6 bang 2.

Trudng hop 1: m = 2. Phuong trinh di cho c6 thé dudc viét lai thanh
3n% + 5p% + 4 = 16np.

Néucan va p déulé thitacén?, p> =1 (mod 8). Suyra3n? +5p> +4=3+5+4=4 (mod 8),
tr d6 16np = 4 (mod 8), mau thuin. Do d6, trong hai sb n, p c6 it nhit mot s6 bang 2. Tuy nhién,
bang cach thit truc tiép hai trudng hop, ta déu khong tim dudc cip s6 (1, p) théa man yéu cau.
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Trudng hop 2: n = 2. Phuong trinh da cho c6 thé dugc viét lai thanh m? + 5p2 + 12 = 16mp, hay
(m —8p)> —59p% = —12.

Suy ra (m—8p)>—59p? =0 (mod 3), tit d6 (m—8p)*+p*=0 (mod 3). Ma (m—8p)>=0, 1 (mod 3)
va p2 = 0, 1 (mod 3) nén diéu nay xdy ra chi khi m — 8p va p cung chia hét cho 3. T do, ta c6
m = p = 3. Thi lai, ta thiy khong thoa man.

Trudng hgp 3: p = 2. Phuong trinh da cho dudc viét lai thanh m? — 16mn + 3n? + 20 = 0, hay
(m — 8n)* — 61n* = —20.

Suy ra (m—8n)?>—61n?=1 (mod 3), hay (m—8n)*—n?=1 (mod 3). Ma (m—8n)>=0, 1 (mod 3)

van?=0, 1 (mod 3) nén diéu nay xay ra chi khi (m—=8n)>=1 (mod 3) van?>=0 (mod 3). Suy ra

n =3. Thay tré lai phuong trinh da cho, ta dugc m =47.

Vay, c6 duy nhat mot bo sd (m, n, p) théa man yéu cau dé bai 1a (47, 3, 2).

b) Tir cdc diém A, As, ..., Azp3, ta xét tht ca cdc tam gidc va tf gidc c6 dinh 12 2023 diém trén. Ta

¢6 hai bé dé sau.

B6 dé 1. Cho tam gidc ABC cé M, N, P lan luot la trung diém ciia cdc canh BC, CA, AB. Khi do

AB + BC +CA
5 )

MN + NP + MP = (1)

Két qua nay dudc suy ra truc tiép tif tinh chat dudng trung binh clia tam gidc.

Bé dé 2. Cho tit gidc ABCD. Goi M, N, P, Q, R, S lan luot la trung diém ciia cdc canh AB, BC,
CD, DA, AC va BD. Khi do

AB + BC +CD + DA+ AC + BD

MP + NQ + SR < 5

2)

Chitng minh. Theo bét dang thiic tam giac, ta c6
AC  BD AC + BD

MP < MN + NP =
= + 2 + 2 2
Ching minh tuong tu, ta dudc
AB +CD AD + BC
NQ<QS+SN:+, SR<SP+PR:+

Két hop cac bét dang thic trén, ta cé bat dang thic (2). [ |
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Trd lai bai toan, ta c6 cac nhan xét sau.

e V6i mdi doan thang c6 hai dau miit 14 hai trong cac diém thudc tap S thi hodc né 1a dudng trung
binh trong mot tam gidc c6 cac dinh 14 dinh ciia da gidc déu da cho, hoic né 1a doan ndi trung
diém hai canh d6i dién, hoic la doan ndi trung di€ém hai dudng chéo trong mot tii gidc c6 cac
dinh 1a dinh cda da giac déu da cho.

e MJdi doan thang 4,4, (1 <i < j < 2023) s& la canh ctia 2021 tam gidc c6 céc dinh 1a dinh
clia da gidc déu da cho, va 1a canh (hogdc dudng chéo) clia C2,, td gidc c6 cic dinh 1a dinh cla
da gidc déu da cho.

Nhu vy, v6i mdi tam gidc va tid gidc c6 dinh 14y tir 2023 di€m Ay, A,, ..., Ay, ta thiét 1ap duce
cdc dang thiic va bt dang thic tuong tu (1) va (2). Cong tat ca cac dang thifc va bat dang thiic nay lai,
két hop véi hai nhan xét & trén, ta thu ducc

4y o 2021 J;C22021N 3

1011%2N.

Bai toan dudc ching minh xong. [
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