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TOAN THCS VIET NAM

DETHIHSG TOANS | 52 141 use 16P 9 - QAN BA
DE SO 1 DINH - TP HA NOI NAM 2017
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Rt gon cac biéu thic sau

a) A=1/29—12v/5 —2+/16 + 81/5.

b)B—(“*”“Q_bz_“_V“Lm)- @ i 0:b£0:[a] > [b
VR arve#/) 07 0slal > B,

b2
Lai giai.
a) Ta co
V29— 125 -23/16+ 8V5 = /(3= 2v5) = 2¢/ (14 v5)’ = 2v/5—-3-2 (1 + V5) =
5.
b) Ta c6

B:(a—i—\/W_a—\/W). a* — a?b?
a—Val -5 a+a@- b 2
(a+ V=) = (a— V@ —1)*
(a+ Va2 —0%) (a— V> =)  Val—a?

dav/a® — b2 b
T2 (@2 -) ik a2
s W
=R OV iy )
_4a
ol

Cau 2.

a) Giai phuong trinh: v/ V3—1z=2VV3+z.

b) Cho a,b,c la cac s6 duong théa man dieu kién: a + b+ c = 3.
b c 2018

Chinge minh ran “ + + >
& ST "1+ 1+a2 2013
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Lo giai.

a) DK: 0 <2 < /3.

t
Dit t = 24/3 hay z = —.
: Yy \/5
V6i t > 0, phuong trinh trén tuong duong véi
t t t t
JVB3——== = /V3+—= o V3-l=—V31tat2(3+t) =331t
NG 7 7 B+t)=3(3-1)
/10 — 1
@(t+1)3:10<:>t:W—l@x:%(théaménDK)
Va V10 1
r=—":
Ay \/§
o« a(1+b2)—a62 ab? ab? ab ¢ .
b)TaC01+62: . :a—1+b2Za—%:a—E(ApdungBDTCo—a)
Tuong tu ta co: —b—C’L c—%
& 1+~ T 21 27T
Mat khac )
b
ab+bc+cang3
Nén
a n b 4 c S ait bt _ab—l—bc+ca
1+02 142 1+a2°" ¢ 2
L@ b e 03 3 208
1402 14+¢2 1+4a?2~ 2 27 2013
(dpcm).

O

Cau 3. Tit diem A & ngoai duong tron tam O, ké hai tiép tuyén AB, AC véi duong

tron (0),(B,C la cac tiép diém). Trén doan OB lay diém N sao cho BN = 20N. Duong

) , . . <« AM
trung triec cua doan thang CN cat OA tai M, tinh ti so 10"

L&i gii.
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Goi I, E, K 1a trung diéem NC,NB, BC. Suy ra K la giao diém ctia BC va OA.

Ta c6 EI la duong trung binh trong ANBC = EI || BC' = OM 1 EI.

Ta lai c6 EK la dudng trung binh trong ANBC = EK || NC = EK 1 IM.

Tu d6 K 1a truc tam AIME.

Mat khac I K ciing la duong trung binh trong ANBC = IK || NB= EM 1 NB.

Hon ntta NB L AB= EM || AB

Ap dung dinh 1y Ta-1ét ta c6 244—]\0/[ = g—g = § O
Cau 4. Cho tam gidc ABC vuong tai A. Cac ti giac M NPQ va ADEF la céc hinh vuong
sao cho: M thudc canh AB; N, P thuéc canh BC; @ thudoc canh AC; D, E, F' tuong tng

thudc cac canh AB, BC, AC. So sanh dién tich cac hinh vuéng MNPQ, ADEF.

Li giai.
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Goi r, R la canh cac hinh vuéng ADEF, MNPQ va dat AB = ¢, AC = b, BC = a.
Ké duong cao AH = h cla tam giac ABC.
Ta co
1 1 1 1
SacB = SAEB + SApc = §ED -AB + §EF AC = 57“ (AB+ AC) = 57" (b+c)

1 1
Ma SABC = éAH - BC = §ah

ah

Tu dé = .
O suy rar = P
MN || AH nén theo dinh 1y Ta-1é 0 —— = —.
Do | AH nén theo dinh ly aettaco]\?]_] Afgfl
Va M@ || BC nén theo dinh ly Ta-1ét ta CéB_(C?:E'
MN MQ BM AM R R ah

Né - SR | - :
Mgt B TBaTaB Ot TV O
Mat khac (a+h)? =a® +2ah+h2 =02 + 2 +2bc+h2 = (b+c)* + h? > (b= )%
2h2 2h2
Dod()'r’2: a 2>RQI ¢ 2<:>SADEF>SMNPQ- U]
(b+c) (a+h)

Cau 5.

a) Tim tat cd cac s6 nguyen z dé vz + 19;v/2z + 10;v/3z + 13;V4z + 37 déu la sb

nguyen.

b) Trong budi gap c6 294 ngudi tham gia, nhitng ngudi quen nhau bit tay nhau. Biét
rang néu A bat tay B thi mot trong hai ngudi A v B bat tay khong qua 6 lan. Héi

c6 nhiéu nhat bao nhiéu cai bat tay.

L&i giai.

a) Dat Vo +19 = a; Az + 37 = b, (a,b € ZV)

Ta co
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4a® — bv? =39 < (2a — b) (2a + b) = 39
Do 2a > b va a,b € ZT nén ta c¢6 2 truong hgp

4 (
20-0 =1 a =10 L ) _

° & 4 < ¢ = 81, thu lai thay sai nén loai.
2a+b =39 b=19

\

4 (
2a—b =3 a=4 N

° & 4 < x = —3, thu lai thay dang nén nhan.
20+b =13 b=5

\ \

Vay = = —3.

b) Do A bat tay B thi mot trong hai ngudi A va B bat tay khong qué 6 1an nén nhing
tham dit hoi nghi c6 s6 cai bat tay hodac hon 6 hodc khong qua 6.
Gia stt X 1a tap hop nhitng ngudi bat tay hon 6 lan, Y 1a tap hop nhitng ngudi bat
tay khong qua 6 lan. |X| =m, |[Y| =n
Taco XNY =2 vam+n=294.
Nhan xét: nhitng nguoi trong ciing tap hop thi khong bat tay v6i nhau.
Tong s6 cai bit tay S < n x min{6;294 — n}.
Ta c6 cac kha nang sau day
e min=1=n=293= 5 =293
e min=2=n=292= 5 =584
e min=3=n=291= 5 =873
e min=4=n=290= 5= 1160

e min=>5=n=289= 5 =1445

emin=6=294-n>6=n<288=5 <288 x6=1728

Do d6 S < 1728. Vay c6 nhiéu nhat 1728 cai bat tay.
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TOAN THCS VIET NAM

DETHIHSG TOANS | o2 111 Hse LGP 9 - QUAN cAu
DE SO 2 GIAY - TP HA NOI NAM
2017-2018, VONG 1
Ho va tén thi sinh: ... . Lop: .......

Cau 1.
.2 4 vV 1 V33 )
1) Cho bieu thic A = ( brtd _ i ) Vo —V3z | véi z > 0;
3V3r3 -8 3r+2V3r+4 1+ 3z

4
a) Rit gon bicu thiic A.
b) Tim tat ci cic gia tri nguyén clia = dé biéu thitc A nhan gia tri nguyén.

2) Cho biéu thitc

1 1 1
_3+2a+b+ab+3+26+c+bc+3+2c+a+ca'

v6i a, b, ¢ 1a cac s6 thuc lam cho P xac dinh va thod méan diéu kién
a+b+c+ab+ bc+ ca+ abec = 0.

Chting minh rang P = 1.

Loi giai.
1)
3
2) TaCéA:( 6r+4 V3x ) 1+ 3V3z _VE
3V3:3 —8 3z +2V31 +4 14+ 3z
63:—1—4—(\/@—2)\/@}
— 3r —V3r+1-+/3
[(\/3_33—2)(3:1:—1—2\/3_1’—1—4) (o= V3o v5o)
3z +2V3x +4 }
— 3z —2v3r +1
{(\/3_3:—2)(3%2\/3_“4) (30 —2v3z+1)
_ (Ve -1
Bz -2
3r—2V3r+1  3z-3 : . 3z —3
b) Taco A= = -2.5 A € Z khi va chi khi B = €
) Taco N N uy ra i va chi khi N

Z.
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Néu 3z —3 =0« x =1 (théa man diéu kién).
Néusr—3#0e 2 #1
V3r—2¢€Z

V3r—2¢el
e Néuv3r—2¢cTthi AeT (Voly).
e NéuV3r—2€Zthi B=vV3r+2+ ——

Vizx e Z nén

\/ —2
Do d6 B € Z khi va chi khi 3z —2 € {—1;1}, tit d6 tim dugc x = 3 thoa man yéu
cau.
Vay z € {1;3}.

2) Dang thiic diéu kién tuong duong véi (1 +a) (1 +b) (1 +¢)=1= 14a,1+b,1+c #0.
Do do, ta co:

1 1 1
- 1+(1+a)+1<1+a)<1+b)+1+(1+b)+(1+1b)(1+c)+1+(1+c)+<1+c>(1+a>
+a
- 1+(1+a)+(1+a)(1+b)Jr(1+a)(1+(1+b)+(1+b)(1+c))Jr
(1—|—a)(1 b)

Cau 2.

a) Giai phuong trinh: 2 4+ 6 = 4v/23 — 222 + 3.

b) Tim céc cap s6 nguyen (z;y) thoa man 22 (v —y) =5 (y — 1).
Li giai.

a) Diéu kién: z > —1. Khi do, ta co:

Phuong trinh < (22 — 3z +3) + 3(z + 1) = 4y/(z + 1)(22 — 37 + 3)

3(x+1) r+1 < 9
Sl4 Ty — 3z +3>0,Vz).
T a3 VW gagg (e s> 0)
Dat t = vl (t > 0), ta dugc phuong trinh:
MPEV R g3 V=) 7¢ PHUONS THI:

t = 1 (théa man dicu kien)
143 =4t 3> —dt+1=0«

t=3 (thoa méan diéu kien)

) , 1 . _
e V6i t =1, ta co: \/f;:1<:>x2—4x+2:0(:>x:2i\/§(thoaman
v —3r+3

diéu kién).
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» 1 . 1 1 ) -
) Vd1t:§,taco: \/#J;Jrg:§@x2—12x—6:0@x:6i\/42 (théa man

diéu kién).
Vay phuong trinh da cho ¢6 tap nghiem S = {2+ v/2;6 + V42}.

b) Taco 2?2 (z—y)=5(y—1) 2> (x—y)=5(y—2)+5(x—1)
& (x—y) (:r2—i-5) =5(x—1)
Suy ra: 5(z — 1)} (22 45) (1)
Do dé: [5 (x2 + 5) — bz (z — 1)} : (x2 + 5) = 25+ ba: (:c2 + 5) (2)
Tut (1) va (2), suy ra: (25 +5z) —5(z — 1) (2 +5) = 30 (22 4 5).
Suy ra:x? 4+ 5 € {5;6;10;15;30} < 22 € {0;1;5;10;25}.
Tu do tim duge x € {0;1; —1;5; —5}.

Thit lai vao phuong trinh da cho, ta duge cac nghiém nguyén cua phuong trinh la

(z;9) € {(0;1); (1;1); (=55 —4)} .

Cau 3.

a) Cho ba s6 duong a, b, ¢ thda man abc = 1. Tim gia tri 16n nhat cia biéu thic

1 1 1
_a2+2b2+3+b2+262+3+02+2a2+3

x + yv2017 1
y + 2v2017

b) Tim tat ca cac bo s6 nguyen duong (z;y; z) thdéa man so hitu ty, dong

thoi 22 4 9 4 22 1a s6 nguyen to.
Loi giai.

a) Tacoa®? +202 +3=a?>+0? + 0> +14+2>2ab+2b+2=2(ab+ b+ 1)

Tuong tu ta c6 b? +2c? +3 > 2(be+c+1); 2 +2a%2 +3 > 2(ca+a +1).
1 1 1 1

D d’A<—< >

©co -2 ab+b+1+bc+c+1+1ca+a+1

Ta chiing minh duge

=1,suyra A<

N | =

ab+b+1+bc+c+1+ca+a—|—1
Dau “=" xay ra khi va chi khia =b=c=1.

o £ N
Vay gia tri 16n nhat ctua A la 3 khia=b=c=1.
.+ yv2017 ~m

b) T ———— = —(m,ne N* (m,n) =1).
) aucoy_i_z\/20T n(mn (m,n) =1)
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< nx —my = (mz —ny) V2017 = =" =2=__ = gr=1>%
mz —ny =0 Y "

Tacé a2+ 2 +22=(x+2)2 -202+2=(x+2)° -2 =(@+y+2) (x+2—1y)
P+ =rty+z

ne—my=0 5 4 m
z

Viz+y+2z>1vaz?+y?+ 2213 s6 nguyen t6 nén
r—y+z=1

Tt d6 suy ra z =y = 2 = 1 (théa man).
U

Cau 4. Cho duong tron tam I ban kinh r noi tiép tam gidc ABC tiép xtc véi canh BC
tai D. V& duong kinh DN ctia dudng tron (I;7). Tiép tuyén ctia duong tron (I) tai N
cat canh AB, AC theo tht tu tai P va K.

a) Chiing minh rang NK.CD = r2.

b) Goi E la giao diém ctia AN va BC. Chiing minh ring BD = CE.

ITA+ 1B+ IC

¢) Tim gid tri nhd nhat ctia biéu thiic
.

Lai giai.

—_— —_— 1 —_— —_—
a) Ta ¢6 ICK + IKC = - (DCK + NKC) = 90°.
= KIC =90° = NIK = ICD (cuing phu 51%’)
IN NK
AINK «~ ACDI = o = ——
- CDI=E5=T1D
Do d6, ta c6 NK.CD = IN.ID = r2.
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b) Chiing minh tuong ty cau a ta c6 NP.DB = r2.
NP DC NP NK NP+ NK PK
Suy ra NK.CD = NP.DB = NE-DBEC DO~ DB _P[lg(]—i—DB_BC

~ . NK AK
Vi PK || BC nén theo dinh li Talet ta c6 7C = Ac — B
NK NK

. EC = DB,
Suy ra T = pp = FO=

¢) Dat BC = a; AC =b; AB = c. Goi B', C' lan lugt 1a hinh chiéu ctia B, C trén Al.

[A
Ta ¢6 cr = TA.BB;br = TA.CC' nén (b+ ¢)r = IA(BB'+ CC') < [A.a = b+c
a
1B 1 b
Tu’dngtutaco—>OL;)LC;—CZ(hL )
T C
IA+ 1B+ IC b b
Suy ra M, Z(g+—)+(—+(—:)+(g+f)26.
r b «a c b c a
Dau “=" xdy ra khia = b =c.
IA+IB+1 PO N
Vay AT IBTIC 40t oia tri nhé nhét bing 6 khi AABC déu,
r
O

Cau 5. Cho mot da giac déu c6 2017 dinh. Ngudi ta ghi lén méi dinh ctia da gidc s6
1 hoac s6 2. Biét rang c6 1007 s6 1 va 1010 s6 2 va cac so trén 3 dinh lién tiép bat ky
khong dong thoi bang nhau. Hay tinh téng clia tat ca cac tich ba sb trén 3 dinh lien
tiép clia da gidc trén.

Lo giai.

C6 2017 dinh neén c6 2017 tich ba s6 trén ba dinh lién tiép. Vi 3 dinh lién tiép bat ki cac

s6 khong bang nhau nén chi c¢6 2 loai tich:
e Loai I: Ba s6 6 ba dinh lién tiép chi c6 mot s6 2, tich ba s6 nay biang 2.
e Loai IT : Ba s6 & ba dinh lién tiép c6 hai chit s6 2, tich ba sd nay bang 4.

Goi 86 loai I 1a x (z € N) thi s6 tich loai II 1a 2017 — z. Ma s6 2 & 2017 tich nay la
1010 x 3 = 3030.

Ta c6 phuong trinh 2.1 + (2017 — z).2 = 3030 < = = 1004.

Vay tong tat ca cac tich can tim la: 1004 x 2 + 1013 x 4 = 6060. O

HET
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TOAN THCS VIET NAM

DE THI HSG TOAN 9 1 o3 01 HsG LGP 9 - TP HA NOI

DE SO 3 NAM HOC 2010 - 2011
Ho va tén thi sinh: ... . Lop: .......

Vax3 — 1622 + 21z — 9
vV —1

Cau 1. Riat gon biéu thic A =
Loi giai.

Diéu kién: z > 1

Ta c6 4a® — 1622 4+ 21z — 9 = (22 — 3)%(z — 1)

y 3
20 —3 vllL x > —
suyra A= 2z -3| < A= 2 U

. 3
3—2xv611<x<§

Cau 2.

a) Giai phuong trinh 2(2? + 2z + 3) = 5v/23 + 322 + 3z + 2

b) Cho céc s6 thyc z,y thay doi va théa man 422 — (8y + 11)z + (8y> + 14) = 0.

Tim y khi z 1an lugt dat duge gia tri 16n nhat, gia tri nhé nhat.

Loi giai.

a) 2(x2 + 2z + 3) = 5vVa3 + 322 + 3x + 2 (1)
Taco 22 +322 + 30 +2= (v +2) (22 + v+ 1)
Dieu kién = > —2
Data=z+2b=2+2z+ 1.
Khi d6 phuong trinh (1) tré thanh 2(a + b) = 5vab < a = 4b hodc b = 4a
TH1: Néu a = 4b suy ra 42* + 3z +2 = 0 (v0 nghiém)

3+\/ﬁ( chon) hoéc x9 = 3= V3T

TH2: Néub=4asuyraz?—-32-7=0& 21 = (loai)

b) Ta c6
4% — Sy + 1)z + (8> +14) =0
& 8y —8yr+4x? —1lz+14=0 (2)
Dé phuong trinh (2) c6 nghiém x thi A}, > 0.
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Xét

A}, = —162” + 88z — 112 > 0

©227 — 11r + 14 <0

©2<7r<3,5

Khi 2 16n nhat suy ra = = 3,5, thay vao phuong trinh (2) ta dugc y = 1,75
Khi  nhé nhat suy ra z = 2, thay vao phuong trinh (2) ta duge y = 1
Vay (z3y) = (2;1); (3,5 1,75).

Cau 3.

a) Tim 7 s6 nguyén duong sao cho tich cic binh phuong ctia chiing bang 2 lan tong cac

binh phuong cta ching.

b) Cho céc s6 thuc khong am z,y thay ddi va théa man z +y = 1. Tim gia tri 16n nhat

va gia tri nhé nhat cta:
B = (42* + 3y)(4y” + 32) + 252y
Loi giai.

a) Goi 7 s6 nguyén duong can tim 1a z1;29;. .. 27.
Khi d6 theo dé bai 23 23 ... 22 =2(2? + 23 +... + 29)
Gidstzy >a0>...> 27> 1.
Khi d6 2%23...22 <2.7.2% = 142% suy ra 23 .. .22 < 14

Ma 23 2%... 22 1a 6 chinh phuong nén 23 23 ...22 bang 1; 4; 9

Néua3a3...a2=1suyrary=...=z7=1khid6 23+ 12=0v0 ly
Néux%x%...x% 4suyraxg=223=...=x7=1. Khidoz1 =3;20 =223 =... =
zr =1
Néux%x%...x$:9suyra:c2:3;:c3:...:x7:1.Khidéx1:2vélyvi:c1>x2

Vay 7 s can tim 1& (3;2;1;1;1;1;1) vA cac hoan vi.

b) Ta c6 B = 1622y? + 1223 + 12y3 + 34y

= 162%y% + 12(x + y) — 2zy = 162%y> + 12 — 2zy
1 ( 1 )2 L 1ot
-\ 16 16

. » YRS 191 .
Vay B dat gia tri nho nhat bang T6 khi xy = T
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. xy = 16
Giai he
r+y=1
2 3 2—v3 .
ta duge x = +4\/_,y: 4\/_ va hoan vi.
< . 9 1 3
Mat khac: 0 <4zy < (z+y)*=1suyra0 < Y~ 15 SE.

1\? 191 25
Tsuy ra B =16 (- )+ 12 < B
a suy ra 6| xy 16 6 S5

P N 2 ) 1
Vay B 16n nhét bing 5—2 khiz =y =3

Cau 4. Cho tam gidc ABC noi tiép duong tron (O) duong kinh BC.

a) Vé vé phia ngoai tam gidc ABC nita dudng tron (I) duong kinh AB va nita dudng
tron (K) duong kinh AC. Dudng thang qua A cit hai nita dudng tron (1), (K) lan
luot tai cac diem M, N (M khac A, B va N khac A, C).

Tinh cic goc clia tam giac ABC khi dién tich tam gidc CAN bang 3 lan dién tich
tam giac AMB.

b) Cho AB < AC va diém D thudc canh AC sao cho AD = AB. Goi diém E 1a hinh

chiéu ctia diém D trén dudng thang BC va diém F la hinh chiéu ctia diém A trén

2 F AF —
C hang DFE. anh — va — véi AEB
duong thang So san AT v6i cos
Loi giai.
a) Tinh ABC; ACB
M
1
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Ta ¢6 BAC = ANC = AMB = 90° (géc noi tiép chan nita dudng tron)

Mt khac BAM = ACN (ciing phu véi géc CAN). Suy ra AAMB « ACNA (g-g)
Spamp 1 AB?

Spona 3 AC?

AB 1 -
= 10 = ﬁ = tan 30° = tan ACB

—

suy ra ACB = 30°; ABC = 60°

b) K& AH L BC (H € BO)

Ta c6 AHEF la hinh ch@ nhat.

Vi AABD vuong can tai A suy ra ADB = 45°
Vit gidc ADEB i tiép (vi BAD + DEB = 180°)
suy ra AEB = ADB = 45° (cling chin cung AB)
suy ra AEH = 45° nen AAHE vuong can tai H
suy ra AH =HFE = AF.

Vi AABZY Vuéng1 tai A I;én A}TQ = A]lﬂﬂ = A132 + AéQ
suy mQAC2 <1AF2 <A§B2 1(\/1 ABiiC’). "

N%:u Agﬂ < Agz = ;41% < 51: cosA/if < E/\
Neu e < 152 = 15 > E = cos45° = cos AEB.

AF —— AF
ay —— AEB < —.
Vay 1 < cos < 1B

O

Cau 5. Hai nguoi choi tro choi nhu sau: Trong hop ¢6 311 vién bi, lan lugt tiing nguoi
lay k vien bi, véi k € {1;2;3}. Ngudi thang 1a nguoi lay duge vién bi cudi cung trong
hop bi do.

a) Hoéi ngusi thit nhat hay ngusi thit hai thing va chién thuat choi thé nao dé thang?
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b) Cung héi nhu cau trén, khi dé bai thay 311 vién bi bang n vién bi, v6i n 1a s6 nguyén

duong?
Loi giai.

a) Nguoi thit nhat thang, chién thuat choi nhu sau
Nguoi thtt nhat 1y 3 vien bi con 308 vién bi 1a boi s6 clia 4.
Ngudi thit hai 13y 1, 2 hodc 3 vién bi
Nudi thtt nhat 14y 3, 2 hodc 1 vien s6
con lai 1a boi cua 4.
Ctt tiép tuc nhu vay thi ngusi lay cudi cling phai 14 ngudi thit nhat.
b) V6i n vién bi
Néu n khong phai 14 boi s6 clia 4, v6i cach lam nhu trén thi nguoi thi nhat thing

Néu n 1& boi ctia 4 thi nguoi thi hai thang
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TOAN THCS VIET NAM

BiE {ISGA TOAND | 5 THI HSG LGP 9 - TP HA NOI
DE SO 4 NAM HOC 2011-2012

Ho va tén thi sinh: ... . Lop: .......

Cau 1.

2012 + 52012 + 62012) _ (a2008 4 52008 + 62008)

a) Chting minh réng (a :30 v6i moi a, b, ¢ nguyén

duong.

b) Cho f (z) = (2¢% — 21z — 20)™"%. Tinh f (x) khi z = { 7+\/%+ T %

Loi giai.
a) Ta c6 bién doi sau
QP12 _ 2008 _ 2008 (g4 _ 1)
=a®"(@* +1)(a* - 1)
=a®B @+ (a—1D(a+1)
=a?"%(a? —445)(a—1)(a+1)
= a®q(a® —4)(a — 1)(a+ 1) + 5a*"a(a — 1)(a + 1)

=a?(a - 2)(a — Da(a+ 1)(a +2) + 5a**7a(a — 1)(a + 1)

Nhan xét

e a®7(q — 2)(a — 1)a(a + 1)(a + 2) 1a tich ctia 5 s6 ty nhién lién tiép suy ra chia
hét cho 6 va 5. Ma (5;6) = 1. Suy ra a?*""(a — 2)(a — 1)a(a + 1)(a + 2):30, (1).

e 5a?%7(q — 1)a(a + 1)i5. Lai ¢6 (a — 1)a(a + 1) la tich ctia 3 s6 ty nhién lién tiép
nén chia hét cho 2 va chia hét cho 3, suy ra chia hét cho 5a2°°7(a — 1)a(a + 1)6.

Suy ra 5a*"7(a — 1)a(a + 1):30, (2).

Tu (1) va (2) suy ra a®(a — 2)(a — 1)a(a + 1)(a + 2) + 5a?7(a — 1)a(a + 1):30.

= 2912 — q2908:30. Tuong ty véi b va ¢, suy ra A:30, (dpcm).
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Taco:n—\/7+\/ \/7—\/ =a+b. Suyrazd=a +b3+3ab(a+b)—14+—x

Tuong duong véi 22% — 21z — 29 = —1. Vay f (z) = (—1)*? =

0

Cau 2.
a) Giai phuong trinh vz2 4+ 5+ 3z = Va2 + 12 + 5.

. oyt —y—2y° =0
b) Giai hé phuong trinh
2~y +ax+y=6.
Loi giai.
a) Phu’dng trinh da cho twong duong véi

Va? + 3+3x—6—(\/x2+12—4):0

—4 2 —4
+3(r-2) - ——— =
\/:p2 5+3 Va2 +12+4
o 2)( T+ 2 43 T+ 2 0
x_ —_— _——— p—
) x% +5+3 Va2 +12 44
x:
< T+ 2 43 T+ 2 B
x2+5+3 Va2 +12+4
x:
= _ 215 211941 &= 2.
(x+2) VaZ+54+ Vel + 12+

(Va2 +5+3) (Va2 +12+4)

Do dac diém ctia phuong trinh vz2 +5+3z = V22 +12+5. Suyra 3z > 5 < = > g,
nén vé trai phuong trinh thit hai 1a s6 duong, suy ra phuong trinh hai v6 nghiém.
r=y

b) Tu phuong trinh 2? +a2y+z—-y—2y> =0 (v —y) (z+2y+1) =0 &
r=—-2y—1.

Thay = = y vao phuong trinh 22 — y?> + 2 +y = 6 ta dudc x =y = 3.
Thay = = —2y — 1 vao phuong trinh 22 — y? + 2 +y = 6 ta dudc

y=1 r=-3
3P +3y—6=0< =
y=—2 T =3.

Vay hé c6 cac nghiém 1a (3;3),(—3;1),(3; —2).

Cau 3. Giai phuong trinh nghiém nguyén duong 222 — 5zy +3y> — 2 + 3y — 4 = 0.

Lai giai.
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Tt phuong trinh 222 — 52y + 3y? — 2 + 3y — 4 = 0 ta viét thanh
(22 -3y+3)(z—y—2)=-2=-1-2=2-(-1)=1-(-2)=-2-1.

Ta c6 4 trucng hgp xay ra

20 —3y+3| 2 | -1| 1 | -2

r—y—2 | —-1| 2 | =21

Vay ta c6 bon cdp nghiém thoéa man 1a (4;3),(16;12),(2;2), (14; 11). O

Cau 4. Cho ntta dudng tron tam O dudng kinh BC va A bat ki nam trén duong tron.
Tt A ha AH vuong géc BC va vé duong tron duong kinh HA cat AB; AC 6 M va N.

a) Ching minh OA vudng géc MN.
b) Cho AH = +/2; BC = +/7. Tinh ban kinh dudng tron ngoai tiép tam gidc CMN.

Lai giai.

J

a) Goi AONMN = K, ta c6 OAC = ACB vi OA = OC. Do géc ANM = AHM do ciing
chan cung AM , mat khac AHM = ABH do cung phu véi goc BAH.
Suy ra ANM = ABC = %sdm nén OAC + ANM = ACB + ABC = 90°. Suy ra
AKN =90°, tic la AO L MN.

—

b) Xét ti gidc BMNC c6 MBC ANM:>MBC’—|—MNC’ ANM + MNC = 180°.
Suy ra ti giac BMNC 1a t¢ gidc noi tiép. Goi I = AH N MN, goi J 1a tam duong
tron ngoai tiép tam giac MNC. Do tit gidc AMHN 13 hinh chit nhat suy ra I 1a
trung diém ctia M N, suy ra IJ L MM. Vay JI || AO, (cing vudng géc v6i MN);
JO || AH (cung vudng goc véi BC) nén ti gidc AIJO la hinh binh hanh, suy ra
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JO:AI:ATH:\/?E(cm); OB:BTC:g(cm). Do d6 BJ = VOB? + JO? = -
(cm).
0
Cau 5.

a) Chitng minh rang: Diéu kién can va di dé 1 tam gidc c6 cac dudng cao hi; hg; hg va
1 1 1
hi + 2h2+h2 + 2h3+h3 + 2hy N 3_7‘

ban kinh duong tron noi tiép r 1a tam giac deu 1

b) Cho 8045 diém trén mot mit phang sao cho cit 3 diém bat ki thi tao thanh mot tam
gidc c6 dien tich nhé hon 1. Chitng minh rang: Luon cé thé cé it nhat 2012 diém

nam trong tam giac hodc trén canh ciia mot tam gidc c¢6 dién tich nhoé hon 1.

Loi giai.
Ding thic can chit inh tuong duong véi ! = —
a) Dang thic can chiing min ng NgVol =55+t 5 5915 55 ~ 39
—_ 4+ — — 4+ — — i
a b b cC a a+b+c

Ap dung bat dédng thitc AM-GM, ta c6 5.2 (é + % + %) >

j=p)

a-+2b

S
2

a
S 25 95 S 28 95
T U 6 —+— = a — + — .
uong tu *ia cung colb + - /1b+2CV Cb+ a 1%
. a+b+c
Dod0§ 2_S+§ §+§ §< g =VP.
a b b c c a

Suy ra dau dang thitc xay ra khi = b = ¢ hay tam giac ABC la tam giac déu.

b) Trong 8045 diem luon tim duge 3 diém 1a dinh ctia tam gidc ¢ dién tich 16n nhat,
gia st do 1a A, B, C v6i Saapce < 1. Dung cac duong thing di qua A song song véi
BC, qua B song song véi AC, qua C song song v6i AB, ching doi mot cit nhau tai
M,N,P. Khi d6 Saynp = 4Saapc < 4.
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Ta sé chitng minh ring 8045 diém da cho nim

trong hoac trén canh tam giac MNP. That vay, M D
gid st ton tai diém D ¢ AMNP, (chang han D

va B cling thudc nita mit phang bg chiita AC) thi B
Sapac > Saape (mau thuan véi cach chon tam

gidc ABC). Tam giac MNP dugc chia thanh bén N o P

tam giac nhé bang nhau 1a ANC, AMB, ABC,
BCP. Ta c6 8045 = 4.2011 + 1. Theo nguyén li
Dirichlet ton tai it nhat 2011+ 2 = 2012 diém phai
nam trong hodc trén canh ciia mot tam gidc nho

c6 dién tich khong 16n hon 1.
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TOAN THCS VIET NAM

DE THI HSG TOAN 9 1 o o HsG LOP 9 - TP HA NOI,

DE SO 5 NAM HOC 2012 - 2013
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Tim céc s6 thuc a, b sao cho da thitc 47 — 112% — 2a2? 4 5bx — 6 chia hét cho da thic

22— 21 — 3.

b) Cho biéu thitc P = (a2013 — 842012 4 112011) 4 (2013 — 852012 4 11p®11). Tinh gid tri
cia Pvéia=4++5vab=4—+/5.

Loi giai.
a) Dat P(r) = 42t — 1123 — 2a2? + 5bz — 6.
Ta ¢6 22 — 20 — 3 = (z + 1)(z — 3). Do d6, P(x) chia hét cho da thic 22 — 22 — 3 khi
va chi khi P(z) chia hét cho c& hai da thitc # +1 va z — 3. Theo dinh ly Bézout veé
sO du ctia phép chia da thitc, ta phai c6

P(=1)=0 20 +5b =9 a=2
<~ ~

P(3)=0 18a — 15b = 21 b=1.

Vay da thiic 42 — 1122 — 2a2? + 5bx — 6 chia hét cho da thiic 22 — 22 — 3 khi va chi
khia=2b6=1.

b) Ta nhan thay a,b 14 hai nghiém ctia phuong trinh 22 — 8z + 11 = 0. Do d6 ta c6
a’>—8a+11=0va b?> —8b+ 11 =0. Suy ra

P = (a2013 . 8a2012 + 11a2011) + (b2013 . 8b2012 + 11b2011)

= ¢?011 <a2 —8a+11) + p2011 (b2 —8b+11) = 0.

Cau 2.
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o 622 —y? —xy + 50 +5y —6=0
a) Giai hé phuong trinh:

2022 — y? — 282 4+ 9 = 0.

b) Tim cac s6 nguyén z,y thda man 6z + 10y* + 22y — v — 28y + 18 = 0.
Loi giai.

a) Ta c¢6 622 —y? —a2y + 55 +5y —6 =0 y> + (v — 5)y — 622 — 5x + 6 = 0. (1)
Coi phuong trinh (1) nhu 14 phuong trinh bac 2 an y va tham s6 1a 2. Khi d6

A=(x—5)2%—4-1-(—62% —5x+46) =252%+ 10z + 1 = (5z + 1)

— 5+5 1 — 5—ox —1
Suy ra y = Tt ;_ vt =2z + 3 hodc y = v 5 ‘ —3x + 2.
TH1: y = 22 + 3, thay vao phuong trinh 2022 — 4% — 28z + 9 = 0 ta dudc

2 2 2 T
202" — (22 +3)° - 2824+ 9=0& 162° — 402 =0 &

Vay hé phuong trinh ¢6 4 cip nghiem (z;y) 1a (0;3), (g 8>, (1;—1), (
b) Ta c6

622 +10y? + 20y — 2 — 28y + 18 = 0
1222 + 20y% + 4oy — 22 — 56y + 36 = 0
S +4y)?+ @y -7+ (2 —1)? + 1022 - 14 =0

1022 — 14 =—(z+4y)* - 4y -7 - (2 -1)> <0

2

= I
x p—
S}

=z € {-1;0;1} (vi 2 1 s6 nguyen).

e v =—1, suy ra 10y? — 30y + 25 = 0 (v0 nghiém).

=1
ez =0,suyra 10y —28y+18 =0 < 9
y== (loai).

e v =1, suy ra 10y? — 26y + 23 = 0 (v0 nghiém).

Vay phuong trinh ¢6 1 cap nghiém nguyén (x;y) la (0;1).
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. 1 2 .
Cau 3. Cho ba so0 thuc duong a, b, c thdéa man - + A + % = 3. Chiing minh:

27a> n b? n 8c?
c(c?+9a?)  a(4a® +b2)  b(9b? + 4c?)

3
> =
— 2

Loi giai.
g 1 2 3 o1 2 3 C 3. 14, 32 L
Data:—;b:—;c:—.Taco—+g+—:3<:)a:+y+z:3.Khldo,batdangthu’ccan
T Y z a c
chiing minh tuong duong véi
53 . 23 . % >3
22_’_$2 [E2+y2 y2+x2—2'
Ta co
23 23 %
SR RN Sa R S
ze+x ety Y-+
2 2 2
B B xz 2%y Yoz
=(r+y+2) (x2+z2+z2+y2+y2+x2)
2 2 2
ez 2%y oy
> —
Z(@+y+2) (Q:Uz 2zy+2yx)
>(z 4y +2) (m+y+z> 3 5.3
x z)—|=z=4+>4+=z)=3—z= .
=y 2273 272
Dau “=" xdy rakhi vachikhiz=y=2=1haya=1,b=2,¢c= 3. 0

4

Cau 4. Cho tam gidc ABC c6 ba goc nhon, noi tiép duong tron (O) va AB < AC. Cac
dudng cao AD, BE, C'F ciia tam gidc ABC gip nhau tai H. Goi I 1a giao diém hai duong
thang EF va CB. Dudng thang Al cat (O) tai MM (M khéac A).

a) Chiing minh nam diem A, M, F, H, E cing nam trén mot duong tron.
b) Goi N la trung diém ctia BC. Chitng minh ba diém M, H, N thang hang.

¢) Chiing minh BM - AC + AM - BC = AB - MC.

Lai giai.
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a)

Xét duong tron tam (O) c¢6 hai cat tuyén IMA va IBC. Suy ra IM.IA = IB.IC. (1)
Dé thay tit gidc BFEC noi tiép va EF cat BC tai I nén suy ra [F.IE = IB.IC. (2)
Tu (1) va (2) suy ra IM.IA = IF.IE, suy ra ti gidc AMFFE noi tiép.

Ta lai c6 ti gidc AFHE ndi tiép dudng tron dudng kinh AH. Suy ra nam diém
A,M,F, H, E cuing nam trén duong tron duong kinh AH.

Ké duong kinh AG ciia duong tron (O). Ta chiing minh G, H, N théng hang.

Ta ¢6 GC || BE (cung vudng goc véi AC) va GB || CF (cung vuong goc véi AB)
nén t giac HCGB la hinh binh hanh. Suy ra GN di qua trung diém N ctia BC hay
G, H, N thing hang.

GMA = 90° (gbéc noi tiép chan nita duong tron) = GM LAM.

Do M thudc duong tron duong kinh AH (cmt) nén ta ¢ AMH = 90° (goc noi tiép
chan nita duong tron) = HM 1L AM.

Suy ra G, H, M thang hang. T d6 suy ra 4 diém G, H, M, N thang hang. Vay ta
chitng minh duge H, M, N thing hang.

Ta chiing minh dinh 1y Ptoleme: “Néu mot tit giac noi tiép duong tron thi tich hai
dudng chéo bang tong céc tich ciia cac cap canh doi dien.”

Gia st ti giac ABCD noi tiép, ta chiing minh AB-CD + AD - BC = AC - BD.
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Trén AC lay diém K sao cho ABK =

CBD. Xét tam gidc ABK va tam gidc D
DBC ta co:

ABK = CBD (cach lay)

BAK = BDC' (hai géc noi tiép chin

cung BC)

= AABK «~ ADBC (g-g) B
:%:%:AB~CD:BD-AK‘ ¢
Xét tam giac CBK va tam giac DBA,

ta co:

CBK = CBA—ABK = CBA—CBD =

ABD

BCK = BDA (hai goc noi tiép cung
chan cung AB)
= ACBK «~ ADBA (g-g)
BC CK
Tu do ta co

AB-CD+ BC-AD = BD - AK + BD - CK = BD(AK + CK) = BD - AC.

Ap dung dinh 1y Ptoleme vao ti gidc noi tiép BMAC ta ¢6 BM - AC + AM - BC =
AB - MC.

O
Cau 5. Cho 2013 diém Aj, A, ..., Az v dudng tron (O;1) tity ¥ cling nim trong mat
phang. Chitng minh trén dudng tron (O;1) d6, ta luon c6 thé tim duge mot diém M sao
cho MAy + MAy + -+ MAsy3 > 2013.
Loi giai.
Vé duong kinh BC bat ki ctia duong tron (O;1). Ta c6
(BA1 + BAg + -+ BAgpz) + (CAy + CAg + - - - + CAz13)
=(BA1 + CAy) + (BAy + CAg) + - - - + (BAao13 + CAz013)
>2013BC = 4026.

BA{ 4+ BAs + -+ -+ BAspz < 2013

A

Neu
CAL +CAy+ -+ 4+ CAgp3 < 2013
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thi (BA1 + BAs + -+ BA2013) + (CA1 +CAy+ -+ + CAQOlg) < 4026 (V@ H)
BA; 4+ BAs + -- -+ BAgy3 > 2013

Suy ra
CAL +CAy+ -+ CAyyz > 2013.

e Néu BA; + BAy + - -+ + BAggis > 2013 thi B 1a diém M can tim.

o Néu CA; + CAg+ -+ + CAsgprs > 2013 thi C 1a diém M can tim.
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TOAN THCS VIET NAM

DE THI HSG TOAND | o2 11 HsG LGP 9 - TP HA NOI
DE SO 6 NAM HOC 2013 - 2014
Ho va tén thi sinh: ... . Lop: .......
Cau 1.
a) Cho a, b, ¢ 1a cac s6 thuc théa man a + b+ ¢ = 2014 va é—i— % + % = 20% Tinh gia

1 1
2013 + 32013 + c2013"

tri ctia biéu thitc M =
b) Tim sb tu nhien n dé T = 527" ~67+2 _ 12 13 s nguyen to.

Lai giai.
1 1 1 1

1
T /— — —_ = fr—y _— -
a) acoa+b+c 2014 a—l—b—l—c® a+b+c ¢

1.1
a b
(:)(a+b)(ac+bc+02):—ab(a—l—b)(:)(a+b)(ac+bc+c2+ab):O
a+b=0 a=—b

1 1

S (a+b)b+c)(c+a)=0< |b+ec=0< |b=—c.

c+a=0 c=—a

Xét truong hgp a = —b, cac truong hop con lai tuong tu.
1
Ta Cé a+b+c:2014<:)c:2014 = M = W
b) Ta ¢6 2n? —6n +2 = 2n(n — 3) + 2
Do n(n — 3):2 nén 2n? — 6n + 2 c¢6 dang 4k + 2, véi k € N.
T = 520" =6nt2 _ 19 — 5442 _ 19 — 625+ .25 — 12 = 1% .25 — 12( mod 13) = 0( mod 13).
2 z z 2 n = O
Vay de T 1a s6 nguyén t6 thi 7 =13 < 527" ~n+2 _ 12 =13 & .
n=23

Cau 2.

a) Giai phuong trinh 2? — 27 — 2¢/27 +1 -2 =0.

o 22 +y? =42 — 5+ 2y
b) Giai hé phuong trinh :
x4+y4:9z—5—422—2x2y2
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Lo giai.

cx 1. 1
a) Dieu kién: z > ~3

V2cx+1+1==x
pter?=(V2r+1+1) < o
V2r+1+1=—x
rz>1
r—1>0
o V2zr+1l4+l=zV2r+1l=2-1& & r=0 1=
2r+1=2a—-22+1
r=4
4

. 1
e V2r+14+1l=—2&V2r+1=—2x—1,loaivi -z —1<0,Vz > ~3
Vay phuong trinh c6 nghiém = = 4.

2?4 y? =42 — 54 2y(1)

et oyt =92 — 5 — 422 — 22%%(2)

)
(1)<:>(x—y)2:4z—520:>221.
)
(2)<:>(Jc2+y2)2:—422+9z—5:(4z—5)(1—z)20<:>1§z§1.
5 : ) R 5 e 1s A
Vay z = 2 va suy ra x = y. Tt do, ta c6 nghiém cua hé la (a,a,é—l), v6i a la so thuc

bat ki.
m

Cau 3. Choa, b, clacac s thuc thbamin 0 <a<4,0<b<4,0<c¢<4vaia+b+c=6.

Tim gié4 tri 16n nhat cta bicu thic P = a2 + b2 + ¢ + ab + be + ca.

Loi giai.

a) Cach 1:

Gidstta>b>c,suyra2<a<4< (a—4)(a—2) <0 a®>—6a+8 <0< a(6—a) > 8
Ta c6 P = (a+b+c)?—ab—bc—ca = 36—ab—bc—ca = 36 —a(b+c)—bc < 36 —a(6—a) <
36 — 8 = 28.
Vay gi4 tri 16n nhat ctia P 1a 28 khi a, b, ¢ 1a hoan vi ¢ tia (2,4,0).

b) Cach 2:
Do 0 <a,b,c <4nén (a—4)(b—4)(c—4) <0< abc—4(ab+bc+ca)+16(a+b+c)—64 < 0.
< 4(ab+be+ ca) > abc+16(a+b+c¢) —64 > 04166 — 64 = 32 < ab+ be + ca > 8.
Ta c6 P=(a+b+c)>— (ab+bc+ ca) < 36 —8 = 28.
Vay gia tri 16n nhat ctia P 1a 28 khi a, b, ¢ 14 hoan vi ¢ tia (2,4,0).
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U

Cau 4. Cho tam gidc ABC c6 ba géc nhon nai tiép dusng tron (O), goi diém I la tam
duong tron noi tiép tam gidc ABC, tia AT cat duong tron (O) tai diém M (M khac A).

a) Chiing minh rang céc tam giac IMB va IMC la tam giac can.

b) Duong thang MO cat dudng tron tai diem N (N khac M) va cit canh BC tai diém
BAC IP

P. Chu inh ra i =,
ng minh rang sin N

c¢) Goi cac diem D va E lan lugt 1a hinh chiéu clia diém I trén cac canh AB va AC.
Goi cac diem H, K lan lugt d6i xting véi cac diem D va F qua diém I. Biét ring

AB + AC = 3BC, chitng minh rang céc diéem B, C, H, K ciung thudc mot dudng

tron.
L&i giai.
N
A
E
D
! O
T\ T~ H
fe
M

a) Tacé@:@+@:’4§c+3§0

—

BIM =1AB+ IBA = 2O+ 20

Suy ra IBM = BIM = AIMB can tai M.
Twong tw, AIMC can tai M.

o —

b) Ta c6 sin BAC poar = ML _MP

~ . - _ 2 __ 2 — _
AMBN vuong tai B, ¢6 MP.MA];]— MIBP—MI = T = UN (2)
BAC _ IP

Tu (1), (2) va (3) suy ra sin 5 TN
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AB+ AC — B
¢) Ta c6 AB+ AC =3BC & +20 C:BC@AE:BC
MP CP 1

Goi F la trung diém ctia IK, AMCP = AMIF (c.g.c) do MC = MI

PMC = EIA = MIF, MP:IF:%[E;»@:J\TP\C:%"

= AIMK can tai M = MK = MI.

Tuong tw, MH = MI. Suy tra MB = MC = MH = MK = MI. Vay B, C, H, K

cung thudc duong tron tam M.

Cau 5.
a) Tim cédc s6 ty nhién z, y théa man 5% — 2 = 1.

b) Cho luc gidc déu ABCDEF canh c6 do dai bang 1 va P 1a diém nidm trong luc gidc
d6. Cac tia AP, BP, CP, DP, EP, FP cat cac canh cla luc gidc nay lan luct tai
cac diém My, My, M3, My, Ms, Mg (cac diem nay lan lugt khéac cac diem A, B, C,
D, E, F). Chting minh luc gidc My MsMszMyMsMg c6 it nhat mot canh c6 do dai lén
hon hoiic bang 1.

Loi giai.
a) Ta c6 5% —2Y =1 2Y =57 — 1.
V6i z =2k +1,Vk e Ntaco 2V =45k 521 4 4541)
e Néu y < 2 thi phuong trinh vo nghiem.
e Néu y =2 thi =1 (théa méan).
e Néu y > 2 thi phuong trinh vo nghiém vi VT chia hét cho 8 con VP thi khong

chia hét cho 8.

V6i z = 2k,Vk € N ta c6 2¢ = (5F — 1)(5% + 1)

F-1=20
= viia,beN;0<a<bat+b=y =20 —-20=2020"¢_1)=2,
5F+1=2°

e Néu a > 2 thi 2¢(20-¢ — 1)i4, vo Ii.

e Néua=1;a=0thi 5¥=3; 58 =2, vo li.

Vay (z;y) = (1;2).
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b) Nhan xét: Trong nhiéu truong hgp, M;MsMsMyMsMg suy bién khong con 1a luc

giac nén sau day ta thong nhat goi la da giac My ... Mg.

e Goi O 1a tam cta luc giac déu ABCDEF (ki hieu 14 .#). Néu P = 0 thi da gidc
My..Mg = £, ta c6 dpcm.

e Néu P thudc mot trong ba dudng chéo 16n ctia £, P # O thi P thuoc mot
trong sau doan OA, OB, OC, OD, OF, OF. Gia st P € OD, khi do6 hai tia AP,
DP lan lugt di qua dinh D, dinh A cia £ va ta c6 My = D, My = A. Con
lai 4 tia, cat nhiéu nhat 4 canh ctia .. Nhu vay ton tai it nhat hai canh AB,
AF ctia ¢ khong chita cac diém My, ..., Mg. Xét tam giac c6 mot canh 1la AB
va mot canh 1a MyM; clia da gidc M ... Mg gan AB nhat (M = A), ta ludn c6
MyBM; > 90° = MyM; > AB = 1.

e Néu P khong thuoc ba dudng chéo 16n ctia £ thi P ndm trong mot trong sau
tam gidc déu clia .Z ma ba duong chéo 16n chia ra. Gia sit P nam trong AODE.
Nhu vay, ton tai it nhat canh AB ctia £ khong chita cac diém M, ..., Mg. Khi
d6é MyMs luon 1a mot canh ctia da giac My ... Mg va ABM5My la t1¢ giac luon
c6 ABMs > 90°: BAM; > 90° = MyMs > AB — 1.
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TOAN THCS VIET NAM

DE THI HSG TOAND | o2 11 HsG LGP 9 - TP HA NOI
DE SO 7 NAM HOC 2014-2015
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

N ~ L e ~ N ]. ]_ 1
a) Cho a,b,c la cac s0 thuc théa man abe =1 va a+b+c:—+g+—.
a c

Chting minh c6 it nhat mot trong cac sb a,b, ¢ bang 1.
b) Cho n la s6 nguyén duong. Chitng minh A = 237+ 4 237=1 1 1 13 hgp s6.
Loi giai.
a) Tu gid thiét a—l—b—l—c—é—l—%nL% ta c6 a+b+c=ab+ bc+ ca
Sab+bc+ca—a—-b—c=0
S1l+ab+bc+ca—a—b—c—abc=0
s (1—a)—b(1—a)—c(l—=>b)+ca(l—-5b)=0
S (1—-a)(1=0)—c(l1=0b)(1—-a)=0
S(1—-a)(l1-=0b)(1-¢c)=0
Vay ¢6 it nhat 1 trong cac s6 a, b, ¢ bang 1. (Dpcm).
b) Ta c6 237+l =2 x 23" =2 x 8",
Vi 8 = 1(mod7) nén 8" = 1"(mod7) hay 2 x 8" = 2(mod7)(1)
Tuong ty, phan tich 23771 =4 x 23773 = 4 x 8"~ ta ¢6 4 x 87! = 4(mod7) (2).
Tu (1) va (2) ta c6: A= (24 4+ 1)(mod7), hay A:7.
Vi n 1a s6 nguyén duong, A > 21. Vay A 1a hop s6. (Dpem).

Cau 2.
a) Giai phuong trinh /3 — 2z = 322 — 62 + 4.
234202 + 12y =0

b) Giai hé phuong trinh :
2 +8y% =12
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Loi gidi.
a) Diéu kien: z <
302 —6r+4—2v3—2r =0

1 5 5
@5 [0 = 20V3 =20+ (3-20)] + 52% =52+ 5 =0

l\DICO

2 2
1 2 ) 2
@s(r=v3-2) +5(@-1)"=0
r—1=0
& Sr=1
—V3—2x=0

b) Thay 2% + 8y? = 12 vao phuong trinh dau ta c6
23+ 2xy2 + <x2 + 8y2) y=20
(:):v3+x2y+2xy2+8y3 =0

& (z+2y)(x” — 2y +49%) = 0
1

y 2
o (142 < ——) R
(x + y){x 5 + 1
r+2y=0 r=—2y
54 9 2 <~
y 15y
<x 2) Ty Y

Truong hgp 1: z = —2y, thay vao phuong trinh thit 2 ciia hé ta duge y = +1.
Truong hop 2: x = y = 0, khong théa man phuong trinh thit 2 cua he.
Két luan: He c6 hai nghiem 1a (2, —-1);(-2,1).

O

. z S 2 ~ 1 1 1 ~ e . Z, A 2
Cau 3. Vdi cac so thuc duong a,b, ¢ thoa man — + - + — = 3, tim gia tri 16n nhat cta
a c

b

.2 . 1 1
bieu thiic P va? —ab -+ b? - Vb2 — be + 2 - N
Loi giai
Vi a, b, ¢ 1a ba s6 duong nén theo bat dang thitc Co si ta co:
NS

a b — ab

1 1 2
S>> 2

b ¢ \/be

1 1 S 2

c * a ~ /ca
Cong cac bat dang thiic trén vé theo vé ta dugc:
IS O U D B

a0 e Vab Ve vea
Mat khac ta co:
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1 1
<
Va2 —ab+b2 "~ Vab
1

1
<
V2 —be+ 2~ Ve
1 1
<
V2 —ca+a? T yea

Nen sau khi cong céc bat ding thiic cliing chiéu trén, ta dugc:

. 1 ) 1 .\ 1 Sl 1
Va2 —ab+0  Vi2—be+2 VE—ca+ada® T Vab Vbe Wca

T (1) va (2) suy ra:

1 1 1
P<—-—+-+4+-=3.
a b ¢

a®> —ab+b* > ab=

b2 —be+ > be =

cz—ca+a220a:>

2).

Dau "=" x4y ra khi va chi khi (1) va (2) dong thoi xdy ra & a=b=c=1.
Vay Gia tri 16n nhat ctia P bang 3, dat dugc khia=b=c=1.
UJ

Cau 4. Cho tam giac ABC c¢6 ba géc nhon noi tiép dudng tron tam O. Cac duong cao
AD,BE,CF cla tam giac ABC dong quy tai H.

a) Chitng minh cos? BAC + cos? CBA + cos? ACB < 1.

b) P la diém thuoc cung nhé AC clia dusng tron tam O. Goi M, I lan lugt 1a trung
diém ctia cac doan thang BC va HP. Chitng minh M vudng goéc véi AP.

Loi giai.

2
. . — AFE
a) Vi tam gidc BEA vuong tai E nén ta c¢6 cos? BAC = (E) (1).
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Dé thay tit giac BFEC 1a t1t giac ndi tiép vi £, F cung nhin BC dudi 1 goc vuong.
Vi vay ABC = AEF = 180° — FEC (2).

Xét hai tam giac ABC va AEF co:

A chung.

ABC = AEF ( theo (2)).
Do d6 tam giac ABC dong dang vdi tam giac AEF. Binh phuong ti s dong dang

bang ti s6 dién tich nén ta co:
(AE)2 _ SAAEF (3)
AB Saapc
Tit (1) va (3) suy ra cos? BAC = SAABF (4).

SAABC
Hoan toan tuong tu ta chitng minh dugc:

cos? OBA — SABFD (5).
SAABC

cos? ACB = SACDE (6).
SaaBC
T (4), (5), (6) ta co
cos? E{E + cos? @ + cos? A/C’E = Saarr + Saprp + SACDE = SAABC — SapEF
SAABC SAABC

1 (dpem).

b) Goi A’ 1a diém ddi xting v6i A qua O hay AA’ 1a duong kinh.
Xét t1i giac BHC A’ co:
BH || A’C (Vi cuing vuong goc véi AC)
CH || A'B (Vi cing vudng goc véi AB)
Vay tit gidc BHCA' 1a hinh binh hanh. Suy ra M la trung diém ctia HA'.
Xét tam giac HPA' co:
M 1a trung diém ctia HA’ theo chitng minh trén
I 1a trung diém ctia HP theo gia thiét
Vay M1 la duong trung binh trong tam giac HPA'. Suy ra M1//A'P.
Dé thay A’P vuong goc véi AP vi AA" 1a duong kinh.
Vay M1 vuong goc véi AP. (Dpem).

Cau 5.

2

£ 2z £ ~ £ —p—2 s 1a 3 A~ £ PN
a) Tim tat ca cdc so nguyén to p sao cho % la 1ap phuong ciia mot so tyr nhién.

b) Cho 5 s6 thiyc khong am a,b, ¢, d, e c6 tong bang 1. Xép 5 s6 nay trén mot dudng
tron. Chitng minh rang luon ton tai mot cach xép sao cho hai s6 bat ky canh nhau

¢6 tich khong 16n hon %
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L&i giai.

a) Xét p =2, luc nay ta co6 Z# =0 =03. Vay p=2 thdéa man.
Trudng hop p nguyen to, p > 2: T gid thiét ta co
pPP—p-2=ndepp-1)=2n+1)(n*-n+1)(1)

plin+1)

P }(n2 —n+1)

Xét cac kha niang sau:

e Néu p 1a uéc ciia n + 1.
=p<(n+1)

=p—1<n
=plp—1) <nn+1)
=2(n+1)(n*—n+1)<nn+1)
=n*-2n+2<0Voly.
e Néu p 1a uée ctia (n2 —n+1).
Diat pk =n? —n+ 1,k € N* (2). Thay trd lai (1) ta c6
p(p—1) =2(n+ 1)pk
=p=2n+1)k+1(3)
Thay (3) vao (2) ta co:
n?— 22 +1)n+1-2k—k=0(4)
A = 4k* +12k% + 4k — 3.
Ta can tim & sao cho A 1 s6 chinh phuong. Nhan thay: (2k%242)%? < A < (2k%+4)2.
Suy ra A = (2k? + 3)%. Tu day ta co:
Akt + 12k + 4k — 3 = (2K +3)? = k = 3.
Thay tré lai tim n tit phuong trinh (4) va p tit (3) ta duge: p = 127.

Vay p =2 hoac p = 127.

b) Khong mat tinh tong quat, gid st c6 sap xép a > b > ¢ > d > e. Khi d6 lay a lam
chuan va xép theo chicu kim dong hd nhu sau:

a—b—c— d— e. Cach xép nay thoéa man yéu cau vi:
1 1 1 1
d< =a(b d) < —(a+b d?=-—-< .
+,a _3a( +c+ )_12(a+ +c+d) TR

1
+,bd < ad < 5.

1
+,ce§ac§ad<§
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2 2 1
(g(a+b+c+d)) =5
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TOAN THCS VIET NAM

DE THI HSG TOAN 9 1 o3 01 HsG LGP 9 - TP HA NOI

DE 50 8 NAM HOC 2016 - 2017
Ho va tén thi sinh: ... . Lop: .......

Cau 1.
a) Chiing minh n® 4 5n% — 6n chia hét cho 30, v6i moi s6 nguyén duong n.

b) Tim tat cd cac cap sé nguyén duong (x; y) sao cho x2+8y va y? +8x 1a cac s6 chinh

phuong.

Lai giai.

a) Ta co

z =n’+5n% — 6n = n(n* 4+ 5n% — 6) = n(n — 1)(n + 1)(n? + 6).

Do n, n—1, n+ 1 1a ba s6 nguyén lién tiép nén n(n — 1)(n + 1):6, suy ra 6.
Néu n =0 (mod 5) hofic n = +1 (mod 5) thi n(n — 1)(n+1) =0 (mod 5) nén zi5.
Néu n = 42 (mod 5) thi n? +6 =10 =0 (mod 5) nén z:5. Do d6 ta c6 2:5 v6i moi n.

Tu d6 ta suy ra duge x:30 véi moi s6 nguyén duong n.
b) Khong mat tinh tong quat, ta gia sit = > y. Khi dé
< a? +8y<a®+8x <a®+8r+16=(x+4)>
Ma 22 + 8y 14 s6 chinh phuong nén ta c6 cac truong hgp sau

e 22 +8y=(r+1)?2 & 8y =2r+1 (loai).

o 22+ 8y = (r+2)2 < 2y=2x+1, khi do
2 _ .2 _ 2 _ 2 _ 79 _ 92 93
Yy +8r=y"+16y—8=(y+8) " —M2=a"< (y+8—a)(ly+8+a) =72=3.2°.

Do y+8+4a>y+8—a va haisé dé cling tinh chén 1é, nén ta c6
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y+a+8=232 y+a+8 =223
=y =3,z = 5. hoac =y=11, v =21.
y+8—a=22 y+8—a=2
y+a+8=223
hoac =y=1 z=1.
y+8—a=23

o 1?2 +8y=(z+3)* < 8y =6x+9 (loai).

Vay cac cap (z;y) can tim la: (1;1), (3;5), (5;3), (11;21), (21;11).

Cau 2.

a) Giai phuong trinh \/23: _3 + \/§ —2r =1+ i
x x 2x

4
Va, =VITI— Vi

/5
?‘y =Vr+y+T—y
Loi giai.

/ 3 /6 3
a) Data=1/2x— =, b=1/— —2x,tacoa, b>0vaa®+b?>==. Do do,ta co
X Xz Xz

1 2 2 1 2
a—l—b:1+§(a —|—b)21+1(a+b)

b) Giai hé phuong trinh

) a+b—2=0
= (a@+b-2)"<0= =a=0b=1.

a=1"b

3 3 P 3 . ) N -
Tuday taco — =2z = 7 Ta thay = = 5 la nghiém cta phuong trinh da cho.
s

Céach 2: Ap dung bat ding thic Co si ta 6

;

\/73 1+2x ——

w_2<

= / 3 /6 3

{ t 62 =>\/20——+1\/——22 <1+ —.
c 1+~ — 2 T T 2x

\——2r< —L

VT - 2

Ding thitc xay ra khi = = ;

;

xy >0

b) Dieu kién < 4 — ¢ >0

r+y=>0
\
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Cong va trit theo vé hai phuong trinh ctia hé ta co6

dx oY 4x oY
\/ =+ — =2V + —+4+—==4

4 5 4x oY '
T Y

=4/ Z =2z —y — 4t = =A(x -
5y+ . rT—y 5y T ( )
suy ra 8 = 8y = y = 1. Thay vao hé ta c6

4 5 5
g+5:4$@xzi(doy>0nénx>0).

Vay nghiém cia hé la (z;y) = (Z, 1).

Cau 3. V6i cac s thuc khong am z, y, z thda man 22 + y? + 22 =2

a) Ching minh z +y+ 2 <2+ ay

b) Tim GTLN va GTNN ciia bidu thitc P= —~— + ¥ 4 %2
24+yz 24zx 24wy

Loi giai.

a) Ap dung bat déng thic a + b < /2(a® + b2) ta c6

aty+z < A/2[(x+y)? + 22 = /2022 + y2 + 22 + 23y) = 24/1 + 2y < 1+(1+ay) = 2+ay.

z . z
24+xy T xtyt+z

b) Theo chiing minh trén ta ¢6 2+ ry > x + y + z nén
< Yy Y

24yz T x+y+z 242z vz+y+=z

Suy ra P < 1. Dang thiic x4y ra khi trong ba s6 z, y, z c6 hai s6 bing 1 va mot s6

Tuwong tu

bang 0. Do d6 max P = 1.

Ta co

do do6 véi x #, ta co

T S 2z B 212 B 2v/222
2+yz — 6—2®  w(6-2%) | /222(6 - 22)(6 — 22)

2 2 NS
2x2(6—x2)(6—x2)§(2x 6 ;”*6 ”“”) _ 3
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2
T V2 ' )
2+yz 4
Va ta thay (1) ciing dung khi z = 0, do d6 (1) dung v6i moi » > 0. Tuong tu ta

cting c6

Y >\/§y2 z >\/§z2

24+zx — 4 T 2+xy 4

V2

5

2 p 2 2 . - . \/§
Dang thiic x4y ra chang han khi 2 =y =0, z = V2. VaymmP:T.

Dodéng(xz—kyz—i—f):

O

Cau 4. Cho tam gidc nhon ABC (BC > CA > AB) ndi tiép duong tron (O) va c6 tryc
tam H. Duong tron ngoai tiép tam gidc BHC cit tia phan gidc goc ABC tai diém thit
hai M. Goi P la tryuc tam tam giac BCOM.

a) Chitng minh bén diém A, B, C, P ciing thudoc mot dudng tron

b) Duong théng H song song v6i AO cit canh BC tai E. Goi F la diém trén canh BC
sao cho CF = BE. Chitng minh ba diém A, F, O thing hang

¢) Goi N la tam duong tron ngoai tiép tam giac ABM. Chiing minh réng PN = PO.

L&i giai.
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a) Ta c6 P, H la truc tam céc tam giac BHC va ABC nén ta c6
BPC = 180° — BMC = 180° — BHC = BAC,
suy ra ti giac BAPC noi tiép.

b) Ké dusng kinh AK, ta ¢c6 BKCH la hinh binh hanh.
Xét hai tam giac BHE va CKF ¢6

BH = CK, BE = CF vi FCK — EBH
nén ABHE = ACKF, suy ra BEH = CFK. Dan t6i HE || KF
Mit khac HE | AK nén ta c6 A, K, F thang hang. Bai toan dugc chitng minh.

c) Goi I la tam duong tron ngoai tiép tam giac BHC. Vi ABHC = ABKC nén
IB=1IC=0B=0C.
Ta c¢6 ON la duong trung truc canh AB, OI la dudng trung truc canh BC va IN la
duong trung truc canh BM, nén ONI = ABM va OIN = MBC.
Mat khac m = ]\7/0\5: %@ nén O/N\I = (ﬁ]\\/ = %A/B? Suy ra AONI can tai
O va NOI = 180° — ABC. Lai co

— e~ L ——

POB = 2PCB = 2(90° — MBC) = 180° — 2M BC' = 180° — ABC.

—_— e

Nén ta c6 NOI = POB, suy ra NOP = [OB.
Tit d6 dan dén AOBI = AOPN, ma AOBI can tai B nén PN = PO.

O

Cau 5. Trén ban c¢6 100 tam thé dude danh so tit 1 dén 100. Hai nguoi A va B lan luot
moi ngudi 1ay mot tAm thé trén ban sao cho néu ngudi A 1ay tam thé danh s6 n thi dam
bao nguoi B chon dugc tAm thé danh sb 2n + 2. Hi ngusi A c6 thé lay duge nhiéu nhat
bao nhiéu tam thé trén ban théa man yéu cau trén?

Li giai.

Vi B boc thé 2n + 2 nén 2n + 2 < 100. Suy ra n < 49. Do d6, A chi dugc boc cac thé
danh tiur 1 dén 49.

Bay gio, ta chia tap {1; 2; ---; 49} thanh 33 tap con nhu sau:

(1 4}, {3: 8}, {5; 12};---, {23; 49} (12 nhém);

(2: 6}, {10; 22}, {14; 30}, {18; 38} (4 nhém);

{25}, {27},{29}, -, {49} (13 nhém);
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(26}, {32}, {42}, {46}(4 nhom).

O méi nhém, A duge chon t6i da mot s6. Néu A chon nhiéu hon 34 sb trong céc sb ti
1 dén 49 thi theo nguyeén ly Dirichlet, ton tai hai s6 thuoc cing mot nhém (vo 1y). Do
do6, A duge chon khong qua 33 sb.

Mat khac, A c6 thé chon 33 s6 sau :

{1, 3,5 ---,23, 2,10, 14, 18, 25, 27, 29, --- 49, 26, 32, 42, 46}

thi thda man yéu cau deé bai.

Vay ngudi A c6 thé lay nhiéu nhat 33 tam thé trén ban théa man yéu cau trén.
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TOAN THCS VIET NAM

BE THI HSG TOAN 9 | 52 11l HSG LGP 9 - QUAN HOAN

DE SO 9 KIEM - TP HA NOI NAM 2018
Ho va tén thi sinh: ... . Lop: .......

Cau 1.
a) Tim ba s6 nguyén td sao cho tich ctia chiing gap 5 lan tong ctia ching.
b) Tim bo s6 (z;y) nguyén thoa man dang thic 1 + 2 +y + 3 = V7 + /7.

Li giai.
a) Goi ba s6 can tim 1a a,b,c. Theo dé ta c6 abc = 5(a + b+ c).
Dé thay abe : 5 nén trong ba s6 a,b, ¢ c6 it nhat mot so chia hét cho 5.

Khong mat tinh tong quat, gia st a : 5. Vi @ nguyén to nén a = 5, tit d6
Sbe=5(5+b+c)<= (b—1)(c—1)=6.

Két hop véi dieu kien b, ¢ nguyén t6 ta thu duge b=2,¢=7 hodc b=7,c = 2.
Vay c6 6 bo s6 (a;b;c) théa man yéu cau la (5;2;7) va cac hoan vi.

b) Tu gia thiét suy ra /o +y+ 3 = vz + ,/y — 1. Binh phuong hai vé va thu gon ta c6

VI —Vr—y-1=0& (Ve -Dy-1)=2 (%
Khong mat tinh tong quat, gia st = > v.
o Xét y > 6 thi (vz —1)(y/y—1) > (v/6—1)* > 2 (mau thuin).

e Xét 0<y<6,viyeZnénye{0;1;2;3;4;5}.
Thay vao (%) tim dudgc x =9,y = 4.

Vay ¢6 2 bo s6 (x;7y) théa man yéu cau 1a (9;4) va (4;9). O

Cau 2.

. [ 1
a) Giai phuong trinh 22 + 274/ — = = 3z + 1.
T
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by+2="—\/r—2

b) Giai hé phuong trinh Y :
VTt r—2y=x+3y—2
Loi giai.
. 1
a) Dieu kién: z — — > 0.
x

Do z # 0 nén chia hai vé ctia phuong trinh cho z ta thu dugc

P Y R S )
X A
Tlmdudcy/x———lhoacwx—— (loai).
T

Tu y/z — = =1 ta tim dugc z = (thoa man).
xZ
: ) . . 1+
Vay nghiém ctia phuong trinh la x = 2\/3.

y#0
b) Diéu kién < 7 — 2y > 0

T++/x—2y>0

Quy dong mau s6 phuong trinh dau ctia hé ta thu duge

z— 2y —y\/x — 2y — 6y% = 0.

Tu do suy ra duge /x — 2y = —2y hodc /x — 2y = 3y.
Truong hop 1. Xét /z — 2y = —2y. Thay vao phuong trinh sau ta c6

Vi—2y=x+3y—2=-2y=x+3y—2&xr=2->5.

y<0
Do do, Vo —2y= -2y V2-Ty=2y& Sy=-2=zx=12.

2—-Ty= 4y2
Truong hop 2. Xét /r — 2y = 3y. Thay vao phuong trinh sau ta c6

Vr+3y=z+3y—2& /r+3y=—1 (loai) hodc \/r+3y =2z =4 —3y.

y=>0 4 8
Do do, Vo —2y=3y < 4 -5y =3y < @y:§:>:r:§.
4 — By = 9y?
2 . , e PN 2 ~ 1N N 8 4
Th lai ta c¢6 cac nghiém cua hé la (12; —-2) va (g; §) UJ

Cau 3. Cho céc s6 thuc khong am x,y, z théa man z2 + 32 + 22 = 3.

a) Chiing minh zy? + y22 + 222 < 2 + 2yz.




€3 | Nhom GeoGebraPro

Yy z

b) Tim gia tri 16n nhat va gia tri nho nhat ctia biéu thiic P = + + .
24y 24z 24z

Li giai.
a) Khong mat tinh tong quat, gia sit = < y < z. Khi do,

z(y—z)(y—x) <0
& ny + z2? < :)32y + xyz

& xy? 4+ y2® + 2 <yla? + 22) + ayz = y(3 — y?) + ayz.

Xét hieu 2 —y(3—y?) =9 -3y +2=(y —1)*(y +2) > 0.

Suy ra y(3 — y?) < 2= ay® +y2? + 202 <2+ ayz.

Dau “ =" x&y ra khi va chi khi (z;y; z) = (1;1; 1) hodc (0; 1; v/2) va cdc hoan vi clia chiing.
b) Nhan xét: Bién doi P < 1 < ay? + y2% 4 222 < 2+ yz.

T d6 tim duge Ppax = 1 & (2;y;2) = (1;1;1) hodc (0;1;1/2) va cic hoan vi cia ching.
2 2 2

Ta c6 P — P (z+y+2) _

20 +ay  2y+yz 224z 2x+y+z)taytyz+ze

(bat dang thiic Cauchuy-Schwarz).

2

batt=ax+y+ 2 thi 2y +yz + 22 = v6i V3 <t < 3.
2t2
Khi dé = —— Vvl Vv3<t<3.
16, Q= g voivIs S

V3 212 V3

TacoQ>—< ——— > —
I IR L

3 D

Tu dé tim duge Puin = g & (z3y;2) = (vV3;0;0) va cic hoan vi ciia né. (]

Cau 4. Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (O), cac dudng cao

& (t—v3) [(4—V3)t — 3] > 0 (luon ding véi t > /3).

BD,CE cat nhau tai H. Dudng tron tam I dudng kinh AH cit duong tron (O) tai diém
thi hai P.

a) Chiing minh hai tam giac PBC va PED dong dang.
b) Goi M la trung diém ctia BC. Chiing minh ba diém P, H, M thang hang.

c¢) Cac tiép tuyén tai A va P ctia duong tron (I) cit nhau tai N. Chiing minh rang
cac duong thang M N, DE, AH dong quy.

L&i giai.
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o —

a) Ta ¢6 PCB = PAB = PDE va PBC = 180° — PAC = PED.

Do d6 APBC «~ APED (g-g).

b) Ké duong kinh AK, ta c6 APK — 90°, chu y APH = 90° tit d6 ba diém P,H, K thang
hang.

Mat khéc, BH | KC, CH || KB nén BHCK la hinh binh hanh.

T d6 H, M, K thang hang. Suy ra P, H, M thang hang.

¢) Goi F la giao diém ctia AP va BC, ta c6 AEP = AHP = BFP, tit d6 BEPF la tt
gidc 1oi tiép, suy ra FEP = FBP = PAC.

e~

Suy ra FEP + DEP = PAC + DEP = 180° tit d6 ba diém D, E, F thing hang, chi ¥
rang IM 1a trung tryc ctia DE, do d6 DE 1L IM.

Ta c6 NIP = AHP = MFP, tit d6 APNI « PMF (g-g) (%)

Tit () d& dang suy ra AIPF « NPM (c-g-c), suy ra PIF = PNM = FI 1 MN.

Chay AH 1L FM, tit d6 MN,DE, AH 1a ba dudng cao ciia AIMF nén chiing dong quy.
O

Cau 5. Mot s6 s6 nguyen duong duge viét tréen mot bang den. Tong ciia hai s6 bat ki
trong chiing 1a liiy thita ctia 2. Héi trén bang c¢6 thé c6 nhi¢u nhat bao nhiéu sé phan
biet?

Li giai.

Ta sé chitng minh riang sé céc sé nguyen duong phan biét khong thé 16n hon 2.

That vay, gid st ¢6 ba s6 a < b < ¢ trén bang (truong hgp 4 s6 trd len van trich ra duge
bo ba s6 nhu thé).

Dé thay theo dé bai, a + b;b + ¢; ¢+ a 1a ba lily thita phan biét clia 2.
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Mat khéc, a+b<a+c<b+csuyrab+c>2(a+c) hay b > 2a+ ¢ (vo li).
T d6 suy ra c6 nhiéu nhat hai s nguyén duong théa man yéu cau dé bai.

Ta c6 thé lay mot trusng hgp cu theé 1a 1 va 3. O

HET
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TOAN THCS VIET NAM

DE THI HSG TOANO | o2 111 10AN 9 HSG NAM HOC

bDE SO 10 2011, TP. DA NANG
Ho va tén thi sinh: ... . Lop: .......

a+1 a a—1+a2—a\/a—|—\/_—1

au 1. ieu thite: M =
Cau 1. Cho bieu thic: M 7 + o= a Vi —aya

v6l a > 0,a # 1.

a) Chiing minh rang M > 4.

6

b) V6i nhitng gia tri ndo clia a thi biéu thic N = o nhan gia tri nguyén?

Loi giai.

a/a—1 Va-1)(a+ya+l a+ya+l
a—a Va(va—1) Va

a) Do a>0,a # 1 nén:

P —avata—1_ (a+1)(a-1)—Vala-1) (@-1)(a-Va+l) —a+a-1

va

va—ava va(l —a) B Va(l—a) a va
:>M_a+1+2
- Va
P 6 3 2 2 2 2 ~ ~ ., . ~ N
b) Tac60< N = i < 3 do d6 N chi c6 thé nhan dugec mot gia tri nguyén la 1
MéNzl@L:1@@—4\/E+1:0<:>(\/E—2)2:3

a+1+2va
& a:2+\/§hay\/a:2—\/§(phf1h0p)
Vay, N nguyén < a = (2 £ /3)?

Cau 2.

a) Cho cac ham s6 bac nhat: y = 0,52 +3, y =6 — x va y = ma ¢6 do thi lan lugt 1a
cac duong thang (dy), (d2) va (A,,). Véi nhitng gia tri nao ctia tham sé m thi dudng
thang (A,,) cit hai duong thing (d;) va (dz) lan lugt tai hai diém A va B sao cho

diém A c6 hoanh d6 am con diém B ¢6 hoanh do duong?

b) Trén mat phang toa do Ozy, cho M va N la hai diém phan biét, di dong lan lugt
tren truc hoanh va trén truc tung sao cho dudng thing M N luon di qua diém cb

dinh 1(1;2). Tim hé thic lién hé gitta hoanh do ciia M va tung do cua N; tu do,
1

sz . h? hé 2 « 2 h/ _ .
suy ra gia tri nho nhat cua biéu thic Q 02 + ONZ
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L&i giai.

a)

Diéu kien dé (A,,) 1a dd thi ham s6 bac nhat 1a m # 0

Phuong trinh hoanh do giao diém ciia (dy) va (A,,) la:

0,5z +3=mx < (m—0,5)z=3

Diéu kién dé phuong trinh nay c6 nghiem am la m — 0,5 < 0 hay m < 0,5
Phuong trinh hoanh do giao diém ciia (dy) va (A,,) la:

6—x=mzr< (m+1)z=06

Diéu kien dé phuong trinh nay c¢é nghiém duong la m + 1 > 0 hay m > —1

Vay dieu kién can tim 1a: —1 <m < 0,5;m # 0

batm=zy van=yy=>mn#A0vam#1 (%)
Neén duong thing qua ba diem M, I, N c6 dang: y = ax + b

(
O=am+0

=< 2=g+0b = héthic lién hé gitta m va n la 2m +n =mn

n==b
\

. .z 1 2
Chia hai vé cho m.n # 0 ta duge: — + — =1 ()
m - n

1 2732 1 4 4 1 1 2 1\?
:>1:(—+—) :—2+—2+—:5(—2+—2)—(———)
m n m n mn m n m n
:>Q—1+1>
- m2 n2 T .
dau “=" x4y ra khi — = —; két hop () : m = 5,n = 2,5( thoa (x))
m n
1
5

9

at] =
[\

Vay gié4 tri nhé nhat cta Q 1a

Cau 3.

a)

b)

o 17z +2y = 2011|zy|
Giai hé phuong trinh:

T —2y = 3zy

Tim tat cd cac gia tri clia z, y, 2 sao cho:

\/5+\/y—z+\/z—x=%(y+3).

Li giai.

a)

Néu zy > 0 thi khi d6 he da cho tuong duong véi
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)
y oz Y 490 5
(v 7 z 9 Y= Toor
Néu zy < 0 thi khi d6 he da cho tuong duong véi
(1 9 _
Y2 oo 1_ 1;’04
Y T Y ]
X [ & 1 1031:>93y>0(10a1)
{ ¥y = r 18

Néu zy = 0 thi khi d6 he da cho tuong duong véi z =y = 0 (nhan).

9 9
ay hé c6 ding 2 nghieém 1a (0;0) v <_’—)
Vay hé c6 dung 2 nghiém la <O O) va 490" 1007

b) Dicukien 2 >0,y — 2> 0,2 —2>0y>2>2>0

1 — 1 _ 1
TheoBDTCauchy:\/§§$;L ;‘/y_zg%; z—xﬁ%
1
VP =VetVy—z+vz—a<gy+3)=VT
( (
V=1 r=1

Do do < y—z=1%4< y=3 thoa dieu kien

z—x=1 z=2
\ \

O

Cau 4. Cho dudng tron (C) véi tam O va duong kinh AB ¢6 dinh. Goi M la diem di

dong trén (C) sao cho M khong tring véi cac diem A va B. Lay C la diém déi xing

ciia O qua A. Duong thang vuong géc véi AB tai C ciat duong thang AM tai N. Duong

thang BN ciat duong tron (C) tai diém tht hai la E. Cac dusng thing BM va CN cit

nhau tai F.
a) Chitng minh ring cac diém A, F, F thang hang.

b) Chitng minh rang tich AM.AN khong doi.

¢) Chitng minh rang A la trong tam ctia tam gidc BNF khi va chi khi NF ngan nhat

Lai giai.
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a) MN L BF va BC' L NF.
= A la tryc tdm cua tam giac BNF.
= FA 1 NB.
Lai c6 AE L NB.
Nén A, E, F thang hang.

b) CAN = MAB, nén hai tam gidgc ACN va AM B déng dang.

S s AN AC
W s T AMm

Hay AM.AN = AB.AC = 2R? khong doi (véi R 1a ban kinh dudng tron (C)).

2 .
¢) Ta c6 BA=-=BC nén A la trong tam tam gidc BNF < C la trung diem NF. (1)
Mit khac: CAN = CFM, nén hai tam giac CNA vi CBF déng dang.

CN  AC i
Ap dung bat déng thitc Co-si, ta c6: NF = CN + CF > 2¢/CN.CF = 2R+/3 khong
doi.

Nén: NF ngian nhat & CN = CF < C la trung diém NF. (2)

Tu (1) va (2) cho ta: A la trong tam tam gidc BNF < NF ngan nhat.

(]
Cau 5. Tim ba chit s6 tan cling clia tich ctia muoi hai s6 nguyén duong dau tien.
Li giai.
bat: §=1-2-3-4-5-6-7-8-9-10-11-12
S .
:>m:3-4-6-7-8-9-11-12lamétsénguyén. (1)

= Hai chit s6 tan cling ctia S 1a 00.
Mait khéc, trong sudt qua trinh nhan lién tiép cac thita s6 & vé phai ctia (1), néu chi dé

. . .S .
¥ déen chit so tan cung, ta thay 100 c6 chit s0 tan cung 1a 6 (vi3-4=12;2-6=12;2-7 =
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14;4 - 8 = 32;
2.9=18;8-11 =888-12=96).

Vay ba chit s6 tan cling ctia S 1& 600.
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cCHON HOC SINH G101

bE SO 11 TOAN 9 NAM HQC 2010-2011,
LAM BONG
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Rat gon A = /127 — 487 — /127 + 48V/7

Lai giai.
Ta co
A = V64—283V7+63+ V64 +2.8.3V7 + 63
= 8 =3VT)2+ /(84 3V7)?
_ ‘8—3\/7’+’8+3\/7’
= 8-3V7+8+3V7 =16
Vay A = 16. 0

Cau 2. Cho ham s6 y = f (z) = (3m® = 7m +5) x — 2011 (x). Chting minh ham s6 (x)

luon dong bién trén R v6i moi m.

Loi giai.
Ta co
7 7 49 49
3m? -7 5:3( 2 - ) 5 = 3( 2_92.- ———) 5
m m + m 3m + m 6m—l—36 36 +
N2 49
= 3(n-g) g+
= 3( 7)24—11>0 61 moi
- o\ Tg) T e e
Do d6 ham s6 () luon dong bién trén R v6i moi m. O

Cau 3. Cho hai s6 duong z,y thda man diéu kién 3z +y — 1 = 0.
Tim gia tri nhé nhét ctia biéu thic B = 322 + y2.

Loi giai.

Taco3r+y—1=0=y=1-—3z. Do do

N2 1
B=3:2+(1-32)2=122% — 62 +1 = 12[(93——) 4 ]
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L O
4
Cau 4. Cho hai dudng tron (O) va (O') cat nhau tai hai diém A va B. Trén dudng thang

Vay GTNN ciia B 1a  khi z = § va y =

AB lay diém M sao cho A nam giita M va B. Tt M ké cat tuyén MCD véi dusng tron (O)
va tiép tuyén MT véi duong tron (O')(T 1a tiép diém). Chiing minh MC.MD = MT?.
Loi giai.

M

Xét AMCB va AMAD, ta co6:

DMB Chung MC MB

MDA = MBC(= %sd;@)
MAMB (1)
Xét AMTA va AMBT, ta co:

BMT Chung MT MA

S = AMTA~ AMBT = —— = — hay MT* = MA.MB (2)
MTA = MBT(= %sdAT) MB  MT

Tu (1) va (2) = MC.MD = MT?(dccm) O
Cau 5. Chiing minh téng C =1+ 24 2% 4 --- + 2201 chia hét cho 15.

Loi giai.

Ta c6:

%, 1494924 ... 492011

— (1+2+22+23>+(24+25+26+27)+"'+(22008+22009+22010+22011)
= (14242242 + 200 +2+22 428+ + 22981 42422 1 23)

= 15(1 214 ... 4220085
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Vay C chia hét cho 15.
Cau 6. Phan tich da thiic 23 — 22 — 142 + 24 thanh nhan tu.
Laoi giai.
Ta co:
x3—x2—14a7—|—24 = x3+4x2—5x2—20w+6x—|—24
= 2X(z+4) —bx(x +4) +6(z+4)
= (z+4)(2* = 52 +6)

= (x+4)(x—3)(x—2)

U
o T+y+z=2
Cau 7. Giai hé phuong trinh
a0y — 2% = 4.
Loi giai.
Ta c6
.
r+y+z=2 z2=2—-x—y (2—z—y)? =22y —4
& & S
20y — 22 =4 22 =2xy —4 z=2—x—y
\
(
(x—22+(y—2?2=0 r=y=2
S &
2=2—-x—y z= =2
\
U

Cau 8. Chiing minh D = n(n + 1)(n + 2)(n + 3) khong phai 1a s6 chinh phuong v6i moi
n € N*.
Loi giai.
D = nn+1)(n+2)(n+3)
(n% 4 3n)(n* + 3n +2)
(n? 4 3n)? + 2(n* + 3n)
= (n*+3n)? <D< (n*+3n)*+2(n*+3n) +1
= (n?+3n)?<D<(n®+3n+1)>

Do d6 D khong phai 14 s6 chinh phuong vi (n? + 3n)? va (n? + 3n + 1)? 14 hai s6 chinh
phuong lién tiép. O
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.z N P . 1 1 4
Cau 9. Cho hai so duong a va b. Chitng minh — 4+ - > .
a b a+bd
Loi giai.
Ta c6
2 2 2 2 a+b 4
(a—b)*>0&a”+b°>2abs (a+b)* > dab < > — +b(Vi (a+b)ab > 0)
a a
1 1
-+-> df
& a+b_a+b( cm)
]
Cau 10. Tim nghiém ty nhién cia phuong trinh 222 — 2y — y?> — 8 = 0.
Loi giai.
Ta ¢6
(
) ) 20 +y =8 2 +y =4
20" —xy —y*—8=0 2z+y)(r—y) =8 & | hoac
\
(
=3 T =2
& ] hoac
y=2 y=20
\
Vay cac nghiém tu nhién ctia hé 1a (3;2) va (2;0). U

Cau 11. Cho hinh thang vuong ABC’D(A\ - D= 90°), ¢c6 DC = 2AB. Ké DH vuong
goc véi AC(H € AC), goi N la trung diém ctia CH.

Chiing minh BN vudng gbéc v6i DN.

Loi giai.

Goi M la trung diém ctia DH.

1
MN la duong trung binh cia AHDC = MN || CD, MN = §CD
Do d6 MN || AB,MN = AB = ti giac ABNM la hinh binh hanh.
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Xét AADN ¢6 MN | AB= MN 1 AD va DH 1 AN
nen M 1a tryc tam ciia AADN = AM L DN = BN L DN(vi ABNM la HBH). O

Cau 12. Cho tam giac MPN can tai M(]TJ\ < 90°). Goi D la giao diém cac duong phan
gidc trong clia tam gidac MPN. Biét DM = 2/5cm, DN = 3cm. Tinh do dai MN.
Loi giai.

Qua M ké duong thang vuong géc v6i MN cit ND tai E. Ké MF L DN.

Ta co E+W:9oo (1)
DNP + Dy = 90° = DNP + D; = 90° 2)

—

Do MND = DNP nén tit (1) va (2) = E = D; = AMDE can tai M.

= MD = ME = 2v/5(cm) va EF = DF.

AMNE vuong tai M. Ta co

ME? = EF.EN = EF.(2EF 4+ DN)

& (2v/5)2 = EF.(2EF +3)

& 2EF? +3EF —20 =0« (EF +4)(2EF —5) =0= EF =2,5(Vi EF > 0).
Dé dang tinh dugec MN = 2y/11(cm).
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TOAN THCS VIET NAM

DE THI HSG TOAN 9 | 52 11l HsG LGP 9, NGHE AN,

DE SO 12 BANG A, NAM 2011
Ho va tén thi sinh: ... . Lop: .......
Cau 1.
a) Cho cac sO nguyen ap, as, as,--- , ap. Dat S = a‘i’—i—a‘;’jt- dad va P = ajtazs+---+ap.

Chting minh rang: S chia hét cho 6 khi va chi khi P chia hét cho 6.

b) Cho A = n® —n* + 2n® + 2n? (v6i n € N, n > 1). Chiing minh rang A khong la s6
chinh phuong

Lai giai.

a) V6i s6 nguyén z, ta c6

? —z=x(x—1)(z+1)6.

Do do
S—P:(ai{’—al)+(a§—a2)+---+(a%—an)§6.

Suy ra S:6 < P:6.
b) Ta c6 A =n? (n* —n*+2n+2).

o Véin =2, tacon* —n?+2n+2 =18 khong la s6 chinh phuong nén A khong 1a

s6 chinh phuong.

e V6in >3, tacon?—2n—2>0nén
(n2—1)2:n4—2n2+1<n4—n2+2n+2< <n2)2,
do dé n* — n? 4 2n + 2 khong 1 s6 chinh phuong.

Tu d6 ta c6 A khong 13 s6 chinh phuong véi moi n > 2.
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Cau 2.

a) Giai phuong trinh: 10v/x3 + 1 = 322 4 6.

( 1
r+—-=3
Y
b) Giai he phuong trinh: { , 4+ 1 _ 3
z
1
z+—-=3
\ x

L&i giai.

a) Dieu kien: z > —1.
Tacod +1=(r+D@?—z+1), 224+2=(2%—z+1)+ (z+1).

Dit a = vx +1, b= Va2 — 2+ 1 ta ¢6 phuong trinh
10ab = 3a* + 3b*> < (3a — b)(a — 3b) =0 < a = 3b, b= 3a.
ea=3bVr+1=3V22—-2+1< 922 — 102 + 8 = 0. Phuong trinh vo nghiém.
ebh=3ueVil—r+1=3Vr+1le2—10c—-8=0<1z=>5+33.
Vay nghiém ctia phuong trinh 14 z = 5+ v/33.
. . 1 ) 3y —1 S . .
b) Tu phuong trinh z + ; =3tacozr= — thay vao phuong trinh thit ba ta dugc

1 8y — 3
p=3-——=3- -2 Y .
x Jy—1 3y—1

Thay z va phuong trinh thit hai ta c6

3y —1 3+ V5
Y+ J =3y -3y+l=0y= \/_
8y — 3 2
) ) e 3+ V)
T do ta c6 nghiém cuia hé lax =y =2 = 2\/_.

Cau 3.

) . .1 1 1 ) . N
a) Cho cac s6 thuc duong z, y, z théa man — + — + = = 4. Chitng minh rang
r oy 2

1 1 1
+ + <
2v+y+z2 r+2y+z x4+y+2z2
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b) Cho céc s6 thuc duong thdoa man 201 4 4201t 4 22011 — 3 Tim gi4 tri 16n nhat cla

biéu thiic M = 22 + % + 22.

Li gii.

a) Véia, b, ¢, d>0 ta co

1 <1(1+1+1+1>

a+b+c+d ~16\a b ¢ d)°
Ap dung bat ding thic tren ta c6

1 1(2+1+1)
20 4+y+2z "~ 16\ y =z

1 1(1+2+1)
r4+2y+z 16 \z y =z

1 1(1+1+2)
r+y+2z " 16\z y z/

Cong cac bat dang thiic trén theo vé ta c6 dpem.
b) Ap dung béat déng thitc Cauchy cho 2011 s6 gdm 2 s6 2201 va 2009 s6 1 ta c6
222011 42009 = 2201 4 220N f 1 4. 41> 2011 V22001 = 201102,
Tuwong tu:
2y 12009 > 2011.42, 2229 + 2009 > 201122

Cong cac bat dang thiic trén theo vé ta c6
2011(2% + ¢ + 2°%) < 2 (a® 4+ 21 4+ 221 +3.2009 = 3.2011.

Suy ra M < 3. Dang thiic xay ra khi z =y =z = 1.
Vay max M = 3.

O
Cau 4. Cho tam giac ABC c6 ba goc nhon noi tiép duong tron (O), H 1a tryc tam cla
tam gidc. Goi M la mot diém nam trén cung BC khong chita A (M khong tring véi B
va C). Goi N va P lan lugt la diém ddi xting ctia M qua cac duong thang AB va AC.

a) Chiing minh riang ba diém N, H, P thang hang.

LT o , . . 3 2 « 2 2 ]- 1 ., . 2 e
b) Khi BOC = 120°, xac dinh vi tr{ clia diem M de VB + UC dat gia tri nhoé nhat.
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L&i giai.

a) Goi D, E, F lan lugt 1a chan dudng cao ha tit A, B, C. Ta c6 tit giac CDHE noi
tiép va M, N d6i xitng nhau qua AB, nén

L — — ——

AHE = ACB = AMB = ANB.
Suy ra tit gidc ANBH noi tiép, nén
NHB = NAB = BAM.

Tuong tu PHC = CAM. Tit do, suy ra

—_——  — — @ @

NHB+ BHC +CHP = BAM + BHC + MAC = BAC + BHC = 180°.
Suy ra N, H, P thang hang.

b) Goi J la diém chinh gifta cung 16n BC, trén doan MJ lay K sao cho MB = MK. Ta
c6 BIC =120° va AJKB = ACM, nén JK = CM. Do d6 BM +CM = MK + K.J =

JM. Khi do
1 1 4 4

MB MC ~ MB+MC JM — 2R
Déng thitc xay ra khi M 1 diém chinh gitta cung BC.

O

Cau 5. Cho tam gidc ABC noi tiép duong tron tam O, mot diém I chuyen dong trén
cung BC khong chita diém A (I khong tring véi B va C). Duong thang vuong goc véi
IB tai I cit duong thing AC tai F, duong thing vuong goéc véi IC tai I cit dudng
thang AB tai F. Chiing minh ring duong thang FF luon di qua mot diém c6 dinh.

Loi giai.
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B
WC
I

e Néu BAC = 90° thi BIC = 90°, khi d6 EF 1a dudng kinh nén EF di qua O.

o Xét BAC < 90°, khi d6 BIC > 90°. Goi K 1 diém déi xtng véi I qua EF, ta c6
EIF = BAF (cung bu véi B/IE’), EKF = ﬁ?, suy ra EKF = EAF nén ti giac
AEKF noi tiép, hay K € (O). Ma EF 1a dudng trung tryc doan IK nén EF di qua

0.
e BAC > 90° thi BIC < 90°. Chitng minh tuong tu ta ciing ¢6 EF di qua O.

Vay EF luon di qua diém cb dinh O. O
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cCHON HOC SINH G101

DE SO 13 TOAN 9 NAM HOC 2010-2011,
QUANG BINH
Ho va tén thi sinh: ... . Lop: .......

vVi+tadver—4+r— 4V —4

8 16
1— =+
T T

Cau 1. Cho biéu thitc A = V6l 4 <z < 8.

a) Rit gon bicu thiic A.
b) Tim z nguyén dé A c6 gia tri nguyen.
Lo giai.

a) V6i 4 < z < 8. Ta co:

Vo4 AVr A+ At r—4— 4z —4+4

A

1— =
x

' 4

4 2
(-3)

T
_\/x—4—|—2—|—2—\/x—4 4x
- r—4 x—4

T

16 .
b) Ta c6: A =4+ 4V(’jl4<:zc§8.
x_

Do d6 v6i x nguyén, A nguyén khi va chi khi z — 4 1a u6c cia 16.
r—4=1 T =295

Két hop véi dieu kien da cho ta cé: |z —4=2< |z =6.
r—4=4 r =38
O
Cau 2. S6 do hai canh géc vuong ctia mot tam giac 14 nghiém ciia phuong trinh bac
hai
(m—2)2? —2(m — 1Dz +m=0

. 2 £ N . 2,0 X 2 ., -~ N 2
Xac dinh m deé so do dudng cao ting v6i canh huyén cta tam giac da cho la —.

V5
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Loi giai.
Goi 1,22 13 s6 do hai canh géc vudng clia tam gidc da cho, vi ching 13 nghiém clia

phuong trinh bac hai (m — 2)z% — 2(m — 1)z +m = 0 nén ta c6 dicu kien:

4
2 (
m# m # 2
A'>0 m .
<P &4 —s >0 (*)
>0 m— 1
>0
S >0 \m — 2
\

Tt gid thiét bai toan ta co:
1 1 5 (331 + $2)2 — 2x129 5

i 51;% 4 (z122)° 4
2m* — 4 4 5 4
& m 2m+ ——o3m’-16m+16=0=m=4m=—.
m 4 3

Tht lai ta thay chi ¢6 gid tri m = 4 thdéa man dieu kién (*).

Vay: m = 4 1a gia tri can tim. O

Cau 3. Cho hai duong tron (O) va (0') cat nhau tai hai diém A va B. Tiép tuyén chung
gan B cla hai duong tron lan lugt tiép xtc (O) va (O') tai C va D. Qua A ké dudng
thang song song C'D cat (O) va (O') lan lugt tai M va N. Cac dudng thang BC, BD lan
lugt cit MN tai P va Q. Cac duong thang CM, DN cit nhau tai £. Chiing minh ring;

a) Céac duong thang AE va C'D vuong goc nhau.
b) Tam gidc EPQ can.
Loi giai.

a) Ta c6: ECD = CMA (ddng vi), CDA = CMA (ciing chén cung CA ).
Nen ECD = DCA. Chting minh tuong tu ta co: EDC = CDA.
Suy ra: ACDE = ACDA(g.c.g) = CE =CA= ACEA can tai C.

Theo chitng minh trén thi CD la duong phan giac cia ECA. Nen: CD L AE.
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P

b) Goi I 1a giao diém ctia CD va AB. Ta co: TAD = IDB (ciing chin cung BD)

IA ID )

Chting minh tuong tu ta c6: IC? = IA.IB. Suy ra: IC? = ID? = IC = ID.
. Cl BI DI
Ta co: CDHPQ:AP—BA—AQ.
Vi: CI = DI = AP = AQ hay A la trung diém PQ.
Mat khac: CD L AE,CD || PQ nén: PQ L AE. Vay tam giac EPQ c6 AE vua la

trung tuyén vira la duong cao nén né la tam giac can.

Cau 4. Cho z,y,z > 0 théa man: 22 + y?> + 22 = 3. Ching minh: W v 2y
z x oy

Loi giai.

Ta co:

2
ﬂ+yz+zxz3@(@+%+ﬁ) >9
y

x

- >ty + 22 =3
x ¥ zxr

Vay—y+?J—+—Z .
z T Y

T3 T ”
3. Dau bang xdy rakhiz =y =2 = 1. O

Cau 5. Cho a,b,¢,d 1a cac s6 nguyén théa man: a® +b° = 4 (¢° 4+ d°). Ching minh rang
: a + b+ c+ d chia hét cho 5.

Loi giai.

Ta chitng minh (n® — n) 5.




f n

Ta co:

(n5—n) :n(nQ—l) (n2+1) :n(nz—l) (n2—4)+5n(n2—1)
= [(n—2)(n— 1)n(n+1)(n+2)+5n(n2—1)} :5

Suy ra:

A —a+tt’—b+c® —ctd —d= [5(c5+d5) —(a—l—b—l—c—l—d)} :5

= (a+b+c+d)b




ot -

TOAN THCS VIET NAM

DE THI HSG TOANO | o2 111 ToAN 9 HOC SINH GIQI
DE S0 14 NAM HOC 2012-2013, AN
GIANG
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Khit can ¢ miu s6 biéu thitc sau:

Y 59
VB3 H+VEHVT

b) Tinh tong sau:

1 1 1
S = + 4.+ .
V3+v5  V5+VT V2011 + /2013

. e 20

a)
e 59
V3+ V5 4+ VT
59 (V3 + V5 - V7)
(V3+V5+VT) (V3+V5-7)
59 (V346 - VT)
8+2V15—7
59 (V3+ V5 —V7) (1 -2V15)
T (1+2v15) (1 2v/15)
59 (V3+v5—V7) (1 -2V15)
1-60
= (V3+V5-V7) (2v15-1).

b) Ta co:
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Ap dung tinh chit trén cho ting s6 hang ciia téng trén ta dugc:

L V53
V3+vs 2 2
L VTS
Bavi 2 2
1 V2013 V2011

V2011 4+ /2013 2 2

p v2013 —
Cong theo tung ve ta duge: S = %ﬁ

Cau 2. Cho da thic: Q(z) = z* + 322 + 1.
a) Phan tich da thic Q(z) thanh nhan ti.
b) Tim nghiém nguyén clia phuong trinh y? = 2% + 322 + 1.
Loi giai.
a)
Q(z) = 2" + 322 + 1
3

3 2 5
2\2 2

p— 2- . — p— —_— —
(%) +2-2 2+(2) 1

(DD
b) Phuong trinh y? = 2% 4 322 + 1.
e Néu z =0 thi > =1 hay y = £1.
e V6i 2 # 0, do = 1a s6 nguyén nén ta co:
20 1 <at 4322+ 1 <t + 422+ 4
s +1)2 <y < (2® +2)
srP+l<lyl <2®+2.
Do 22 +1 va 22 + 2 1a hai s6 nguyén lién tiép nén khong ton tai s6 nguyén nao

nam gitta hai s6 nguyén lién tiép nay. Vay truong hop nay phuong trinh khong

¢6 nghiém nguyén.
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Vay phuong trinh da cho c¢6 hai nghiém nguyén (0;1) va (0; —1).

0
Cau 3.
a) Vé do thi clia ham s6 y = f(v) = |37 — 9| +2 — 7.
b) Giai phuong trinh 3v/z2 — 6v22 + 9 + Va2 — 7 = 0.
Loi giai.
4r — 16 khi z > 3
a)y=f(r) =83z —9|+2—-7=
—2x + 2 khi z < 3.
Y
e VGi x > 3 do thi ham s6 1a duong thang y = 42— 16 2
qua hai diém (3; —4) va (4;0). \
1 x

e V6i z < 3 dd thi ham s6 1a duong thing y = —2z42
qua hai diém (0;2) va (1;0).

D6 thi ham s6 nhu hinh vé:

b) Giai phuong trinh 3V22 — 6va2 + 9+ V2% — T =0.

3\/x2—6\/ﬁ+9+x/x_2—7=o
&34/[z]2 = 6lz] + 9+ [z —7=0

&34/ (|7 = 3)}z| = 7=0

o3|z = 3| + || - 7 =0.

Dat ¢t = |z| (v6i ¢t > 0) ta duge phuong trinh:

[t —3[+t—7=0

SBE—9+t—7T=0 (%)

Duya vao do thi 6 cau trén, ta thay phuong trinh (*) ¢6 hai nghiem lat=1vat =4

(déu théa man t > 0).

e V6it=1tadudc |z|=1< 2 ==+l
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e V6i t =4 ta dudc |z| =4 < x = +4.

Vay phuong trinh da cho c6 tap nghiem S = {—4; —1;1;4}.

Cau 4. Cho hé phuong trinh
r+2y=-1 B}
(m la tham so0).
3r+my =1
a) Tim m dé hé phuong trinh c¢6 nghiém, tim nghiem dé.
b) Xéc dinh gi4 tri nhé nhat ciia bicu thiic
P=(z+2y+1)* + 3z +my — 1)~
Loi giai.
r+2y=—-1 (1)
3r+my=1 (2).
a) Tt phuong trinh (1) suy ra = —1 — 2y, thé vho phuong trinh (2) ta dugc:
3(—1-2y)+my=1<(m—-6)y=4 (3)

e Néu m = 6 thi phuong trinh (3) vo nghiém. Do d6 hé phuong trinh da cho vo

nghiém.
—m — 2

. Do

. 4
e Néu m # 6 thi phuong trinh (3) c6 nghiém y = prt Khi d6 x =
m_
-m—2 4 )
m—6"m-—6/

m—6

d6 hé phuong trinh da cho c6 nghiém (

b) P=(z+2y+1)2+ 3z +my — 1)
e V6im = 6, ta dugc: P = (v4+2y+1)2+(32+6y—1)% = (z+2y+1)2+(30+6y+3—4)2.
bat t =z + 2y + 1, khi do
P =t*+ (3t —4)?

= 10t%2 — 24t + 16

6 36 4
:10(252—2-75-— — —)
5725 35

) ) ) 6
Dau “=" xay ra khi z + 2y + 1 = 5
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e V6i m # 6, ta dugc:

P=(z+2y+1)*+ Bz +my—1)?>0.

r+2y=—1

Dau “=" x4y ra khi = va y & nghiém clia hé phuong trinh
3r+my = 1.

Vay:

tz 3 rd £ 2 > 8
o m = 6 thi gia tri nho nhat ctia P bang 5

o m # 6 thi gia tri nh6é nhat clia P bang 0.

O

Cau 5. Cho hinh thang can ABCD canh bén 1a AD va BC ngoai tiép duong tron tam
I ban kinh R = 2.

a) Chiing minh rang hai tam giac IAD va IBC vuong.
b) Cho AB =2z (0 < 2 < 2). Tinh dién tich hinh thang ABCD theo x.

L&i giai.

a) Hinh thang ngoai tiép duong tron tam I nén tam I ctia dudng tron nam trén M N
véi M, N lan lugt 1 trung diém ctia AB va CD.
Goi P, Q lan lugt 1a tiép diém ctia dudng tron véi canh AD va BC ciia hinh thang.
Khi d6: BM = BQ; CN = CQ (hai tiép tuyén xuat phat tit mot diém & ngoai dudng
tron).
Suy ra AIBM = AIBQ, suy ra IB la phan giac cia m
Va AICQ = AICN, suy ra IC la phan giac cua ]@
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Vay BIC = 90° (hai phan giac clia hai goc ké bu).
Hay tam giac IBC vuong tai I.

Tuong tu ta duge tam giac IAD vuong tai 1.

b) Theo chiing minh trén ta c6 BM = BQ; CN = CQ.
Suy ra BC' = BM + CN.
Do M la trung diém ctia AB nén MB = .
Tu B ké BH vuong goc CD, tam giac BHC vudng tai H ta dugc:

BC? = BH? + HC?
&2z + HC)? =42 + HC?
e47? + 4gHC + HC? = 42 + HC?

edrHC = 4% — 422
4 — g2

X

SHC =

Do d6 dién tich ctia hinh thang ABCD la:

1 1 2(4 — x2 4 — x2
SABCD:§(AB+OD)'MN:§ 2$+2$+%]-4:4<2x+ x)




ot n

TOAN THCS VIET NAM
218 Ul HESISHRO I HSG TOAN 9, HUYEN BINH
PE SO 15 GIANG, TINH HAI DUONG,
NAM HOC 2012 - 2013
Ho va tén thi sinh: ... . Lop: .......

x+2 . Vr+1 n 1
zr—1 z4+yr+1 1-—x

Cau 1. Cho biéu thitc 4 = V6l >0, x # 1.

a) Rat gon A.
p 2 N 1
b) Ching t6 rang A < 3
Loi giai.

a)

B T 42 Vo +1 1
A_(\/E—l)(x+\/5+1)+x+ﬁ+l+1—ﬁ
A:x—|—2+x—1—x—\/§—1: r— T

(Vr—1)(z+ Vo +1) (Vz—1)(z+ Vo +1)
A= velyz -1 __ VT Vol x> 0,2 # 1.

(Ve —1(x+vz+1) z+/x+1

1\2

by Xet Lol _vekl (Ve D7
3 3 z++r+1 z+Jr+1

2

. . . N 1 3 .
Véimoixz>0,z#1tacot (Vz—12>0vaz+z+1= (\/E+§) —I—Z>0nen

1 1
suyrag—A>0<:>A<§.

Cau 2.

a) Giai phuong trinh x — v/r — 15 = 17.

b) Tim =,y sao cho 5x — 2/z(2+y) +y2 + 1 =0.
Loi giai.

a) Diéu kien xac dinh z > 15.

r—VVr—10=17T<x—-15—+/zx—15—-2=0.
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t=2
Ditt=v2r—-15(t>0)=t*-t-2=0%
t =—1 (loai)

Véit=2 suyrayvz—1b=2oz—15=4<z=19.

b) Dieu kién xac dinh = > 0.

br — VT2 +y) + P+ 102 4w — 4T+ 1+ 2 — 2T+ =0
2 2
& (2ve—1)"+ (Vo —y) =0.1)

Vi (2v7 — 1)* + (VZz —y)® > 0 v6i moi = > 0, y nén dé (1) xay ra thi

=

Ve—y=0 y=

DO | |

Cau 3.

a) Tim s6 nguyén z, sao cho 22 + 2 — p = 0 vdi p 1a s6 nguyeén t0.

m?2 —2013m + 2012

2 — 2011 13 ham s6 nehich bién.
m2 —2v2m +3 &

b) Tim m dé ham s6 bac nhat y =

Loi giai.

a) Theo bai ta c6 p= 2?42 = 2(x +1). Ma 2,2 + 1 1a hai s6 nguyen lién tiép nén suy
ra p 1a s6 chén.
Mzt khac p 14 s6 nguyén t6 nén p = 2.
Suyraz?+z—-2=0zr=1Vze=—2

2
. . 2 . — 201 2012
x — 2011 nghich bien thi m O13m + 20 < 0.
m2 —2v/2m +3

m? — 2013m + 2012

b) Dé ham s6 y =
) Y m2 —2v2m+3

(1)

Ta ¢6 m?2 —2v/2m + 3 = (\/_ — m)2 +1 >0 v6i moi m nén (1) tuong duong véi

m—1>0
m? —2013m+2012 < 0 < (m—1)(m—2012) <0 & &1 <m <2012

m — 2012 <0
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Cau 4. 1) Cho tam gidc ABC c6 ba goc nhon noi tiép dudng tron (O; R), hai dudng
cao BE va CF cla tam giac cit nhau tai H. Ké duong kinh AK ciia duong tron (O; R),
goi I 1a trung diém ctia BC.3

a) Ching minh AH = 270.
b) Biét BAC = 60°, tinh do dai day BC theo R.

2) Cho AABC (A = 90°), BC = a. Goi ban kinh ciia dudng tron noi tiép AABC la r.

s 2—-1
Chitng minh rang r < \/_2 :
a
Loi giai.
1) A

a) Vi B,C thuoc duong tron duong kinh AK nén
ABK = ACK = 90°.
Suy ra KB1AB, KCLAC.
Ma CHLAB, BHLAC (gt) nén suy ra BK || CH, B ‘ " C
CK || BH.
Suy ra BHCK la hinh binh hanh. Ma I la trung K

diém BC nén suy ra I la trung diém HK.

Tu do ta ¢6 OI la duong trung binh cia AKAH nén OI = %AH hay AH = 201.

b) Ta c6 BOC = 2BAC = 120°.

ABOC can tai O va c6 OI 1a dudng trung tuyén nén ciing 1a duong phan giac va duong
cao. Suy ra BOI = COI = 60° va OI LBC.

Xét tam giac COI vuodng tai I, ta c6 IC = OC - sinCOT = R - sin 60° =
Suy ra BC = 2IC = RV/3.

V3R
—

2) g < \/52_1 s2r<av2—a<2r+a<av2 (1)
AB+ AC = AE+ EB+ AF + FC = OF + BD +
OFE+CD =2r+a.

Ta can chiing minh AB + AC < BCv/?2. (2) B
Ta c6 (2) & AB? +2AB - AC + AC? < 2BC? A
& AB%* 4+ 2AB - AC + AC? < 2AB* 4+ 2AC?

& (AB — AC)? > 0. (Iuon dung)
V2-1
2

B

. Dau “=" x4y ra khi v& chi khi AABC 1a tam giac vuong can tai

. r
Vay ta c6 — <
a
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A.
Cau 5. Cho = + 3y > 1. Tim gia tri nhé nhat ctia biéu thic C = 22 + 2.

Loi giai.

Do z+3y > 1nén dat z+3y = 1+a, véi a > 0. Suy ra z = 1 +a — 3y, thay vao biéu thic
C ta co

C' =10y? — 6ay — 6y> +a*> +2a +1

10[ 3ar )]+ i@ o0t
= — —(a —(a a)+— > —.
Y710 10 10 = 10
3 1
. y——(a+1)=10 r=—
Dau “=" xay ra khi 10 & 130
= 1 1 y:@'
ay gid tri nho nhat clia O 1a — khiz = — vy = —. 0
Vay gia tri nhé nhat ctia C g khiz=ovay=5

HET
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TOAN THCS VIET NAM

DE THI HSG TOANO | o2 111 ToAN 9 HOC SINH GIQI
DE SO 16 NAM HOC 2012-2013, TP. DA
NANG
Ho va tén thi sinh: ... . Lop: .......

Vn+l—=1 Vn+1+3 n—+vn+1+47
Vitisl VnFi-3 n_2vnii-2
P
n+3vn+1+1

b) Tim tat ca céc gid tri cian  (n € N,n # 8) sao cho P 1a mot sé nguyen to.

Cau 1. Cho biéu thic P = véin e N,n #£8

v6in € Nn # 8.

a) Rit gon biéu thitc Q =

Lai giai.

(WVn+1-1D)(n+1-3)+(Wn+1+3)(Vn+1+1)—(n—vn+1+7)
(Vn+1+1)(vn+1-3) '
Vn+i1(vVn+1+1) Vn+1

(VEITﬁ;X¢ﬁI_—$;:¢ﬁI_—3

R NIES (V7 B B

a) Quy dong P =

Do d6 P =

b) P=1+ . Dé P 1a s6 nguyen thi /n + 1 — 3 1a u6c cia 3.

3
vn+1—3
Suy ra vn+1—3 € {+1;+£3} = n € {—1;3;15;35}. Thu lai ta théy n=235thi P=2

14 s6 nguyen to.

Cau 2.

a) Tim x biét 2/ +4 —4\27 — 6 =2 —T7.

)
r+6=4y—4
b) Giai hé phuong trinh < 4 4 10 = 6v/z — 9
k,7;—16:2\/x—1

Lai giai.

a) Diéu kien —4 <2 < 3
Phuong trinh da cho tuong duong véi (vVz + 4+ 1)? = (27 — 6 + 2)2%.
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Ver+4+1=+v2zx—-6+2

Do dé6 ta co & x=05.
Vr+4d+1=—22-6-2 (voly)
b) Diéu kien z > 1, y > 4, 2 > 9.
Cong theo vétacoz +y+2—2vVr —1 -4y —4—6v/2—9=0.
Phuong trinh trén tuong duong véi (vo — 1 —1)2 4 (vy — 4—2)? +(vVz— 9-3)2 = 0.
(\/xT1—1:0 (x:2
Dodo ¢ fy—d4—-2=0 < {y=8 . Thilaithay théa man.

\\/2—9—3:0 z =18

Cau 3.

a) Cho ham s6 bac nhat y = az + b c6 dd thi di qua diém M(1;4). Biét rang do thi clia
ham s6 da cho cit truc Oz tai diém P c6 hoanh do duong va cét truc Oy tai diem

Q c¢6 tung do duong. Tim a va b sao cho OP + OQ nho nhat (véi O la goc toa do).

b) Tim s6 ty nhién c6 2 chit s6. Biét réng néu lay tong clia 2 chit s6 &y cong véi 3 lan

tich ctia 2 chit s6 ay thi bang 17.

Loi giai.
e ) O=ap+5b
a) Gia st P ¢6 toa do (p;0) va @ ¢6 toa do (0;¢). Khi dé ta co =
qg=a0+Db
b=gq
. q
a = ——
P 2
S - ) . 1 4 142
D6 thi ham so6 da cho di qua M(1;4) nén4:——.1+q:>1:—+—2( +2)
P q P+q
) PR , 141 p=2
Dod00P+OQ=p+q29.Daubangxayrakhl—:—:§<:)
P q i=8
a=—4
Vay
b=38
b) Goi s6 can tim la ab (0 <a<9,0<b<9, a,beN).
17—b

Khi d6 ta c6 phuong trinh a + b+ 3ab =17 = a = 530 Thit cac gia tri cia bt 0

dén 9 ta nhan ducgc cac so6 tu nhién sau: 14 va 41.
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U

Cau 4. Cho tam giac ABC. Goi I la tam dudng tron noi tiép tam giac ABC, qua I vé
dudng thang vuong géc véi duong thing CI, dusng thang nay céit cac canh AC, BC lan
lugt tai M, N.

a) Chiing minh rang hai tam giac TAM va BAI dong dang.

2
o AM (Al
b) Ching minh rang BN (E) .

A
1
B N C
Loi giai.
a) Ta co - - -
BAC_BCA _ 360° — BAC' — BCA _ 180° + ABC.

AIC = 180°—TAC—ICA = 180°—

2 2 2 2

o —

Suy ra AIC — 90° = A'%O — AIM = ABI. Tit d6 suy ra AIAM « ABAI (g — g).

b) Tuong tu ta cing c6 ABIN «~ ABAI

< 1 IN Al
Tu’dosuyram—ﬁfl(;} .
Ngoai ra tir cau a) ta 0 =+ =57 (2).

Mat khac ACMN c6 CI la dudng phan giac ciing la duong cao nén can tai C.
Suy ra CI ciing la trung tuyén. Do d6 IM =IN (3).
Tu (1), (2) va (3) ta c6 diéu can chiing minh.

O

Cau 5. Cho tam giac ABC c6 BAC 1a gbc tu. Vé cac duong cao CD va BE cua tam
giac ABC (D nam trén dudng thang AB, E nam trén dudng thang AC). Goi M, N lan
luot 14 chan duong vuong goéc ciia B va C len DE. Biét rang S; 1a dien tich tam giac
ADE, Sy la dién tich tam giac BEM va S la dién tich tam giac CDN. Tinh dién tich
tam giac ABC theo Si, Sa, Ss.
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Loi giai.
Ta c6 tit gide BODE noi tiép nén BDM = BCE va

—

CDN = CBE.

Suy ra ABDM «~ ABCE va ADCN « ABCE.
S CD? S BD?
Do d6 —2— = p DBDM

Sppe  BC? " Sppe | BOT
S3+ Sppm

SEBC

Nhu vay ta c6 =1= S3+ Sppm =
SEBC
Do d6 S3+ S1+ So + Spag = Sapc + Spak.

Nén Saipc = S1 + Sz + Ss.
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TOAN THCS VIET NAM

215 1LGN0EIE LGNS DE THI HSG TOAN 9 TiNH HAI
DE SO 17 DUONG NAM HOC 2012-2013.
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Cho biéu thie A = VI t4vr -4+ Ve —dvr -4

8 16
1— =+
T T

a) Ruat gon A.
b) Tim cac gid tri nguyéen ctia « dé A c6 gia tri nguyen.
Loi giai.

a) Diéu kién = > 4.

Vi—4+2+4|Vz—4-2|
T .

Ta co A =
x_
2;17
) x
Néu 2 > 8 thi A = )
Vi —4
B 4
Néud<z<8thid— ——
Tz —4
L 4z 16 ) ~
b) V6i A = 44+ 4.AEZ<:>16:(x—4).DoxEZ,4<x§8nenxe{5,6,8}.
xXr — xr —
: 2 2(a? + 4 8
Vé6i A = < eZthidoxEZnén\/x—4:aEZ:>A:M:2a+—:>
Ve —4 a a
8 : a.

Lai c6 ©>8=a>2,do d6 a=4 hoac a=8. Tu dé suy ra z = 20 hoic = = 68.
Vay z € {5,6,8,20, 68}

Cau 2. Giai cac phuong trinh

a) Vaz —3r+2+ Vo +3 =z -2+ Va2 + 2z - 3.

b) (4x +2)vx + 8 = 32% + Tz + 8.

L&i gii.
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a) Diéu kien x > 2. Phuong trinh da cho tuong duong véi
V=1 —-2)+Vr+3=vr—2+/(z—1)(z+3)
&(Wr—2-Vr+3)(Vz-1-1)=0
eVr—2=+vz+3hodcVr-1=1

Giai tung truong hgp ta duge nghiém la z = 2.

Vay phuong trinh ¢6 nghiém = = 2.

b) Diéu kién z > —8. Phuong trinh da cho tuong duong véi
(\/.7:4—8—.7:—2) (\/x+8—3x) =0
Vo +8=x+2 hoac vV +8 =3z

z > —2
e Truong hop 1 Ve +8=z+2< szr=1

2 4+3r—-4=0

x>0

e Truong hop 2 Ve +8 =3z & s ax=1.
922 —x—8=0

Vay phuong trinh c¢6 nghiém = = 1.

Cau 3.

a) Cho f(z) = (23 + 122 — 31)2013, Tinh f(a) v6i a = /16 — 8v/5 + /16 + 8v/5.
b) Tim céc s6 nguyéen z,y thda man y? + 2zy — 3v — 2 = 0.

Loi giai.
a) Tacoa®=32+3-(-4)-aed®+12a—-31=1= f(a) = 1B = 1.

b) Ta ¢
v 4+20y—32—2=0
2 2 _ .2
Sa’ +2xy +y° =a" + 3v + 2
e +y)?=(r+1)(x+2)(1)

V6i z,y nguyéen thi vé trai cia (1) 1a s6 chinh phuong, vé phai ctia (1) la tich hai

s6 nguyén lien tiép nén (z + y)?2 = (z + 1)(z +2) = 0. Suy ra (z;y) = (—1;1) hoic
(;y) = (=2;2).
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Cau 4.

< P, - . a b c a? v A2 /
a) Cho a,b,c la ba s0 hitu ti théa man abc =1 vad — + — + — = — + — + —. Ching
b2 2 a? c a b

minh rang it nhat mot trong ba s6 a, b, ¢ 1a binh phuong ctia mot sé hitu ti.

Pe ? N N b
b) Sho a,b,cla ba so duong c6 tong bang 3. Chiing minh rang 1 jb2 + T + 7 +Ca2 >
2
Loi giai

a) Viabc=1 nén
2 2 2

AL L
o2 a2 ¢ a b

a3 +03a® + Aa? = a0+ 3 + Ba®
S (a®b*® — a?) — (bPa® — a®b?) — (3 — a) — (B3c — abe) =0
& (b —a) ((a2c2 — ba?) — (¢ — bc)) =0
S —a) (@ —b)(a® —c)=0
Vay ta dugc diéu phai ching minh.

a ab? ab
=q— =q— —.
1+ b2 ab? 2
1+02>a——

+0° > a T

c—%. Ma a + b+ ¢ = 3 nén cong cac

b) Vi a,b duong va 1+ b2 > 2b v6i moi b nén

- bc ¢
+c2 T 2'1+4+a%2~
bat dang thic trén véi nhau ta duge

a b c ab + be + ca
>3- — 1
1+b2+1+c2+1+a2_ 2 (1)
Mat khac cling do a+b+c = 3 suy ra (a+b+c)? = 9 < a® + b+ +2(ab+bc+ca) = 9.

Tuwong tu ta cling cc’)l

Ma a? + b% + ¢ > ab + be + ca nén ab + be + ca < 3.(2) Tu (1) va (2) suy ra dieu phai
chting minh.

Dang thitc x4y ra khi v& chi khi a =b=c = 1.

U

Cau 5. Cho duong tron (O; R) va hai duong kinh AB,CD sao cho tiép tuyén tai A clia
(O; R) cit cac duong thang BC, BD tai hai diém tuong tng 1a E, F. Goi P, Q lan lugt 1a
trung diém ctia cac doan thing AE, AF.

a) Ching minh rang tryc tam H cla tam giac BPQ la trung diém ciia doan thiang

OA.
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b) Hai duong kinh AB,CD théa man diéu kién gi thi tam gidc BPQ c6 dién tich nho
nhat.

. BE® CE
2, . > _ 3 ~ _
¢) Chiing minh rang CE.DF.EF = CD? va ——= = ——.

d) Biét rang tam gidc BEFc6 mot hinh vuong BM KN noi tiép, K € EF, M € BE,
N € BF sao cho ti s6 giita canh ctia hinh vuong véi ban kinh dudng tron noi tiép

L L 2 2
tam giac BEF la +2\/—

. Tinh cac gbc nhon ctia tam giac BEF'.

Lai giai.

Lai giai.

a) BA la dudng cao ctia tam giac ABPQ = H € BA. (1)
AE AB AE AB
S AR _ _ _
Ta c6 AB —AE.AF=>AB—AF:>AO—AQ.
Lai c6 AAEO dong dang véi AABQ = AEO = ABQ.
Mit khac ABQ = APH = AEO = APH nén PH || EO 2)

Trong tam gidc AEO c6 P la trung diém ciia AE, két hgp vé6i (1), (2) suy ra H 1a
trung diém ctia OA.

AB%@ = R-PQ = R(AP+AQ) = > RVAE - AF = 2R2.

Suy ra Sppg = 2R? & AE = AF <& ABEF vuong can tai B < ABCD vudng can
tail B< AB L CD.
Vay tam gidc BPQ c6 dién tich nhé nhat khi AB 1L CD.

b) TaCGSBpQ: w

¢) Ta ¢c6 AC L BE; AD | BF do d6 CD* = AB* = (AE - AF)? = AE? . AF? =
(EC-EB)(FD-FB) = (EC-FD)(EB-FB) = (EC-FD)(AB-EF) = CE-DF-CD-EF =
CD3?=CE-DF - EF.

BE?* FEA-EF EA

BF? FA.FE FA
BE* EA* EC-EB _BE® CE

~ BFi _ FA. _FD.FB _ BF3  DF

Ta cling c6
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d) Goi I la tam dudng tron noi tiép tam gidac FBF. Do tii giac BMKN la hinh
vuong nén BK la phan gidc ciia EBF, do d6 I € BK. Ké IJ L BE,IS L BF,
(J € BE,S € BF).

, BK KN 2++2 V2
Ta thay IS || KN = = =1+ —.
a thay IS || KN = - = -5 2 T
_BK BI+IK IK K 2
BI BI IB ~ IB 2
— FK IK 2
Mat khac FI 1a phan giac ciia goc BFE nén 515 g = 'B? = 2FK?.

Tuong t ta c6 EB? = 2EK? = EF? = EB?>+ FB? = 2(EK*+FK?) = (EK+KF)? =
2(EK?+ FK?) = (EK — FK)?=0= FK = FK.

—

Suy ra tam gidc EBF vuong can tai B = BEF = BFE = 45°.
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TOAN THCS VIET NAM

D15 ARRLHBIETRORINT S R CHON HSG TOAN 9 NAM

DE 50 18 HOC 2012-2013, TINH HA TINH
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Tinh gid tri ciia bidu thiic M = (z —y)> + 3 (z — y) (zy + 1) biét

T=V3+2V2 - V3 -2V2y = V1T +12V2 — /17 — 12 sqrt2.

b) Giai phuong trinh
2z x 5

a:Q—x—i—l_xQ—i—m—i—l:S'

Loi giai.

a) Ap dung bién ddi (a — b)® = a® — b3 — 3ab(a — b), ta co:

2 =4V2 — 3r = 23 + 30 = 4V2
v =242 — 3y = ® + 3y = 24V2

Trit titng vé hai dang thitc trén ta dude: 22 —y2+3(z—y) = —20v/2. Suy ra M = —20v/2

b) Ta thay 22 +z +1;2? — 2+ 1 ludn duong va x = 0 khong 1a nghiém ctia phuong trinh
: 1 . < I
da cho. Do do6 v6i t = x + —, phuong trinh da cho tré thanh
T
2 1 )

t—1 t+1 3
& 517 — 3t — 14 = 0(t # +1)

=29
A 7
t=—=

5

T do ta tim duge nghiém ctia phuong trinh da cho la z = 1.

Cau 2.
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. 2?2+ y?+3 =4z
a) Giai hé phuong trinh

23+ 120 + 3 =622+ 9

b) Tim cac s6 tit nhién a, b, c phan biét sao cho biéu thitc sau nhan gia tri nguyén
p_ (ab—1) (bc —1)(ca—1)
B abc '

Lot gisi.
a) Nhan c4 hai vé phuong trinh thit nhat ctia he véi 3 ta duge
9 =12z — 322 — 3%
Thé vao phuong trinh thit hai ctia hé ta dugc
x?) +y3 _ 3(1,2 _ y2)
& (r+y)(@® —2y+y* — 32 —3y) =0
*Y V6i o +y = 0 < o = —y thé vao phuong trinh thit nhat ciia he ta duge
20% —4r+3=0
&2 -1)%2+1=0,(L)

*) V6i 22 — zy + y? — 3z — 3y = 0, trit theo tiing vé v6i phuong trinh thit nhat cia
hé ta ducc

zy—r—3y+3=0

& (r-3)(y—1)=0

r=3
o
y=1
Do do6 hé ¢6 hai nghiém (3;0) va (2;1).
1 1 1

1
b) Taco P=abc— (a+b+c)+—+—-+-— —.
a b ¢ abe 1 1 1 )
Do a,b, c 14 cac s6 tu nhién nén P 1 s6 nguyéen khi va chi khiM:——irE—i———T
a & aoc

la s6 nguyeén.
Do a,b, ¢ ¢6 vai tro nhu nhau, khong mat tinh tong quat ta gid thiét a < b < ¢, suy

raa>1;b>2;¢> 3; suy ra

0<1+1+1 ! <1+1+1<1+ +-<2
a b ¢ abec a b c¢c—1 2 3
=0<M<2=M=1,(MeZ)

a b ¢ abe

= a+b+e=(a—1)(b—1)(c—1)+2(x)
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Néu (a—1)(b—1) > 4thivéia < b < ctacd 3c > a+b+c = 3c> (a—1)(b—1)(c—1+2) =
3¢>4(c—1)+2=3c>4c—2=c<2 (Trai véi DK ¢ > 3)

Do déa+b+c>6neént (*)suyraa—1>0,suyrab—1>1, suy ra (a—1)(b—a)
chi ¢6 thé nhan gia tri 1 2 hosic 3. Tt dé ta tim dude bo sb (a;b; ¢) thdéa méan la
(2:3;5).

Vay cac bo s6 tir nhién phan biét thda man bai todn gom cac hoan vi ciia (2;3;5).

Khi do P = 21.

O
Cau 3. Tam gidc ABC c6 chu vi bang 1; cac canh a, b, ¢ théa man dang thic
a . b . c 3
l—-a 1-b 1-c¢c 2
Chting minh tam gidc ABC deu.
Loi giai.
V6i a,b,c duong va a+b+c=1tacod
a+b+c_3<:)a+b+c_3
l—a 1-b 1—c¢ 2 b+c c+a a+b 2
Ap dung BDT Nesbit ta c¢6
a N b n c >3
b+c c+a a+b 2
Diang thitc xay ra khi va chi khi a = b = ¢ hay tam giac ABC déu. O

Cau 4. Cho tam giac ABC vuong can tai A. Goi D la trung diém ciia canh BC. Lay
diém M bat ky trén doan AD (M khong triing véi A). Goi N, P theo thit tut 13 hinh
chiéu vuong goéc clia M trén cac canh AB, AC va H 1 hinh chiéu vuong goc ctia N lén

duong thiang PD.
a) Chiing minh AH vuong goc véi BH.

b) Duong thang qua B song song véi AD cit dudng trung tuyén ctia AB tai I. Chiing
minh ba diém H, N, thing hang.

Loi giai.

a)
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Tt gia thiét ta c6 AD 1a trung tric cia B
BC va la phan gidc ciia BAC . Tit d6
ta cling c6 MNAP la hinh vuoéng. Mat

khac do I N
NAP + NHP = 90° + 90° = 180° H
Nén tit giac AN HP noi tiép duong tron
duong kinh NP. A P C
Suy ra AHP = ANP = 45° (cuing chén
cung :4‘15)

Suyra AHP = ABD = 45° = ABDH la
tit gidc noi tiép, suy ra AHB = ADB =
90°
hay AH | BH.
b) Theo phan a) thi M, N, A, P, H cuing thuoc dudng tron duong kinh AM va duong
kinh NP.
Suy ra AHM = 90° = AHB = H, M, B thing hang.
Suy ra BHN = MHN = MAN = 45° (1) (cing chan ]\//[—]\V)
Vi BI | AD neén BI L BC = ABI = 45°.
Cung v6i gia thiét ta c6 AABC vuong can tai I suy ra BAI = 45°
Ta c6 AIB + AHB = 90° + 90° = 180° nén AIBH la tit gidc noi tiép.
Suy ra BHI = BAI = 45° (2).
Tit (1) va (2) suy ra BHI = BHN. Mit khac do céch dung ta c6 N va I cimg nim

vé mot phia ctia BH suy ra H, N, I thang hang.
L]

Cau 5. Cho cac s6 thyc duong z,y, z théoa man x +y + z = 1. Tim gia tri nho nhat cia

biéu thiic
A oA A

Pt @ty PrA e (Erad)eta)

Loi giai.
Ta nhan thay
A A A
— 2 2 3 2 + 7 2 :
(2 +y?)(r+y) (Y +22)(y+z) (*+2%)(2+2)
% A A

& =

Pt aty)  PrADwte) (Bt et
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@F_1< zt 4+ o N yt + 24 24+ 2t
C2\(@2+ ) (@+y) P+ +2) (P+a?)(z+a)
. 2
Ap dung BDT a? + % > (a z ) ta co
e 1( (x4+y4)2 (y4+z4)2 (24—1—1’4)2 )
TAN@+ ) (@ +y) P2 (y+2) (P +a?) (24 a)

(y + 2)? N (z 4 x)?

)

1 /22 40202 4 22 22 4 42 1 2
@FZZ(;E +y Yy 27z +£U)> ((:U+y) N

r+y y+z z4+x /) 8 Tty

1

*z . rd s N 1 . 1
Vay F dat gia tri nho nhat bang 2 khiz=y=2z2= 3

,

y+z z+x

HET
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TOAN THCS VIET NAM

DE THI HSG TOANO | o2 111 ToAN 9 HOC SINH GIQI

DE SO 19 NAM HOC 2012 - 2013, KIEN
GIANG
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Tim m dé ham s6 y = (m? — 2m)x +m? — 1 nghich bién va dd thi ctia n6 cit truc

tung tai diém c6 tung do bang 3.
b) Tim gia tri nho nhat cta M = 522 + y? + 22 — 4o — 2zy — 2 — 1.
c) Cho x +y = —5va 22 +y% = 11. Tinh 22 + 4>
Loi giai.

a) Ham s6 y = (m? — 2m)z + m? — 1 nghich bién khi va chi khi

[ [m >0 [ [m>0
m—2<0 m < 2
m? —2m < 0 & & s 0<m<2(1).
m <0 m < 0 .
(Loai)
m—2>0 | |m > 2

D6 thi ham s6 cét truc tung tai diém c6 tung do bing 3 @ m? —1 =3 & m = +2

(2).

Tu (1) va (2) ta thay m € @.

b) M =522 +y*+22—do— 20y —2—1= (v —

y)
Dau bang xay ra khi va chi khiz =y =2 = %

c) 23+ 93 = (x +y)(2® +y® — ay) = —5(11 — ay).

Maz+y=-5=a22+y?+2ry=25=ay="7=2°+y> = —20.

Cau 2.

) 6 \/9—
a) Rt gon A = T +5+6+s v t24/1+
3r — 22 + (x4 2)V9 — 22
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1 1 1 1 e e .2 .
b) Cho a, b, ¢ théa mén — + - + — = —————. Tinh gia tri ctia bieu thiic
a b ¢ a+b+c
Q — (a27 + b27)(b41 + C41)<02013 + a2013).

Loi giai.

a) Diéu kién xac dinh -3 < z < 3.
A_(:c+3)(a:+2)+x\/3+x\/3—a:_ 3+x
t(3—2)+ (x+2)V3+ a3 —x
\/3+x(x—|—2)\/3+x+x\/3—x /3+x

3—z

V3 —z V3 —z+ (z+2DV3+ o

b)1+1+1— 1 11 :>a+b_ a+b
a b “a+btc a b a+b+c c ab  cla+b+ec)
= (a+ )[c(a+b+c)+ab]:O:>(a+b)[c(a+c)+bc+ab]:()
a=—b
= (a+b)(b+c)(cta)=0= |b=—c
c=—a
Thay vao @ ta duge Q = 0.
O
Cau 3.

a) Giai phuong trinh /x + 10 + /17 — 2 = 3.

/21‘—3_'_ [ y+95 _ 9
b) Giai hé phuong trinh y+o 2z -3 (V6i z > ;,y > —5).

3r+2y =19

Loi giai.

a) Vo +10+ 17— 2 =3
& 2+10+17—2+33/(x + 10)(17 — 2) [Vo + 10 + V17 — x| =27 & (z+10)(17—2) = 0

r = —10
=
x = 17.
g 20— 3 ; 1
b) Dit a = (a>0).Tacoa+-=2=a=1=2r—-3=y+5=2z—y=_8.
y+0o a
. 20 —y=238 r=5
Giai hé phuong trinh &

3z 42y =19 y=2.
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Cau 4. Cho hinh thang ABCD c6 déy 16n la CD. Qua A vé AK || BC (K € C'D) va qua
B ké BI | AD (I € CD); BI cit AC tai F, AK cit BD tai E.

a) Chiing minh KD = CI va EF || AB.
b) Ching minh AB? = CD.EF.

Li giai.

a) Ta c6 ABID va ABCK la céc hinh binh hanh = DI = CK = AB.

e Néu I nam gitta D va K = K nam gitta I va C.
Taco DK =DI+IK =CK+IK =CI.

e Néu K nam gitta D va I = I ndm gitta K va C.
Taco DK =DI—-IK=CK - 1K =CI.

Xét AAEB va AKED ¢6
EAB = EKD, DEK = AEB = AAEB «~ AKED = AE _AB
AF  AB EK KD
T
uong ty AAFB » ACFI = L= = &
AE  AF

Ma KD =CI = ER-FC" = FF || KC (dinh li Talet déo).

DK DE:> DK+ AB DE+EB
u AB ~  EB

b) Ta c6 AKED «~ AAEB = B
_ DE+KC _BD _ DC'_'BD

AB EBBz AB EBBZ())' "
Lai ¢c6 EF | DI = EéBC: Ef = T~ BF (2).
N ~ o 2
Tu (1) va (2) ta c6 1B = BF = AB*=CD.EF.

0

Cau 5. Cho tam giac déu ABC noi tiép dusng tron (O; R). Goi M 1a diém di dong trén
cung nhé BC cua duong tron do.

a) Ching minh BM + MC = MA.

b) Xéc dinh vi tri cta diém M dé tong M A + MB + MC dat gia tri 16n nhat.




€3 | Nhom GeoGebraPro

c) Goi H, K, Q lan lugt 1a hinh chiéu ctia diém M lén AB, BC, C'A. Dt dién tich tam
gidc ABC 1a S va dién tich tam gidc M BC 1a S’. Chiing minh rang MH+MK+MQ =

/
% khi M chay trén cung nhé BC.
Lai giai.
A
°O
D O
B ; ¢
K
H
M

a) Trén tia M A lay diém D sao cho MD = MB = AMBD can tai M. Ma BMD = 60°
(do chén cung AB v AABC déu) nén ABMD déu = MB = BD.

Lai ¢6 MBC + CBD = 60° = CBD + DBA = MBC = DBA.

o —

Xét AMBC va ADBA c6 MB = DB, MBC = DBA, BC = ABnén AMBC = ADBA
— MC =DA= MA=MD+ DA=MB + MC.

b) Ta c6 MA+ MB+ MC =2MA < 4R. Dau bang xay ra khi va chi khi AM 1a duong

kinh ctia duong tron (O; R) < M la diém chinh gitta cung nhé BC.

? 2
¢) Goi N la trung diem BC = OA = gAN = AN = 3R. Xét tam giac ANB ¢6

2
2 AB2
ABQZAN2+NBQZ%JrTéAB?:SR?:AB:R\/g.

MHAB MK.BC MQ.AC
5 5 + Q2 = SAMmAB +SamBe + Samac
V3(S + 25

2
= AB(MH + MK + MQ) = 2(S +5) = MH + MK + MQ = ===,

Ma
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TOAN THCS VIET NAM

DE THI HSG TOAN 9
DE sO 20

Ho va tén thi sinh: .............

DE THI TOAN 9 HOC SINH GIOI
NAM HOC 2012-2013 TiNH

QUANG NINH
...................... Lop: .......

Cau 1. Minh] Chitng minh dang thiic v/v/2 — 1 = i/g — \?’/g + i/g

Loi giai.
Diat V2 =a < 2 = d3.

Dang thitc can chiing minh tuong duong véi a —

_1—a+a2

1—
V9

e 39a—-1)=d>—a+1e(a®>—a+1)?=9(a—1).

Ta ¢co
2

(a2—a+1)3 = (aQ—cH—l)Q(a —a+1)=

(a* +a%4+1—-2a —2a +2a®)(a®> —a+1)

= (2a4+3a®>+1—-4—2a)(a* —a+1)=3>*-1)(a>—a+1)

= 3(a—1(a+1)(a®>—a+1)=

= 9(a—1) (dpcm).

3(a—1)(a®+1)

22(2013y — 2012) = 1

Cau 2. Giai hé phuong trinh

z(y? + 2012) = 2013.

Loi giai.

Dé thay = # 0 nén hé phuong trinh da cho tuong duong véi

1
2013y — 2012 = —

72
201
+2012 = — 03

T

1 t2 — 2013y + 2012 = 0

bat — = ¢, hé tré thanh

8

y? — 2013t 42012 = 0.

Trit vé v6i vé clia phuong trinh thi nhat cho phuong trinh thit hai ta duge

y=t

2 — 92 — 2013y + 2013t =0 < (t — y)(t +y +2013) = 0 <

e Truong hop 1: y =t.

y = —t—2013.
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t=1
Ta c6 phuong trinh t? — 2013t + 2012 =0
t = 2012.

Vay he phuong trinh d& cho ¢6 nghiem (z:y) = (1 1) va (z:y) = (20% 2012).

e Truong hop 2: y = —t — 2013.
Ta c6 phuong trinh ¢? — 2013(—t — 2013) + 2012 = 0
& 2 4 2013t + 4054181 = 0 (v0 nghiem do A < 0).

Vay he phuong trinh da cho c6 ding 2 nghiem (z;y) 1a (1;1) va (L 2012). O

2012’

Cau 3. Cho ham s6 bac nhat y = mz +m — 1 (x) (v6i m 1a tham s6).

a) Tim cic gia tri ctia m dé do thi ctia ham sb () tao vdi truc toa do Ozy mot tam gic

c6 dién tich bang 2.

b) Chiing minh rang do thi cia ham s6 () luon di qua mot diém cd dinh véi moi gia

tri cua m.

Lai giai.

a) V1 (x) 1a ham s6 bac nhat nén m # 0.

1-m

D& thi clia () cit truc tung tai diém A(0; m—1) va cit truc hoanh tai diém B (T; O) :
OAB tao thanh tam giac khi va chi khi m # 1.

Khi d6 ta co

SABC:2<:>%OA~OB:2<:>OA-OB:4

(:)|m—1|-'1_7m‘ il (m—1)2=4m| (1).

e Truong hgp 1: m > 0.

m =3 — 2v/2 (théa man)

(1) tr6 thanh m? —2m+1=4m & m? —6m+1=0&
m =3+ 2v?2 (thda man).

e Truong hop 2: m < 0.

(1) tr6 thanh m? —2m + 1= —4m & m? +2m +1 =0 < m = —1 (thdéa man).

Vay v6i m € {—1;3 + 2v/2;3 — 2¢/2} thi do thi ctia ham s6 () tao véi cac truc toa do

Oxy mot tam gidc c6 dién tich bang 2.

M (z;10) 1& diém ¢ dinh thude dd thi ctia ham s6 () khi va chi khi
yo=mxrog+m—1 VYmeR
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S (xo+1)m—(yo+1)=0 VmelR

z0+1=0 xg=—1
=4 =4

y0—|—1:0 y():—l.

Vay do thi ctia ham s6 (x) luon di qua diém cb dinh M(—1; —1) véi moi gia tri ctia m.
]

Cau 4. Cho z,y, z 1a ba s6 thic duong théa man zyz = 1.
1 1 1

Tim gi4 tri 16n nhat ctia bidu thiic A = .
gla i x3+y3+1+y3+z3+1+23+x3+1

Loi giai.
Vé6i Yo,y € R, ta co (z —y)2 >0 22 —zy +y? > ay.
Ma x>0,y >0nén z+y > 0.
Suy ra z° +y* = (¢ + y)(2* — 2y +y?) > (¢ +y)zy.
=B+ l=3 4+ oy > (e +y)ay +ayz = ay(z +y +2) > 0.
Chitng minh tuong tu ta c6
PP 1>y ty+z) >0
By 1> @ +y+2) >0

1 1 r+y+z 1
- - = =
wye+y+z2) yzle+y+z2) zzx(e+y+z) ayz(z+y+z) zyz
Déng thitc x4y ra khi va chi khi z =y = 2z = 1.

Vay ta co A <

Vay gia tri 16n nhat cia A1a 1 khiz =y =2 = 1.

Cau 5. Cho tam giac ABC ¢6 ba géc nhon noi tiép duong tron tam O. Goi I 1a mot
diém trén cung nho AB (I khong tring véi A va B). Goi M, N, P theo tht tu la hinh
chiéu ctia diém I trén cac duong thang BC, AC, AB.

a) Chiing minh ring ba diém M, N, P thang hang.

b) Xac dinh vi trf ctia diém I dé doan thang MN c¢6 do dai 16n nhat.

Lai giai.
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a) X6t t1f gidc IPAN ¢6 IPA + INA = 90° + 90° = 180°.
= Tt gidc IPAN la tit gidc noi tiép.
= PN = IAN (ciing chén cung IN).
Xét it gide IPMB 6 IPB = IMB = 90°.
= Tt gidc IPMB la tit giac noi tiép.

= IBM + IPM = 180°.
Ma IBM + TAC = 180° (do tit gidc TACB la tit gisc noi tiép).

— TPM = TAC.

= IPM + IPN = TAC + AN = 180°.
Vay M, N, P la ba diém théng hang.

b) Vi tit gidc IPM B la tii gidc noi tiép nén IBP =TMP (cung chan cung IP).
Lai c6 ti gidc IPAN la tit giac noi tiép nén TAP = [NP (cting chan cung IP).
Xét ANIBA va AIMN c6

IBA = IMN
= AIBA-AIMN (g.g).
IAB=INM
_ MN _IM
AB  IB’ Iy,
Ma tam giac IBM vuoéng tai M nén IM < IB hay B <1.
Vay MN < AB.
. . . E-B —_— —_—
Dau “=" xay ra khi va chi khi < JAC = IBC =90°

N=A
< C1T la duong kinh cta (0).
Vay MN 16n nhéat bang AB khi va chi khi I 1a diém déi xing v6i C' qua O.
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Cau 6. Giai phuong trinh sau (z +3),/(4 — 2)(12+ z) + 2 = 28.
Lai giai.
Dieu kién xac dinh —12 < z < 4.

r+3=u
Dat (1120).

Vd—z)(1242)=v
Phuong trinh da cho tré thanh wv =28 —x  (1).
Tacou?+v? —1=22+6x+9+48 —8r—22—1=56—-22=2(28—z) (2).

Tu (1) va (2) taco u? + 0% —1=2uww & (u—v)? =1
u—v=1 v=u—1

= =
u—v=-—1 v=u+ 1.

e Truong hop 1: v =u — 1.
(:)\/(4—1:)(12+x):x+2

48 — 8r — a2 =22 +4x + 4 202 + 122 — 44 = 0
= =

x> -2 x> -2

& 2 = —3++/31 (théa man).

e Truong hop 2: v=u+ 1.
s /d—a)(12+2)=x+4

48 — 81 — a2 = 22 + 8z + 16 202+ 162 —32=0
= =

x> —4 r > —4
& 1= —4+4y/2 (thda man).

Vay phuong trinh da cho c¢6 tap nghiem 1a S = {—3 + V/31; —4 + 4V/2}.

HET
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cHON HOC SINH G101

bE SO 21 TOAN 9 NAM HOC 2012-2013,
TIEN GIANG
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

B+1=2(a2 -z +y)
1) Giai hé phuong trinh

y3+1:2(y2—y+x).
2) Cho phuong trinh x4 — 2ma? +2m — 1 =0 (1).

. ” . L ) 1 < Tog < x3 < T4
a) Tim m dé (1) c6 4 nghiém z1, z9, x3, 4 thoa

Ty — 3 =3 — T2 —=T2 — 1.

b) Giai phuong trinh (1) v6i m vita tim duge 6 a).
Loi giai.

3 +1=2 xz—x+y) (1)

1) Xét hé phuong trinh (
y3+1:2(y2—y—|—x) (2).
Trit vé theo vé hai phuong trinh (1) va (2), ta dugc: 23 — 33 = 2(2? — y?) — 4(z — y)

r—y=20
&
e fay+y? =2 +y) —4
e r —y=0<%«z =y, thay vao (1), ta dugc phuong trinh:
r=1=y=1
1 5) 1 )
-2 +1=0¢ |z= +2f¢y: +2f
$_1_\/S:> _1-V5
R YT
e tay+yt=20@+y) -4 (r+y)?-2+y) —zy+4=0.
S=x+y S2 > 4P
bat , ta dugc
P =uay S?2 25— P+4=0

2
:5224(52—23—1—4):3(5—%) +§§0 (khong xay ra).
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Vay hé phuong trinh da cho ¢6 tap nghiém S = {(1; 1), (

2)

a) Dat t = 22 (t > 0), phuong trinh (1) tr6 thanh > —2mt+2m—1=0 <

(
to >0
Yeu cau bai toan < { |t = 9t, (do vy — V2 = Via
| [t2 =91 (dovEa — vVir = Vi
B 5
m= —
PN 9
|m =5
5! . N
Vaym:5hoacm:§la cac gia tri can tim.
. 5 . b iTs
b) Véi m = o phuong trinh (1) tré thanh:
2
10, 1 zt =1
-t =0e &
9 9 o _ 1
S

. 5 . ~ L .
Vay v6i m = 9’ phuong trinh da cho c6 tap nghiém
V6i m = 5, phuong trinh (1) trd thanh:

=102 49=0<

1+¢31+\/3) (1—\/5‘1—\/5)}
2 2 JU 2 2 '
t1=1
to =2m —1

- (—v#2))
- (=)
_SL’1——1

oy — 1

2= 3

oo — &

T3
(x4 =1

11

S:{—l;—g;g;l}.
_$1:—3
332:—1
]J3:1

T4 =3

Vay véi m = 5, phuong trinh da cho c6 tap nghiém S = {-3; —1;1; 3}.

U

Cau 2. Cho parabol (P) : y = 22 va dudng thang (d) : y = z + m. Tim m dé (P) va (d)

cit nhau tai hai diém phan biét A, B sao cho tam giac OAB la tam gidc vuong.

Loi giai.

Phuong trinh hoanh do giao diém ctia (P) va (d) 1a: 22 — 2 —m =0 (1).

m #
A =

Phuong trinh (1) c6 hai nghiém phan biét khac 0 <

0 m # 0

1+4m >0 m > ——

4
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Khi dé, ta c6 (P) cit (d) tai hai diém phan biet A (z4;y4) VA B (zp;yp) V6i x4, x5 1
hai nghiém ctia phuong trinh (1).

Vi vai tro cia A va B nhu nhau nén tam giac OAB la tam gidc vuong khi va chi khi
tam giac OAB la tam giac vuong tai A hodc vuong tai O.

r ( (

OA 1 (d) ry=-—1 A(—1;1)
a) Tam gidc OAB vuong tai A < | ya = 22 €y =% & { B(2;4)
YA =TA+ M YA =TA+ M \m:2
( (
OA 1L OB rpa.x = —1
b) Tam giac OAB vuodng tai O < < ya=a%yp =15  © \ya =% yB = 15
| za-wp = —m | za-wp = —m
(555
2 2
@<B<1+\/5;3+\/5)
2 2
m=1
\
Vay m = 2 hodc m = 1 1a cac gia tri can tim. O

Cau 3.

a) Cho4sba, b, ¢, d théa man diéu kien a+b+c+d = 2. Chiing minh rang a?+b?+c*+d? >
1.

b) Cho m # —1 va a® — 3a% + 3a(m + 1) — (m + 1)2 = 0. Hay tim gia tri nhé nhat cia a.

Loi giai.
1\2 1\2 1\2 1\2
T ( ——) > (b——) > <__) > <d——) >
a) acoal2 _0712 _0,102 _10, 5 >0
:>a22a—zl,b2Zb—Z,C2ZC—Z,d2Zd—Z.
=a?+0?+F+d* > (a+b+c+d) —1.

=+ +E+d®> 1.

b) Ta c¢6: Phuong trinh < (m + 1)a® — 3(m + 1)a? + 3(m + 1)%a — (m + 1)? =0
s a®—3(m+1a®+3(m+1)%a— (m+1)3 = —ma®
Sla—(m+1) = —md®

Sa—(m+1)=—yYma
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Vay gia tri nho nhat ctia a 1a 1 khi m =

U

Cau 4. Chiing minh rang 22442462 4---+(2n)? = 2n(n+1)(@2n + 1)

véin € Z;n > 1.
Loi giai.
Dit g(n) = (2n)?; f(n) = an®+bn®+cn+d. Ta tim cac s a, b, ¢, d sao cho f(n)—f(n—1) =
g9(n).
Ta c6: f(n)— f(n— 1) = g(n)

& 3an®+ (2b — 3a)n+a — b+ c = 4n?

( 4

4 a=-
3a=4 3
b=2

< 4920—3a=0 < 3 9
c= =

a—b+c=0 3

) | deR

4 2
Suy ra f(n) = §n3 +2n? + gn—i- d (d tuy y).

Ta co: § £(3) - /(2) = (3)

kf(n)—f(n—l)zg(n)
Suy ra f(n) — f(0) =22 +4%2 + 62 +--- + (2n)?
<:>iln3+2n2+gn—i—d—d:22+42+62+---+(2n)2

3 3
2n(n+1)(2n + 1
SR g2 @y (2p) = D@D -

3
Cau 5. Cho tam gidc ABC ¢6 cac phan giac trong cua cac goc nhon @, ZC\B, CBA
theo thit tu cit cac canh déi tai cac diem M, N, P. Dat « = BC, b = CA, ¢ = AB;

SamMNP, Saapc theo thit tu la dién tich ctia cac tam giac MNP va tam gidc ABC.

SAMNP 2abc
SAABC N (a-i-b)(b—l-C)(C-l-a)'

a) Chiing minh réng

SAMNP
AABC

b) Tim gia tri 16n nhat cta
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L&i giai.

1 1 —
a) Trong tam gidc ABC, ké dudng cao AH. Ta c6: Spapc = §AC.BH = EAC’.AB. sin BAC'.

1 —
Tuwong tu, ta c6: Saanp = EAN.AP. sin BAC.
SAANP B AN. AP

Suy ra
Y ASAABC be
N c be
8 = — AN = .
2 b— AN « = ba +c
Tuwong tu, ta c6: AP = ¢
a+
Va SAANP be
ay = :
Spapc (a+b)(a+c)
SAcMN ca SaBMP ab

Tuong tu, ta co: = , = :
&M Spapc (b+c)(b+a) Spapc  (c+a)(c+Db)

SAMNP _ SAABC — SAANP — SACMN — SABMP
SAABC ANABC
1 Spaanp  SacuMN  SaBwmP

SAABC  SAABC  SAABC

Suy ra

be ca ab
T (a +2b)b(a+c) T (b+o)lb+a) (ct+a)c+b)
T (a+b)b+olcta)

b) Ta c6: (va—vb)' > 0= a+b>2vVab.
Tuong ti, ta c6: b+ ¢ > 2vbe; ¢+ a > 24/ca.

Suy ra (a+b)(b+ ¢)(c+ a) > 8abe.
S 1
Vay DOMNP

“ Spapc 4
SAMNP
AABC

Suy ra gia tri 16n nhat cua la = khi tam gidc ABC' la tam giac deu.
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TOAN THCS VIET NAM
DE THI HSG TOAN 9

DE THI TOAN 9 HOC SINH GOl

bDE SO 22 NAM HOC 2013-2014, TINH BAC
NINH
Ho va tén thi sinh: ... . Lop: .......

CoVE 2o yE e ) (> 0,2 #1).

au 1. ié Tc: P = —
Cau Cho bieu thuce: P P 7z i

a) Rut gon P.
b) Tim gia tri clia z dé P = 3.
Loi giai.

a) Ta co
P A _2x+\/5+2(at—1)
o+ T+l NG VT —1
_ Va(Vad 1) Vave+l) | 2(Ve - D(Ve+1)

4T+ 1 Nz vz — 1
VAT - D+ VE+1)
= PR — 2V —1+2(z+1)
=x—x+1.

b) P=3ez—\r+1=3z—Vr—2=0.

t = —1 (loai)
Dit yz=t,t >0tadugct? —t-2=0«
t=2

V6i t = 2 ta dudc /z =2 & z =4 (théa man diéu kien).
Vay v6i © = 4 thi P = 3.

O

Cau 2. Cho phuong trinh 22 4 (4m + 1)z +2(m —4) =0 (1) (x 14 an s6, m 1a tham

50).
a) Chiing minh rang phuong trinh (1) luon c6 hai nghiégm phan bigt véi moi m.

b) Goi z1;z2 1a hai nghiém cia (1). Tim m dé |z — a9| = 17.

Lai giai.
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a) Co A= (4m+1)? —8(m —4) = 16m? +8m + 1 — 8m + 32 = 16m? + 33.
Vi A = 16m? + 33 > 0,¥m € R nén phuong trinh (1) luon ¢6 hai nghiém phan bigt
vOl moi m.
b) Phuong trinh (1) luon c¢6 hai nghiém phan biét v6i moi m nén theo dinh ly Vi-ét
ta co
r1+x9 = —(4m+1)
r1xe = 2(Mm — 4).
Theo yéu cau bai toan |rq — 29| = 17 & (21 — 29)? = 289 & (21 + 2)? — 4w129 = 289
& (4m +1)% — 8(m — 4) = 289 & 16m? + 33 = 289 & m = +4.

Vay m = +4 1a gia tri can tim.

Cau 3.

. 42 + oy —day =1
a) Giai hé phuong trinh
222 +y? — 2zy = 1.

2

. , o 3 SRR PO
b) Cho céc sd thuc m,n,p théa man n? +np +p? =1 — % Tim gia tri 16n nhat va

gia tri nhé nhat ctia biéu thic S = m + n + p.
Li giai.
a) Ta co
4o oyt — 4y =1 - 4o’ +y*t — 4z =1(1)
222 + 1% —2xy =1 4o + 2y — day = 2(2).

Trit vé v6i vé clia hai phuong trinh ta duge

=2 +1—drP + 4y =0 (2 —1)(y® — 1 —4ay) = 0.

e Néu y2 — 1 =0« y = £1 thay vao (1) ta dugc cac nghiem (z;y) 1a (0;1), (1;1),
(=1 1), (0;-1).

. 1
e Néuy?—1—doy=0<a=

1 (do y = 0 khong théa man). Thay vao (2) ta
Y

RS

dugc:
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y 1)\° y 1 2?11
412 - — 2y% — 4 (---):2@——— — 4+ 22—+l =2
(4 4y)+y Y\4 g T T U

5yt — 6y? +1=0.

~—

V6i 32 = 1 = z = 0 ta dugc nghiem (z;y) 1a (0;£1).
. 1 ) 1 —1 11
Véi y2 = 5 ta dugc nghiém (z;y) la | —; ) : (_; )

3 2

b) Cé n2+np+p2:1—%
& (m+n+p)?+(m—p?+(n-—m)?=

Smt+n+pl=2—(m—-p?-(n-m)?<2=5%2<2

& —V2<5<V2
Khi d6 maxS =v2em=n=p=

<%

2
?; minS=-v2em=n=p=—

O

Cau 4. Cho dudng tam O dudng kinh AB c¢6 dinh. Az va Ay la hai tia thay doi luon
tao v6i nhau mot goc 60°, nam ve hai phia ctia AB, cat duong tron (O) lan lugt tai M,
N. Duong thang BN ciat Az tai E, duong thing BM cit Ay tai F. Goi K la trung diém
ctia doan thang EF.

N EF
ha inh rang — = /3.
a) Chiing minh rang 1B V3
b) Chitng minh ring OM KN 1a t1 gidc noi tiép.

c¢) Khi tam gidac AMN déu, goi C la diém di dong trén cung nhé AN (C # A,C # N).
Dudng thiang qua M va vudng goéc véi AC cit NC tai D. Xac dinh vi tri ciia diém
C dé dien tich tam gidc MCD la 16n nhat.

L&i giai.




€3 | Nhom GeoGebraPro

a) Ta c6 AMB = ANB = 90° (goc noi tiép chin nita dudng tron).
= B la truc tam ANAEF = AB 1 EF
— NEF = NAB (Cung phu véi goc ]VZ—T\E)

.y EF NE
Khi d6 suy ra ANEF «~ ANAB (g.g) = B = WA

= tan@ = tan 60° = /3.

b) MON la géc & tam chin cung MN = MON = 2M AN = 120°.
EMF = ENF = 90° = tit gidc MNFE noi tiép dudng tron duong kinh EF tam K.
= MEN = 2MEN =2+ 30° = 60°.

—_—

MON + MKN = 180° = OMKN la tit gidc noi tiép.

c¢) Goi I 1 giao diém ctia AC va M D. Ta c6 MCA = NCM = 60°.
= AMCD c6 CI vita la dudng cao vira la duong phan gidc. Khi d6 AMCD céan tai
C.
= Syvep = 2Sycr = 2-%-MI-C’I =MI-CI = (MC-sin60°)(MC-cos60°) =

= Syep 16n nhat < MC 16n nhat < MC la duong kinh cta (O).

MC?\/3
4

Cau 5 (Dé thi Toan 9 Hoc sinh giéi ndm hoc 2013-2014 Tinh Bic Ninh).
[6D1G10)[8H2G3]

a) Cho 2014 s6 nguyéen duong khong 16n hon 2014 va c6 tong bang 4028. Chitng minh

rang tir 2014 s6 dé6 luon chon duge cac sé ma tong clia ching bang 2014.
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b)

Cho tam giac ABC c6 cac diém D, E, F lan lugt ndm trén cac canh AB, BC,CA.
Goi giao diém ctia AF v6i BF va C'D lan lugt 1a Q, R, giao diém ctia CD va BF la
P. Biét dién tich bén tam gidc ADR, BEQ,CFP, PQR cung bang 1. Chitng minh
rang cac ti giac AFPR, BDRQ,CEQP c6 dién tich bang nhau.

i giai.

Néu 2014 s6 bang nhau thi lay 1007 s6 bat ky ludén co tong 1a 2014.
Ta xét truong hop trong 2014 s6 c6 it nhat hai s6 khac nhau. Gid st 2014 s6 1a
niy,n2,...,N2014 va ni 7'é no. Xét déy gém 2014 862

ni,n9, N1 +mng,...,N1 + N2+ ...+ N2013
Néu c6 mot s6 trong day chia hét cho 2014 thi s6 d6 1a 2014.

Néu khong c6 s6 nao trong day chia hét cho 2014 thi theo nguyén ly Dirichlet c6
hai s6 trong day c6 cuing s6 du khi chia cho 2014.

Vay ta dugc dieu phai ching minh.

DOSPQR:SADR:>SAPQ:SADP:>D,QCéChdéuAPiDQ||AP.
BP AB AP BQ+QP QP
= ABQD ABPA:BQ_BD_QD_ 5O _1+QB'
AR
ANARP «~ AQRD _ =
Vi Q = OR
AP  RP
QD RD’
. AR QB | CP
Datﬁ)R_Z’QP_ PR ©
R P QP
OR 0D +QB:>CL
1
1+ -—.
T3

Chiing minh tuong tu b = 1 +

1 1
—c=1+—.
c a
Dod6a?—a—-1=0=a=0b=
V5 +1
c= .
. pp_ 2PR RD PR__2PR 1 . PD_|
V5+1 CP  CP (CP(H5+4+1) c cp

Suy ra P la trung diém ctia CD.

= Spcp = Sppp = ScEQP = SBDRQ-
Ching minh tuong tu ta dudc Scrgp = Sarpr-
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TOAN THCS VIET NAM

N bt THI HOC SINH GIOI TOAN 9

DE SO 23 NAM HOC 2013-2014, NGHI
XUAN, HA TiNH
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Tinh gia tri biéu thic A = /6 — 2v/5+ /14 — 6/5.

Loi giai.
. 2 2

Tacé A=1/(vV5-1)"+/(3-v5) =v5-1+3—-V5=2. O
Cau 2. Tim z,y thoa man 2x +y — 2/7y — 4/x +4 = 0.
Loi giai.

R r=0y e R
bieu kién:

x> 0;y > 0.

e V6i x =0, ta dugc y = —4 (théa méan).
e VGiz>0,y>0.Taco
20 +y — 2/7y — 4T +4=0
& (z—2yzy+y)+ (r—4/z+4) =0

s (Vi-vi)'+(Vi-2)"=0
& \/__\/_:O@x:yzél. (théa man)
Vi—2=0
Vay (z;y) € {(0;—4); (4;4)}. O

Cau 3. Gii phuong trinh nghiem nguyén 5z* + y? — 422y — 85 = 0.
Loi giai.
Phuong trinh da cho tuong duong véi z* = 85 — (y — 21’2)2.

= 2% <85 < 4% Ma 2z € Z nén z* € {0%;1%;24; 34},
e Vii 2t = 0% = % = 85 (loai).
e Vii 2t =11 = (y — 2)2 = 84 (loai).

e Vi 2t =24 = (y — 8)2 = 69 (loai).
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y—18=2 y =20
e V6iat=3'= (y - 182 =4 < &
y—18= -2 y = 16.

Vay phuong trinh ¢6 bon nghiem nguyen (z;y) € {(3;20), (=3;20), (3;16),(=3;16)}. O

Cau 4. Cho z,y, z 1a cac s6 nguyén va
P = (2 +2012)° + (2y — 2013)° + (3z + 2014)°
S =ux42y+ 324 2013.
Chting minh rang P chia hét cho 30 khi va chi khi S chia hét cho 30.
Loi giai.
P=a"+b0+c
Dit a = o + 2012, b = 2y — 2013, ¢ = 3z + 2014. Ta dugc (a,b,c € 7).
S=a+b+c

Xét P— S =(a®>—a)+ (b°—b) + (c° —¢).

Ta chitng minh dudc m® — m chia hét cho 30. That vay, ta c6

mS—m = m(m*=1) = m(m—1)(m+1)(m?+1) = 5m(m—1)(m~+1)+m(m—1)(m+1)(m—2)(m+2).
Ma m(m — 1)(m + 1) 1a tich clia ba s6 nguyén lién tiép nén chia hét cho 2 -3 = 6, nghia
12 5m(m — 1)(m + 1) chia hét cho 30.

Lai ¢6 m(m — 1)(m + 1)(m — 2)(m + 2) 1a tich ctia nam s6 nguyén lién tiép nén chia hét
cho 2-3-5=30.

Do d6 P — S chia hét cho 30. Hay P chia hét cho 30 khi vao chi khi S chia hét cho 30.
0

( 1
x+y+z—§

~ £ . ) . 1 1 1 1

Cau 5. Cho ba s0 z,y, z khac 0 théaman ¢ 5+ 5+ 5+—=4

z? oy 22 ayz
1 1 1
—+=+=->0.
lz Yy =z

Tinh gia tri ctia biéu thitc P = (y2009 + 22009) (z2011 + x2011) (IB2013 + y2013).
Loi giai.

T gid thiét ta co

1 1 1 1 1 1 1 20 +y+=
4 = —2+—2+— = — M
x Yy

1 1 1 1 1 1 1 1 1)\°
= S+5+s+2{—+=+=)=(=+-+>]).
T Y z Ty Yz zZx r Yy =z

1 1 1 1 1 1 . 1 1
Ma—-+-+->0,suyra—+—-+-=2.Laicor+y+z=—-,suyra —— =2
T Yy =z rT Yy =z 2

22 ryz  a? oy

r+y+=z
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Do do
z=—y £2009 _ _, 2009
1+1+1Z;@(:v%—y)(y%—z)(z—l—x):O(:) y=—z e |y = ;20U
r Yy z TH+y+z
Y= L2013 _ 2013
Vay P = 0. 0

Cau 6. Cho AABC nhon c6 tric tam H, trong tam I. Giao diém clia ba dudng trung

o, e o [TO? 4+ OM?
truc la O, trung diém cua BC la M. Tinh gia tri bieu thic m

Loi giai.

Goi D la diém déi xiing ctia A qua O. Do O la giao ctia ba dudng trung tric cia AABC
nén OA = OC = OD, suy ra AACD vuong tai C va BH || CD. Tuong tu cling co
HC' || BD, suy ra BHCD la hinh binh hanh va M 1 trung diém BC.

MO 1
Tt d6 MO la duong trung binh ctia ADAH hay 7 =3

5
o _ oMI 1 . MO MI
Lai c6 I la trong tam AABC nén a7 = 7 Do do qH = AT va AMOI NAHIT

(c.g.c).
Suy ra 10 _ % Khi do

IH
10* _OM® IO +OM* 1 [10? + OM? 1
IH?2 HA?2 [H?2+ HA?2 4 TH2 + HA2 2

Cau 7. Cho goc x/O\y va mot dudng thang d thay doi luén cat cac tia Oz, Oy tai M va
P 2 1 1 2 2 2

N. Biet gia tri bieu thic Ol + ON khong thay doi khi duong thang d thay doi. Ching

minh ring dudng thang d luon di qua mot diém cd dinh.

O




€3 | Nhom GeoGebraPro

Lo gisi.
x
E I
0 D N\ y
Gid st —— 4+ — = 1 (a 14 mot s6 duong khong ddi). Lay diém D trén Oy sao cho
OM TON " a a e g g - Lay Y

OD = a. Khi d6 OD < ON. Vé DI || Ox (I € MN). Lay E trén Ox sao cho OE = ID.
Khi d6 OEID la hinh binh hanh. Ta ¢6

OF OD NI E] NI MI _q 1 OF 1
OM ON NM ON NM MN :>ON+OD~OM_OD_Q'
Khi do
1 OF OF

=1=0E=0D =a.

OM ~ OD-OM ~ OD
Ma D € Oy, E € Oz nén OD,OF c6 dinh. Mat khac O c¢6 dinh va OFEID la hinh binh
hanh nén I ¢ dinh. Vay d luon di qua diém I ¢6 dinh. O

Cau 8. Cho céc s6 .y, z khong am, khong dong thoi bang 0 théa man

1 n 1 n 1 <1
r+1 y+2 2+37

Tim gi4 tri nhé nhat ctia biéu thitc P =z +y + 2 +

r+y+z
Lo giai.
Ap dung BDT Cauchy-Schwarz (Bunhiacopxki) ta 6
1 1 1
1+y+2+2+3 > (1+141)° & 6>9<« > 3.
(z+1+y+ +Z+)(x+1+y+2+z+3>_(++) r+y+24+6 > r+y+z >
Do do6
P:8(x+y+z)+:p—l—y+z+ 1 Z§+2\/x+y—|—z. 1 _ 10
9 9 r+y+z 3 9 r+y+z 3
Dang thtic xay ra khi (z;y;2) = (2;1;0). VaymlnP——khl (x;y;2) = (2;1;0). U

Cau 9. Cho cac s6 duong z,y, z théa man dieu kién zy + yz + 22 = 671. Chitng minh
rang
T Y z 1
3 + — + = > .
¢ —yz+ 2013  y*—z2zx+2013 ¢ —2y+2013 T x4+y+ 2

L&i giai.




€3 | Nhom GeoGebraPro

Ta co
x Y z
VT =
22 — yz + 2013 * y? — zx + 2013 + 22 — xy + 2013
B l‘2 N y2 N 22
oz (22 —yz+2013)  y(y? — 2w +2013) 2 (22 — xy + 2013)
(z+y+2)?

23+ y3 4 23 — 3ryz + 2013(z +y + 2)°
Lai ¢6 zy + yz 4+ zz = 671 nén

2?43 + 22— Bayz +2013(x + y + 2)
= (z4+y+2) [(x+y+z)2—3(xy+yz+zx)} +2013(x +y + 2)

= (r+y+2) [(a:+y+z)2—3~671+2013] =(z+y+2)>

Tu do
2
VTz(x+y+z) _ 1 ‘
(z+y+2)3 z+y+z
) ) V2013
Dang thic xay ra khi x =2 =2 = 7

HET
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TOAN THCS VIET NAM

DE THI HSG TOAN 9| o3 10 10AN 9 HOC SINH GO

DE SO 24 NAM HOC 2013-2014, NINH
THUAN
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Tim z,y théa man phuong trinh: 4yv/z — 2 + 22y/y — 1 = y(3x — 2)

Loi giai.

Diéu kién ctia phuong trinh : z > 2,y > 1.

Ta co:
4ym+2x\/ﬁzy(3x—2)<:>4y\/xT2+2:c\/yT—3xy+2y:O
<:>—2xy+4ym+2y—xy+2x\/y——1:0
& 2z -2V —2-1)—a(y—2y/y—1) =0
2 —2-2V/r -2+ 1) —a(y—1-2/y—1+1)=0
& -2(Vr—2-12—a(y/y-1-1%=0
S2(Vr—2-17+z(\/y-1-1)2=0s \;@-10 & v

y—1—-1=0 y=2

Vay (z;y) = (3;2) O
Cau 2. Cho céc s6 thuc a,b, c khong am. Chitng minh rang:
(a+b+c)® > ad+ b+ A + 24abe
Loi giai.
Cac s6 a,b, c khong am, nén ta co:
a(b—c)?> +b(c—a)’+cla—b)?*>0
& ab® — 2abc + ac® + bc? — 2abe + ba? + ca® — 2abe + cb® > 0
& ab® + ac® + b + ba® 4 ca® + cb? > 6abe (1)
Mat khac ta co:
(a+b+c) =[(a+b)+d*=(a+b)?>+3(a+b)?c+3(a+b)c®+c

=a® + b + ¢ + 3(ab* + ac® + bc* + ba® + ca® + cb?) + 6abe (2)

Tu (1) va (2) suy ra: (a+b+c)? > a3+b3+c3+3.6abc+6abe < (a+b+c)® > a3 +b3+c3+24abe.
L]
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Cau 3. Cho tam giac ABC c6 trung tuyén AM =1 va ABC = CAM. Tinh do dai canh
AB.

Loi giai.
Ta ¢6 ABC = MAC (Theo gid thiét) vi ACM chung, A
suy ra: AABC «~ AMAC
AB BC  AC 1
= = = (%)
MA AC MC i B o
Theo gid thiét AM = 1, nén tt () suy ra: AB = W0 M

(1)
Mzt khac, theo gia thiét AM 1a trung tuyén nén M la

trung diem ctia BC = BC = 2MC.

Do do, tur (x) r'AC—BC:>AC—2MC
’ SWTA e T A T MO T AC

Ac?
MC?

& AC?2 =2MC? &

AC
“ e =V2 0@
Do dé, tur (1) va (2) suy ra: AB = V2.

Cau 4. Chiing minh rang ab(a? — b*) Chia hét cho 3 v6i moi sb nguyen a va b.
Loi giai.
Xét hai truong hop:

e Trudng hop 1: a hodic b chia hét cho 3. Khi d6 tich ab:3 nén ab(a? — b%):3.

e Truong hop 2: Ca a va b khong chia hét cho 3. Khi d6: a = 3p+1r1 va b= 3¢+ ry v6i
p,q,71, 72 nguyeén va 1 <rq,ro < 2.
Néu: r; = ro thi (a — b):3 suy ra ab(a® — b?) = ab(a — b)(a + b):3

Néu: r # roth(a + b):3 suy ra ab(a® — b?) = ab(a — b)(a + b):3

Vay: ab(a® — b%):3 v6i moi s6 nguyen a, b. O
Cau 5. Cho hinh binh hanh ABCD. Trén cac canh AB va AD lan ludt lay cac diém E
va F (E, F khong triing véi cc dinh cia hinh binh hanh). Goi K la giao diém ctia ED
va, FB. Chitng minh réng hai tit gidc ABKD va CEKF c6 dién tich bang nhau.

L&i giai.
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Ta ¢0: Saprp = SaakB + Saakp V& ScExF = SACKE + SACKF

Qua K ké duong thang vuong géc véi AB va CD (vi AB || CD), cit AB tai M va cit
CD tai N.

Ta c6: Sauxs + SackD = %KM.AB + %KN.CD _ %AB.MN _ %SABCD (1)

Ta lai c6: SackEe + Sackp = SAacpE = §CD-MN = §5ABCD (2)
T (1) va (2) suy ra: Saaxs = Sacke (3)

- . 1 <
Tuong tu, ta cing cé: Saaxp + Sackp = gSABCD va Sackr + SackB = SABrc =

1
=S
5 ABCD

Suy ra:SAAxD = SACKF (4)
Tu (3) va (4) suy ra: Saaxp + SAAKD = SACKE + SACKF

Vay: Sapkp = ScEKF 0
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cHON HOC SINH G101

DE SO 25 TOAN 9 NAM HOC 2013-2014,
VINH PHUC
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

L 2/a—16  a+4 2ya+1
h hite M = - - :
a) Cho bieu thic G—6Jat8 va-2 4—va

> 2 ., . > N ~ £ ~
cua a deé gia tri cia M la mot so nguyeén.

Tim tat ca cic gia tri nguyéen

b) Cho da thiic P(x) = az® + bz + ¢ théa man dong thoi cac dieu kien P(x) > 0 v6i moi
a+b+c

s6 thuc z va b > a. Tim gié tri nhé nhat ciia biéu thic Q = ;
—a

L&i giai.

a) Diéu kién xac dinh: a > 0,a # 4,a # 16.
To c6 M — 2a—16  Va+4 2ya+1l = a—ya-2 = Ja+1
Ca-6Va+8 Va-2 4-Va (Va-2)(Va-4) a-4
1
M:ﬁi—4:1+\/55_4,Mnguyénsuyra\/_—4latréccﬁa5,chonén\/_—46
{£1;4£5} = a = 9;25;81.

b) P(-2) =4a —2b+c>0=a+b+c > 3(b—a)suy ra Q > 3. Ta thiy da thic
P(z) = 2% + 4z + 4 théa man gia thiét va Q = 3. Vay Quin = 3.

Cau 2. Tim tat ca cac gia tri ctia tham sé m dé phuong trinh sau vo nghiém:

r+1 B T
r—m+1 z+m+2

Loi giai.
Diéu kién xéc dinh: z #m — 1,z # —m — 2.

Phuong trinh tuong duong véi (2m +2)z = —m —2  (1).
Néu m = -1, (1) & 0z = —1 (v0 nghiém)

Néum # —1, z = ;WT;L+ 5 phuong trinh vo nghiém khi va chi khi
55 oL (2 howe S

=—-m—-2 (3).
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1
(2)(:)m:0;m:—§
1
(3)(:>m:—2;m:—§
1
Vaym:O,m:—l,m:—Q,m:—i. O]

Cau 3. Cho p 1a s6 nguyén t6 16n hon 5. Chitng minh ring so6 10195457 — 1 chia hét cho
60.

Loi giai.

Ta sé chitng minh p*™ — 1 chia hét cho 60 v6i moi m nguyén duong.

ptm — 1= M(p? —1)(p* + 1), p nguyén t6 16 suy ra (p? — 1)(p? + 1) chia hét cho 4.

p 1a s6 nguyen t6 16n hon 5 theo dinh Iy Fermat nhé ta c6 p* — 1 chia hét cho 5.

p 1& s6 nguyeén t6 16n hon 5 suy ra p? = 1(mod 3) cho nén p? — 1 chia hét cho 3.

Vay p*™ — 1 chia hét cho 60. D& théy 19545 chia hét cho 4 (DPCM). O

Cau 4. Cho dudng tron (O) ¢6 tam O va ban kinh R. Hai diém phan biét B, C ¢b dinh
nam trén (O) sao cho BC = a < R. Goi A la diém bat ki thudc cung lén BC cia (0), A
khong trung véi B, C. Goi D la chan duong phan giac trong ké tit A ctia tam giac ABC.

Hai diém E, F lan ludt 13 tam dudng tron ngoai tiép céc tam gidac ADB va ADC.
a) Chiing minh rang hai tam giac AEO va ADC dong dang.
b) Tinh dién tich t@ gidc AEOF theo a va R.

c¢) Chiing minh ring khi diém A thay déi thi £ di chuyén trén mot duong thang cb
dinh.

Loi giai.
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a) Goi N la trung diém ctia AB, trong dudng tron (O) ta c6 AON = ACB (1), trong

dudng tron (ADB) ta c6 AEN = ADB = 180° — AEN = 180° — ADB = AEO =
ADC (2). Tit (1) va (2) suy ra hai tam gidgc AEO va ADC ddng dang.

. N E A AO.CD
b) Hai tam giac AFO va ADC dong dang suy ra g—D = % = OF = 0.0 (3).
: : . . N AO.BD
Chitng minh tuong tir hai tam giac AFO va ADB dong dang suy ra OF = (1)43 (4).

AB DB
ac ~pc O
4S5 por = OE.AB + OF.AC (6)
R.a

Tu (3),(4),(5),(6) ta c6 4Sapor = AO(BD + CD) = R.a = Sagpor = W

Vi AD la phan giac suy ra

c¢) Goi H la giao diém ctia OK va (O), M la trung diém ctia BD, dé& thay BNE =
BME = 90° suy ra tit gisc BMEN 1di tiép dudng tron duong kinh BE mit khac
MN || AK = BEM = BNM = BAK = BHK.
Gia st B’ 1a giao didm clia BE va HK, EM | HK = BEM = BH'K = BHK =
H = H'. Vay E thuoc dudng thing BH c¢6 dinh khi A thay doi.

U

Cau 5. Trén mot dudng tron cho 21 diém phan biet. Mdi mot diém duge t6 béi mot
trong 4 mau: xanh, do, tim, vang. Gita mdi cip diém nédi véi nhau bing mot doan thing

duge t6 bdi mot trong 2 mau: nau hodc den. Chitng minh rang luon ton tai mot tam
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gidc ¢6 ba dinh dugce to cing mot mau (xanh, d6, tim hodc vang) va ba canh cting duge
t6 cting mot mau (nau hodc den).

L&i giai.

F

Vi céc diém phan biét ndm trén mot dudng tron nén ba diém bat ky luon tao thanh
mot tam giac. C6 21 diém duge t6 bing 4 mau, do d6 cé it nhat 6 diém c6 ciing mau.
Gia sit ¢6 6 diém cing mau dé 1a A, B,C, D, E, F. N6i 5 doan AB, AC, AD, AE, AF v to
bang 2 mau nau, den khi dé c6 it nhat 3 doan cliing mau, gid sit AB, AC, AD dudgc to
cung mau den. Xét tam giac BC'D, xay ra hai kha nang

i) Néu ba canh BC, BD, DC dugc t6 cing mau nau thi tam giac BCD c6 ba dinh cling
mau do, ba canh cting mau nau (théa man)

ii) Néu ba canh BC, BD, DC ¢6 it nhat mot canh mau den, gia st BC den, khi d6 tam
giac ABC ¢6 ba dinh ciing mau dé, ba canh cuing mau den (théa méan)

Vay luon co mot tam gidc co ba dinh cung mau va ba canh cung mau. 0]

HET
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TOAN THCS VIET NAM

DE THI HSG TOAN 9| o3 10 10AN 9 HOC SINH GO

DE SO 26 NAM HOC 2017-2018, AN
GIANG.
Ho va tén thi sinh: ... . Lop: .......

2 2_ ?
Cau 1. Chow = Y2EV3HE V28 i i ia bidu thite P — (14 323 — 2)

V2

V24 VB+V2-V3
oo NG

_ . \/2+\/§~2+\/2—\/§

_ VA28 V428
2

VBB 4+ 143 -2V3+1
N 2

(VB+1)"+ V(vB-1)°

2

2016

Lai giai.

_2V3
2

3
=133 +a25=1-3. (\/§)S+(J§)5:1.
Vay A= (1-323+25)""" = 1. 0
Cau 2. Cho Parabol (P): y = %xQ va diém A(0;1).
a) Vé Parabol (P) trén mat phang toa do Oxy.

b) Chiing minh ring néu diém M nam trén (P) thi do dai doan M A bang khodng céch
tit M dén duong thang y = —1.
(Biét khodng cich gitta hai diem C(z.;y.), D(xp;yp) bat ky trén mdt phing toa do
dugc tinh theo cong thiic CD = \/(:vD — 2%+ (yp — ve)?).

Lai giai.

a) Vé Parabol (P) trén mit phang toa do Ozy.
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Gia tri dac biét

<
Il
|
8
—_
N[
o

1 = =

Do thi

b) Chiing minh ring néu diém M nam trén (P) thi do dai doan M A bang khoadng céch
tit M dén dudng thang y = —1.
£nén1A4thu@c(fﬁ::>A1(x;ix2);fuo;1y
Tu M ké MN vudng goc véi (d), va AH vuong goc MN.
Khoang cach tit M dén dudng thang y = —1 1a
MN:yM—i—l:%xQ—l—l
Khoang céach giita hai diem M, A 1

AM = \/(z01)? + (yar — ya)?
1 2
= (0—x)2+(1—1x2)

1 1

_ 201 224 o4
\/x—l— 2.75 +16x

R I
167 2"

2
= - 1
4x+

=yy+1=MN

Vay khoang cach tit M dén duong thang y = —1 bing do dai doan thang MA.
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Cau 3. Cho phuong trinh 22 + bz? + cx + 1 = 0 trong d6 a,b,c 1a cac s6 nguyeén. Biét
phuong trinh c¢6 nghiém xq = 2 + /5 tim b, ¢ v cdc nghiém con lai ctia phuong trinh.
Loi giai.
Phuong trinh 23 + bz? + cx + 1 = 0 ¢6 nghiém 2y = 2 + /5 nén
2+ V5> + b2+ V52 +c(2+V5) +1=0
(22 +12V5+304+5V5) +b(9+4V5) +c(2+V5) +1=0

S(4b+c+17)V5 + (9 + 2¢ +39) = 0
Vi /5 14 s6 vo ti, b, ¢ 1a cac s6 nguyén nén ta co

b+c+17 =0 8b+2c+34 =0 b =-5
= =

9 +2c+39 =0 9+2c+39 =0 c =3
V6i b = —5; ¢ = 3 phuong trinh tré thanh
23— 52> +3r+1=0
& (x —1)(2% — 4z — 1) = 0Phngtrnhcbanghimxg = 2 + /5; 21 = 2 — \/5; 29 = 1. 0

Cau 4. Tim z,y biét

\/2(\/5+y—2) =/Vz .

Loi giai.
DK z,y >0;v/z+y—2>0.
Binh phuong hai vé cia phuong trinh ta cé
2/r+2y—4=r-y

SVr2-y)+20y-2)=0

Sy—2)(2-vr)=0
Khi d6 z = 4 hoac y = 2. So vdi diéu kien, ta c6 x = 4; y > 0 hodc 2 > 0; y = 2. O
Cau 5. Tt mot diem M & ngoai dudng tron (O) vé hai tiép tuyén M B, M D véi dudng
tron (B, D 1a tiép diém) va mot cat tuyén qua M cit duong tron tai hai diem phan biét

A C.
a) Chiing minh hai tam giac MAB va M BC dong dang.
b) Ching minh AB-CD = BC - AD.

c¢) Goi (d) 1a duong thang qua D va song song v6i M B, (d) cit BA, BC lan lugt tai I
va J. Ching minh DI = DJ.
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L&i giai.

a) Chitng minh hai tam gidc MAB vd M BC dong dang.
Hai tam giac MAB va M BC' c6
M chung
MBA = MCB (cting chin cung AB)
Vay AMAB «~ AMBC.

b) Ching minh AB-CD = BC - AD.
Ta co 4
AMABmAMBC@B—g:A]\;[—g (1)
Hai tam giac MAD va M DC' c6
M chung
MDA = MCD (cting chin cung AD)

Vay AMAD ~ AMDC.
_AD _MD
DC — MC
Ma MB = MD nén tu (1) va (2) ta co

AB AD

c¢) Goi (d) 1a dudng thang qua D va song song v6i M B, (d) cit BA, BC lan lugt tai I
va J.Chiing minh DI = DJ.
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Hai tam giac IBD va DBA dong dang do
B chung
BID = IBM (so le trong)
IBM = BDA (chén cung AB)
_BD_ID _AD _ID
BA DA AB  BD
Tuong t hai tam giac JBD va DBC dong dang.
_BD_ID _DC_JD
BA DC = BC BD

(4)

Theo cau a)
AB AD AD DC

BC —Dc = A~ B

ID JD
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TOAN THCS VIET NAM

DE THI HSG TOAN 9| o3 10 10AN 9 HOC SINH GO

bE SO 27 NAM HOC 2016-2017, S8 GD
BEN TRE
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Chiing minh ring: A = n® + 4n” 4 6n° + 4n° + n* chia hét cho 16 v6i moi n 1a 86

nguyen.

: 2 3)° + 1222
b) Cho bieu thitc B = \/(x 12 !

Rit gon biéu thiic B va tim cac gia tri nguyén clia = dé B c6 gia tri nguyeén.

+1/(z+2)° — 8z,

c¢) Tim tat ca cidc nghiém nguyén ctia phuong trinh: 2y2z +z +y + 1 = 22 + 2% + ay.
Lai giai.

a) Ta c6 A =n®+4n7 +6n° + 4n° +n? = n* (' +4n® + 6n% + 4n + 1) = [n (n + 1)]".
Vi n(n 4 1) 1a tich hai s6 nguyen lién tiép nén n(n +1): 2= [n(n+ 1)*: 24 = 16.

Do do6: A: 16 v6i moi n € Z.

’ 2
b)B:\/($2_32;2+12x2+\/($—|-2)—2—8$:\/@+m:%+

|z —2|.

2 2
) —z2 -3 94249243 3
e Néuz<0= B=_= g CENEATTS 59 O
xr xr X
. .3 r=—1
B c6 gia tringuyén khi ~ € Z < rc UB) var <0 &
t T = -3
2
) 9
e NéuO<r<2mB="T3 o 2243 _, .3
T e X

L _ .93 .
B c6 gia tringuyén khi —= € Z <2 UB)val<z<2& 1= 1.
T

2 2
3 20° —2x +3 3
+ +x—2:$:2x—2+—.
x x x

. _ .3 N
B ¢6 gia tri nguyén khi = € Z < 2 UB) viz > 2 < o = 3.
T

e Néuzr>2= B=
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Tap céc gia tri ctia # dé B nguyen la x € {+1;+3}.

¢) 2Pr+ar+ty+l=a2+22 +aye (v 1) (x—2y2+y):1.

r—1=1 =2 [ |z =2
-2 +y=1 0w:—y—1=0 y=1
= = <~ .
r—1=-1 =0 z=0

2 _ 2 _ _
rT—=2y"+y=-1 | (2y"—y—1=0 | =1

Y
Vay phuong trinh c6 hai nghiém nguyén la (2;1) va (0;1).

Cau 2. Cho ham s6 y = 2v/22 — 62 + 9 — x — 2 ¢6 dd thi (¥).
a) Vé do thi (¢) clia ham s6 trén
b) V6i gid tri nao ctia m thi phuong trinh 2v/22 — 62 + 9 — 2 — 2 = m vo nghiém.
c¢) Dua vao dd thi (¢), tim tap nghiém ctia bat phuong trinh 2v/22 — 62 + 9 > .
Li giai.
r—8 néu z > 3

a) y=2vVa? —6r+9—z—-2=2Jz-3|—z—-2=

—3z+4 néux<3

————
———to
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b) 2vV22 =6z + 9 —x — 2 =m (¥).
Phuong trinh (x) 14 phuong trinh hoanh d6 giao diém ctia hai do thi sau: (¢) : y =
222 —6x+9—x—2va (2): y =m la duong thang song song vé6i truc Oz va cét
Oy tai diém c6 tung do m.
Can ctt do thi ta c6 phuong trinh (¥) vo nghiem < (%) va (2) khong giao nhau

S m < —b.

( 2
x2+xy+%:2017

Cau 3. Cho z,y, z 1a cac s6 thuc thoéa man < 220 y_2 — 1009 (x #£0,2# 0,2 # —=z).

22+ xz + 22 = 1008
\

) s 2
Chitng minh rang: 2 _ut :
x T+ z

Loi giai.
( 2

2%+ zy + % = 2017 (1)

<22+%2:1009 (2) (x# 0,2 # 0,2 # —2).

a? 4+ 24 22 = 1008 (3)
frtr (1) va (2) theo vé, ta c6: 22 — zy — 22 = 1008 (4).
Tru (3) va (4) theo vé, ta c6: 2z —xy + 222 =0
S xr 4222 =2y & 202+ 222 = 2y + 22,
& 2z(x+2) = x(y + 2).
& 2—2 _Y tz UJ

x x4+ z

Cau 4. Cho doan thang AB va diém E nam giita diéem A va diém B sao cho AE < BE.

Vé duong tron (O1) duong kinh AE va dudng tron (O2) duong kinh BE. Vé tiép tuyén
chung ngoai MN clia hai dudng tron (Op) va (Os) véi M la tiép diém thuoc (Op) va N
Ia tiép diém thuoc (O2).

a) Goi F 1a giao diém ctia cac dudng thang AM va BN. Chiing minh ring dudng thang
EF vuong géc v6i dudng thang AB.

b) V6i AB = 18 cm va AE = 6 cm, vé dudng tron (O) dudng kinh AB. Dudng thang
MN cit duong tron (O) tai C' v& D sao cho diém C thuoc cung nhé AD. Tinh do
dai doan théng CD.

Lai giai.
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a)

) ) MN L O1M
MN la tiep tuyeén chung cia (Op) va (O2) nén = O1M || O2N.

MN 1L OaN

= MO1E + NOoE = 180°.

AO1AM can tai O = ]\70?5 = Qm/l.

AO9BN can tai Oy = ]\TOQ\E = 2@.

= O1AM + 02BN = 90° = MFN = 90°.

Mit khac AME = BNE = 90° (géc ndi tiép chan nita dudng tron).

= MENF la hinh ch@ nhat.
— MEF = NME.
Ma O EM = O1ME va NME + OLME = 90° = MEF + O1EM = 90°

hay EF 1 AB tai E.

Ta co: AB=18cm, AE =6 cm = FB =12 cm, OF =9 cm.
AAFB vuong tai F c¢6 dudng cao EF nén EF? = AE.EB =6.12="72= EF =62

cm.
= MN = EF =62 cm.

Goi I, K lan lugt 1a giao diém cta EF,OF v6i MN.

Tt gidc MENF la hinh chit nhat nén NMF = NEF. Ma NEF = ABF (cing phu
goc BEM.
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— NMF = ABF (1).

= AFNM « AFAB.

Lai c6 AOAF can tai O = OAF = OFA (2) vi OAF + ABF = 90° (3).

Tit (1), (2), (3) = NMF + OFA = 90° = MIF = 90°.

AFNM «~ AFAB va ¢6 FI, FE la hai dudng cao tuong tng nén: % = % =
FI=4cm = Ol =5 cm.

AOID vuong tai [ = ID = VODZ — OI2 = 24/14 cm.

Vi OF L CD tai [ = CD =2ID = 414 cm.

O

Cau 5. Cho tam giac ABC can tai A, c6 goc A nhé hon 90°. Tt B ké BM vuodng goc
\ . . AM AB\?
v6i AC tai diem M (diem M € AC). Ching minh rang: o t1=2 (—) :

C BC
Loi giai.
Tam giac ABC can tai A = AB = AC. A
Ta co: A—M+1 = Z(A—B>2 & AM + MO = 2A02 & AC =
MC BC MC B(C? MC

2A—02 & BC? =2AC.MC

BC? B
Ta can chiing minh: BC? = 2AC.MC.
That vay:
BC? = BM? + MC? = AB?* — AM? + (AC — AM)? B C

= AC? — AM? 4+ AC? — 2AC.AM + AM?>
= 2AC? —2AC.AM = 2AC(AC — AM) = 2AC.MC.

HET




ot n

TOAN THCS VIET NAM

DE THI HSG TOAND | o2 1111 1oAN 9 HOC SINH GIQI
DE SO 238 NAM HOC 2016-2017, HAI
PHONG
Ho va tén thi sinh: ... . Lop: .......

V/10+6v3(v3-1)

Cau 1. Cho z = . Tinh gia tri ctia bicu thitc: P = (1222 + 4z —
V6+2V5 -5

55)2017'

Loi giai.

Ta co:

V10+6V3(V3—1) = {/(V3+13(V3—1) = (V3+1)(V3-1) =2
V6+2vV5 - vVo=/(V5+1)2-vV5=v5+1-V5=1.

Vay x = 2. Thay gia tri x vao P ta dugc:
P = (12.2% + 4.2 — 55)2017 = 12017 — 1,
O
a+1l a a—1+a2—a\/a+\/5—1

Ve Ta—va Va—ava

nhitng gia tri ndo ctia a thi biéu thic N = i nhan gia tri nguyén?

Cau 2. Cho biéu thitc M = v6i a >0, a # 1. V6i

Loi giai.
Véi dieu kién ¢ > 0, a # 1 thi:

a1 (Va-r)(atvasr)  (va-i)(vati)(a-va+1)

SV ala ) v ) (Ve
_a+1+a+\/5+1_a—\/5+1_(\/a+1)2
Va Va Va oo Vaoo
NSO _ G
Y(vas)
Khi d6 ta thay véi 0 < a # 1 thi
a—\/5+1>04:)(\/5+1)2>3\/5<:»i2<2.
(va+1)
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Do 0 < N <2 nén dé N co gia tri nguyen thi N = 1. Diéu nay x4y ra khi va chi khi

6y/a 2
— Y =1&a—4 1=0« -2) =3
a+2va+1 a—4va+ <\/_ )

Va=/3+2 a =7+ 4y/3 (thda man)
&
Va=—/3+2 a =17 —4/3 (théa man)
Vay a = 7+ 4v/3. O

Cau 3. Cho phuong trinh: 22 — 2mz + m? —m — 6 = 0 (v6i m 1a tham s6). V6i gia tri
nao ctia m thi phuong trinh c¢6 hai nghiém z1, x9 sao cho |xi| + |za| = 87
Loi giai.
Phuong trinh 22 — 2ma +m? —m — 6 = 0 ¢6 hai nghiém thi
AN=m?—(m*-m-6)=m+6>0cm>—6.
Theo hé thic Viét, ta co:
r1+ 22 =2m

Tz =m? —m—6

Ta c6
21| + 22| = 8 © a2 + 23 + 2z 12| = 64 & (21 + 22)? — 2w129 + 2|T1 20| = 64. (1)
Trudng hop 1: Néu x; va 29 ciing dau thi:
m > —6 —-6<m< =2
179 > 0 & = (*)
m?—m—6=(m+2)(m—3)>0 m >3
Khi do
(1) & (z1 + 22)? = 64 < 4m? = 64 < m = +4 (thdéa man (¥))

Trudng hgp 2: Néu z; va 2o trai dau thi:

129 <0 m?—m—6=(m+2)(m—-3)<0e —2<m<3. (%)
Khi do
(1) & (21 + 29)* — 4x1209 = 64 < 4m> — 4(m* —m — 6) = 64
& m+6 =16 < m =10 (khong thoa man diéu kién (**))
Két luan: m = +4. OJ

3,2 2 2,2
T —2z%y —x*y* 4+ 2zy+3x—3=0
Cau 4. Cho hé phuong trinh Y Y Y Y (v6i m la tham
2 + 22017 — 4 1 3m
$0).
Tim céc gia tri ctia m dé hé phuong trinh c¢6 hai nghiém phan biét (x1;91) va (x2;y2)

théa man dieu kién (27 + yo)(z2 + 1) +3 = 0.

Lai giai.
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Ta co
23y — 2%y — 2®y? + 2zy + 32 —3=0

& (z—1)(z%? — 22y +3) =0

z=1
&
(zy —1)2+2 =0 (v0 nghié¢m)
Thay = = 1 vao phuong trinh duéi ctia hé ta duge 42 —y —3m+1=0. (1)
Dé phuong trinh (1) ¢6 hai nghiém phan biét thi
1
A=1+43m—1) >O<:>12m—3>0<:>m>1
Theo dé bai va cht ¥ rang z1 = a9 = 1:
(1 + )@ +y) +3=04+y +y2+ 1152 = 0. (2)

: 1 :
Vé6i m > 7 theo hé thic Viét cho phuong trinh (1) ta c6
y1+y2=1
yiy2 =1 —3m
Thay vao (2) ta dugc
5+1—3m=0< m=2 (thoa man).

Két luan m = 2. O

Cau 5. Tim tat ca cac sd nguyen duong a, b sao cho a + b? chia hét cho a?b — 1.
Loi giai.
Ta c6
(a+0*: (a®b—1) = a+b* =k(a®b—1), k€ N*

& a+k=>bka® —b) haymb=a+k (1) v6im=ka* —bec N*

e m+b=ka® (2)
Tu (1) va (2) suy ra:

mb—m—b+l=a+k—ka®+1am-10b-1)=(a+1)(k+1-ka). (3)

Dom, be N*= (m—1)(b—1) > 0.
Vi thé tit (3) suy ra: (a+ 1)(k+ 1 — ka) > 0.
Laidoa>0nénsuyra:k+1—ka>0=12>k(a—1).
Via—1>0, k>0nénl>k(a—1)>0vak(a—1) €N

a=1
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V6i a = 1. Thay vao (3) ta dugc:
(m—-1)0b-1)=2

m—1=

b—1= b=2=ki®=5=a=1
=Y &

m—1=1 b=3=ka’?=5=a=1

b—1=2

Vay, truong hgp nay ta duge hai capa=1, b=2vaa=1, b=3.
V6i a =2 va k = 1. Thay vao (3) ta co:
b=1
(m—1)0b-1)=0«<

m=
Khi b =1, ta dugc a =2, b= 1.

Khim=1.Tu (1)suyraa+k=b=>b=3. Khidéa=2, b=3.

Vay c6 4 cap s6 (a;b) thda man 1a: (1;2), (1;3), (2;3), (2;1). O

Cau 6. Cho ba sb thyc a, b, ¢ duong. Chitng minh rang:

a’ b 3
>1
a3+(b+c)3+ b3+(C+a)3+ A+ (a+0)3 ~

V6i z 1a s6 duong, ap dung bat déng thic Cauchy ta co:

1+ 22— 1 249
\/x3+1:\/(93+1)(x2—x+1)§x+ +x2 v :x;—

/1 2
> *
= 3+1 7 2242 ()

Dau “=" xay ra khi z = 2.

Lai giai.

Ap dung bat déng thitc (x) ta dugc

a? _ 1 - 2 B 2a?
a’+ (b+c)? b+e\° b4\’ (b4 )2+ 2a%
v (TR ()

a

a’ 2a? a?
3 52 T 2242 (1)
a +(b+C) 2<b2—|—02> +2a2 a _|_b +c

Suy ra
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Tuong tu ta co
b3 b2
> .
B+ (c+ta)d— a2+ 02+ 2

3 c?

> .
A+ (a+0b)3 ~ a2+ b2+ 2
Cong theo vé clia ba bat dang thic (1), (2) va (3) ta dugc:

a’ v 3
> 1.
a3+(b+c)3Jr 63+(C+a)3+ A+ (a+0)3 ~

Dau “=" xdy ra khia = b = c. O

Cau 7. Cho ba diém A, B, C ¢b dinh nam trén mot duong thang d (diém B nam gitta
diem A va diém C). Vé duong tron tam O thay doi nhung luon di qua diém B va diém
C (diém O khong thuoc dudng thang d). Ké AM va AN la cac tiép tuyén véi dudng tron
tam O (v6i M va N la cac tiép diém). Duong thang BC cit MN tai diém K. Duong
thang AO cat MN tai diem H va cit dudng tron tai cac diem P va Q (P nam gifta A
va Q).

a) Chitng minh diém K c6 dinh khi duong tron tam O thay doi.

b) Goi D la trung diém ctia HQ, tit H ké duong thang vuong goc véi M D cat duong
thang MP tai E. Ching minh ring P la trung diém ctia ME.

Lai giai.

a) Goi I la trung diém ctia BC, suy ra IO L BC.
AABN dong dang véi AANC (vi ANB = m, CAN chung)

AB AN )
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AANO vuong tai N, duong cao NH nén AH.AO = AN?. Suy ra

AB.AC = AH.AO (1)
AAHK dong dang véi AAIO (g.g) nén
AH AK
Tu (1) va (2) suy ra
AB.AC

Al AK = AB.AC = AK =

Al
Ta c¢6 A, B,C cb dinh nén I ciing c6 dinh, suy ra AK khong doi. Ma A c¢b dinh, K 1a
giao diém clia BC' va M N nén K thuoc tia AB, suy ra K cb dinh.
b) Xét hai tam giac MHE va QDM. C6
NME = MQP
NHE =90° — AHE = MDH. Suy ra]\TH\E:BOO—]ﬁ{\E:lSOO—W:m
Vay AMHE dong dang véi AQDM, suy ra %—g = ]\l/)[_g

Mt khéc, APMH déng dang vi AMQH (g.g), suy ra ot = M _ MH

MQ  QH 2DQ

T hai két qua trén suy ra

MP 1 MEFE
——=———=MFE=2MP
MO 2O
T d6 suy ra P la trung diém clia ME. O

Cau 8. Cho tap hgp A gom 21 phan tit 1 cac s6 nguyén khac nhau théa méan tong ciia
11 phan ti bat ki 16n hon téng ctia 10 phan ti con lai. Biét cac s6 101 va 102 thuoc tap
hop A. Tim tat ci cac phan ti clia tap hop A.
Loi giai.
Gia st A = {ay; ag; as; ---; ag1} V6iay, ag, ag, -+, ag1 EZVvaa; <az <az<---<az.
Theo gia thiét ta co
ar+az+az+---+ai > a2 +az+ - +a
< ay > (a2 —az) + (a13 —ag) + - - - + (a1 — an) (1)
Mt khac véi 2, y € Z vanéu x < y thi y > 2+ 1. Suy ra
ajg —ag > 10, a13 —az > 10, -+, az; — a1 > 10 (2)
Nén tur (1) suy ra
ap >104+104---4+10 =100

Ma a; nhé nhat va 101 € A nén ay = 101.
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Ta co
101 > (a12 — ag) + (a13 — az) + -+ + (a1 — a11) > 100
=(a12 — az) + (a13 —az) + - - - + (a21 — a11) = 100
Két hop vdi (2), suy ra
ajpg —az =ayg —az =---=az —ay = 10 (3)

= 10 = a1z — ag = (a12 — a11) + (a11 —ar) +--- + (a3 — az) > 10

= a2 — a1 =ai1 —ajp=---=a3—az=1 (4)
Ta c6 a; = 101 ma 102 € A suy ra az = 102.
Két hop véi (3) va (4) suy ra A = {101; 102; ---; 121}. O

HET
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TOAN THCS VIET NAM

DETHI HSGTOAND 1 2 111 Hse TOAN 9, PHU LOC,
DE SO 29 THUA THIEN HUE, 2017
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Cho biéu thitc A = (3x+\/9_x_3+ L + L —2) ;
T+ x —2 Vr—1 x+2 x—1

a) Tim diéu kién ctia x dé biéu thiic A c6 nghia.
b) Riit gon biéu thiic A.

o 2 2 0 2 -
¢) Tim gi4 tri ctia = de Y 14 s0 tu nhieén.

Loi giai.
. x>0
a) Dieu kién:
x # 1.
b)A:(3x+\/9x—3+ 1 n 1 _2): 1
r+yr—-2  Jr—1 x+2 r—1

_ x4+ 3V +2 = 1)
E\/E—l)(\/ﬂ?)

oy ()0

=(vz +1)"

x>0

x # 1.
Ta c6: A= (V7 +1)>.

. . 2
V“lAz(\/E+1)221V61m01x20nén0§—<2.

(Vz+1)°
2 2

Do dé: = = —=_ e Nkhi (Vz+1)*=1hodc (vVz+1)* =2
A (V)

Ma /241> 0nén /z+1 =1 hodic /z +1=+2.
Dodé:xzohoacm:(\/5—1)2:3—2\/5.

2 )
Vay T 1 s6 tu nhién khi z = 0 hodic z = 3 — 2v/2.

¢) Vi diéu kien: {
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Cau 2. Giai phuong trinh: 22 — 10z 4+ 27 = V6 — 2 + Vo — 4.
Loi giai.
Dieu kién: 4 < z < 6.

e VI =22 100 4+27=(z—5)2+2>2, dau” =" xdy ra < r = 5.

. VP:\/6—33+\/:U—4§\/(12+12) [(Vo=2)+ (vi—9)] e vP<2
1 1

V6 —x - Vo —1
VT =VP & z=5 (TMDK). Vay nghiém ctia phuong trinh la z = 5.

b}

60—z =x—-4<x=>.

dau” =7 xay ra &

z+1

Cau 3. Tim gia tri 16n nhat, gia tri nhé nhét ctia biéu thic: A = ————.
24+ x+1

Loi giai.
. 9 \? 3
Ta co: = +:c+1:(:c+§> +Z>O,Va:ER.
r+1 _:U2+:1:+1—a:2 22 R z2

1 —— >0,V R).
(vi sy IEAURCAS )

= = —1-—" <

; 2+x+1 2+z+1 2+r+1—
Dang thic xay ra khi x =0, suy ra: max A =1 khi x = 0.

B r+1 N B 3r+3 _1‘2+4x+4—(x2—|—:1:+1)

| 24 r+1 Ay | '

2 2
2 2
&_12_1 (ViMZO,VxER).
2 4+x+1 2 +r+1

1 ..
Suy ra: A > —3 dang thic xay ra khi z +2=0< 2 = —2.

1
Suy ra: min A = —3 khi z = —2. 0
Cau 4. Cho hai dudng théng: y =z +3 (d1);y=3z+7 (do).
a) Goi A va B lan lugt 1a giao diém cta (dy) va (dg) v6i truc Oy. Tim toa do trung
diém I ctia doan thang AB.
b) Goi J la giao diém ctia (di) va (dg). Tam gidc OIJ la tam gidc gi? Tinh dién tich
cua tam giac do.
Loi giai.
a) Tim duge A(0;3); B(0;7). Suy ra I(0;5).
b) Hoanh do giao diém J ctia (di) va (do) 1a nghiém ctia phuong trinh: z 43 = 3z + 7
=r=-2=y;=1=J(-2;1).
Suy ra: OI? =02 +52=25;0J?> =22 + 12 = 5;1J% = 22 + 42 = 20.

= 0J? + 1J? = OI? = tam giac OIJ la tam gidc vuong tai J.
1 1
:>SAO[J:§O[-OJ:§-\/S-\/%:5 (dth)
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L]
Cau 5. Cho duong tron (O; R) dusng kinh AB. Goi M la diém nam giita A va B. Qua
M vé day C'D vudng goc véi AB, lay diém E ddi xing v6i A qua M.
a) Tt gidc ACED la hinh gi? Vi sao?
b) Goi H va K lan lugt 1a hinh chiéu ctiaM trén AC va BC. Chiing minh rang:

HM MK CD
HK MC 4R~

c) Goi €' la diém déi xting v6i C' qua A. Chitng minh rang ¢’ nim trén mot dudng
tron c6 dinh khi M di chuyén trén dusng kinh AB (M khac A va B).

Lai giai.

a) ViCD L AB = CM = MD.
Tt giac ACED c6 AE cat CD tai trung diém ctia mdi dudng nén la hinh binh hanh.
Ma AFE | CD = tit gidc ACED la hinh thoi.

b) Vi tam gidc ABC ¢6 AB la dudng kinh (O) nén AABC vudng tai C, suy ra ti@ giac
CHMK la hinh ch@ nhat.
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Ap dung hé thiic luong vdo cac tam giac vuong ta co:

MH.AC = MA.MC = MH = %.
. MB.MC MA.MB.MC?
Tuwong tu ta c6: MK = Tl = MHMK = CBC

Ma MA.MB = MC?; AC.BC = MC.AB (do AABC vuong tai C).
MH MK MC2.MC? MC® MHMK MC
- MM =T e AR T AR MC2 . AB
Ma MC = MK (do CHMK 1a hinh chit nhat)
MHMK MC 2MC CD
~ HKMC __AB. _ 2AB 4R
Vav- HM MK CD (dpem)
Y HK MO T ar PO

¢) Lay O’ ddi xiing véi O qua A, suy ra O ¢6 dinh.
Tt gidc COC’O’ 1a hinh binh hanh vi ¢6 hai duong chéo cit nhau tai trung diém A
ctia moi dudng.
Do dé O'C’' = OC = R khong déi.
Suy ra ¢’ nim trén dudsng tron (O’; R') ¢6 dinh khi M di chuyén trén duong kinh
AB.

Cau 6. Cho a,b,c 13 ba s6 duong théa man: a + b+ ¢ = 1. Chiing minh rang:
c+ab a+bc b+ac

+ +
a+b b+c a+c

> 2.

Loi giai.
Via+b+c=1nén
c+ab=cla+b+c)+ab=(c+a)(c+b)

a+bc=ala+b+c)+bc=(b+a)(b+c)

b+ac=0bla+b+c)+ac=(a+b)(a+c)

(c+a)(c—|—b)+(b+a)(b+c)+(a+b)(a+c) S
a+b a+c b+ c -

i\/((c+;ﬁcb+b))2+\/((b+;i£bc+c))2+\/((ajtbbl(ac—l—c)fzz‘

Mat khac dé thay: 22 + 92 + 22 > xy + yz + 2z, v6i moi z,vy, z (¥)

do d6 BDT can chitng minh tuong duong véi:

Ap dung (*) ta c6: VI > b+c+a+b+c+a=2.

Déu”—”Xéyrakhivachikhia—b—c—%. 0

HET
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cHON HOC SINH G101

DE SO 30 TOAN 9 NAM HOC 2016-2017,
THANH HOA
Ho va tén thi sinh: ... . Lop: .......

~ .2 . x+2 \/5 1 ) \/5—1 ..

. = : < .
Cau 1. Cho bieu thuc P (m x—1+x+\/5+1+1—\/5 5 , Vi 0 < x #£ 1
a) Rit gon biéu thitc P.

- 2 2
b)TlmxdeP:?.
c) So sanh: P? va 2P.
Loi gidi.
a) Diéu kien 0 < = # 1. Ta bién doi biéu thitc P

f x+2 N 1 )_\/5—1

P_(x x—1+x+\/§+1+1—\/§ o2

_ x+2 N Vi 1 Vr—1

B (\/5)3—1 r+yr+1 Jr—-1) 2

L rH2+ V(e -1) -+ Ve +1) Vo1 r—2yx+1 2

B 2(&—l)(m+ﬁ+1) 2 (Ve Ve+l) V-1

e
b) Dieu kien 0 < x # 1. Ta co:

2 2 2

2
W\/§—|—3>0nén\/_—2:0<:)x:4,th6amén.vayP:?khix:4.
) Vizz20=ao+yr+121

2
S0<—— <2 0<P<L2P(P-2)<0s P2L2P.
T+ r+1 = ( )

Dau “=” x4y ra khi P =2 < 2 = 0. Vay P? < 2P.

Cau 2.

a) Tim z,y € Z théa man 2y?zr +z +y + 1 = 22 + 2y% + ay.
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, o 11 1\ 1 1
b) .Cho a,b,c la cac s6 nguyén khac 0 théa man dieu kién: (— + A + —) =+ 0 +
a C a

1 . N .z
—.Chitng minh rang: o + b + ¢* chia hét cho 3.
C
Loi giai.
a) Ta co
wir+r+y+1=a>+2%+ay
@2y2x—l—aﬁ+y—l—1—x2—2y2—xy20
-1 —y—2) =1
Viz,yeZnénz—1e{1;,-1}

) . 1
eNéuz—1=1=2=2 Khld02y2—y—2:—1<:)y:1\/y:—§¢Z.

P Cal 1
e Neuzr—1=-1=2=0. Kh1d02y2—y:1<:>y:1\/y:—§§éz.

b) Tu gid thiét
Aolyle 111 111
a b ¢ a2 ¥ 2 ab  bc  ca’

Via,b,c£A0néna+b+c=0=a+b=—c. Tu do
(a+b)°*=(—c)’ = a®+ b+ 3abla+b) = = = a® + b° + ¢ = 3abe

Vay a® + b3 + ¢3:3 v6i a, b, c € Z.

Cau 3.

a) Giai phuong trinh sau: v4a?2 + 20x + 25 + Va2 + 6z + 9 = 10z — 20.

b) Cho z,y 1a 2 s6 thyc thod man: 22 + 2y? + 2zy + 7z + 7y + 10 = 0. Tim gi& tri nhd

nhét va gia tri 16n nhéat ctia biéu thic: A=z +y+1
Lai giai.

a) Dkxd: vz € R.

V422 + 20z + 25 4+ /22 + 62 + 9 = 10z — 20.

Vi Va2 4+ 200 + 25+ V22 + 62 +9 > 0,Vez nén 10z —20 > 0=z > 2.
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Tacod

V422 + 202 + 25 4+ /22 + 62 + 9 = 10z — 20

& 224 5|+ |z + 3| =10z — 20

S2r+54+2+3=100 —-20Tr=282r=14

Vay phuong trinh c6 nghiém la x = 4.
b) Ta c6

2? + 2% + 22y + T+ Ty +10=0
@+ +7(z+y) + 10 = —?
= @z+y+2)(z+y+5)=—y><0

= 4<z+y+1< -1
e r+y+1=—-4khiz=-5y=0.

er+y+1=—-1khiz=-2;y=0.

Vay Apmin = —4 khi x = =5,y =0. A = —1 khi x = -2,y =0.

O

Cau 4. Cho hinh vudng ABCD c6 canh bang a. N 1a diém tity y thuoc canh AB. Goi
E 1a giao diém ctia CN va DA. Vé tia Cx vuong goc véi CE va cit AB tai F. Lay M la

trung diem ctia EF.
a) Chitng minh CM vuong goc véi EF.
b) Chiing minh NB.DE = a® va B, D, M thing hang.

¢) Tim vi tri cia N trén AB sao cho dién tich cta ti gidc AEFC gap 3 lan dién tich
ctia hinh vuéng ABCD.

L&i gii.
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a)

b)

D C

Ta ¢6: ECD = BCF (cuing phu véi E/C\B)

Chiing minh duge: AEDC = AFBC (canh géc vudng - géc nhon)
= CFE =CF = AECF can tai C

Ma CM la duong trung tuyén nén CM L FE.

Vi AEDC = AFBC = ED = FB.
Do ANCF vuong tai C. Ap dung hé thitc lugng trong tam gidc gidc vuong ta co

BC? = NB.BF = a®> = NB.DE, (dpcm).

. p < N PO FE
ACEF vuong tai C ¢6 CM la duong trung tuyen nén CM = -

. . < N P FE
AAEF vuong tai A ¢c6 AM la dudng trung tuyen nén AM = -

FE
Suy ra CM = AM = - Vay M thudc duong trung tryc ctia AC.
Vi ABCD la hinh vudéng nén B, D thudc duong trung triyc cia AC.
Vay B, D, M thing hang vi ciing thuéc dudng trung triec ciia AC, (dpem).

bat DE =z v6i © > 0, suy ra BF = x.
1
Ta c6 Sacre = Sacr + SAagr = §AF (AE+CB).
1 1 1
:§(AB+BF)(AE—|—AD) :§(a+l’)DE:§<a+l‘)l‘.

1 T =2a
Ma Sacre = 3SaBcp & §$ (a+x) =3a® &
T = —3a

Do x> 0 v& a > 0 suy ra nhan z = 2a. Vay A la trung diém ctia DFE hay AFE = a.

AN AF
V\IAE“BCHenﬁ?_B_C
Vay v6i N la trung diem cua AB thi Sqcrg = 3SaBcD.

=1= N la trung diém ctia AB.
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Cau 5. Cho a,b,c > 0. Chitng minh rang:

a b c a b c
- - < - - .
a+b b+c c+a b+c c+a a-+b

Laoi giai.
\Ha,b,c>0néni<1:> ¢ < ate )
a+b a+b a+b+c
Tuong tu: < bta ¢ < ctb suy ra
& “b+c a+b+c¢ c+a a+b+c Y
a b c
< 2(1
a+b+b+c+c—|—a (1)

a a 2 2
Ta c6 4/ = . Via,b,c>0nén theo bat dang thic Co-si ta co:
b+c  \Ja(b+c) &

w > y/alb+c¢) >0

2 1
& <
a/+b+c @(b+c)
2a a

= <
a+b+c\ a<b+c)

- 2a a
at+b+c > Vb+e

2b b 2c C
Tuongtu <4/ : < .
e T e SVare axbreSVita
a b C
Tu dé ) — A/ > 9.
O suy 14 b+c+ c—l—a+ at+b”
Va a4 + b + ¢ < a4 + b + ¢
'ya+b b+c¢c c¢c+a Vb+e Ve+ta a+b
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TOAN THCS VIET NAM

DE THI HSG TOAN 9 | o 1 10AN 9 HOC SINH GIOI

DE SO 31 NAM HOC 2016-2017, S8
GD&DT THUA THIEN HUE
Ho va tén thi sinh: ... . Lop: .......

Cau 1.
a) Gia sit a 1a mot nghiem ctia phuong trinh /222 + # — 1 = 0. Tinh gia tri clia bicu
thic:

2a — 3
V2 (2a% = 2a + 3) + 222

P =

b) Cho s6 nguyén duong z,y thoa man z? + 2y? + 2zy — 2 (z + 2y) + 1 = 0. Tinh gia tri
ctia biéu thitc S = 201622017 4 20172016,

Lai giai.

a) Do a la mét nghiém ctia phuong trinh V2rl+rx—1=0nén V2«2 +a—-1=0
=V2a2=1-a(a<1l)=2*=(1-a)?=0a2—2a+1.

Khi dé:
j 2a — 3 - 2a — 3 2a — 3
V2 (2a* — 2a + 3) + 242 \/2(a2—2a—|—1—2a+3)+2a2 V2 (a2 — da + 4) + 242
B 2a — 3 CV2(2a-3) V2(2a-3) V2
N 2(1—a)  —4a+6  —2(2a-3) 2
2(2—a)+
V2(2 - a) 7
2
VayP:—g.

b) Ta c¢6: 22 + 22 + 20y —2(x+2y) +1 =0 < 202 + 4 +doy —4 (2 +2y) +2 = 0 &
[(x+2y)2—4(:c+2y)+4} +12=2& (z4+2y—2)° +22 =2
0< (z+2y—2)72<2 )
= = (z+2y—2) " =22=1
0<az?<2

Do z,y 1a cac s6 nguyén duong nén z =y = 1.

Vay S = 4033.
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Cau 2.

a) Gidi phuong trinh sau: 2® 4 522 + 10z = (32% + 3z + 6) Vo + 2.

b) Tim nghiém nguyén duong ciia phuong trinh sau: 22 — y? + 2%y — 2y = o + 14.
Lai giai.

a) x3 + 5 + 10z = (3302 +3r + 6) VT +2.(%)
bk: 2z > —2.
V6i dieu kién trén ta co:
(*)(:)x(x2+x+2) + 4z (x + 2) :3<x2+x+2) Vo +2

@[m($2+x+2)—(x2+a:—l—2) x4+ 2 +[4x(m+2)—2(z2—|—x+2>\/m 2]:0

@(xQ—l—x—l—Z (:r—\/:v—}—Q)—2\/x+2(:r2+x+2—2x\/1'+2):O
@(x—\/:c—irQ) (:U2+:U—|—2)—Q(x—\/:c+2)2.\/x+2:0
& (x—Ve+2) [r—22Ve+2+3(x+2)] =0
<:>(x— x—|—2) [(m—\/:r+2)2+2(:v+2)] =0
r+2=x
= 9 .
(z—Vz+2)" +2(z+2)=0
x>0
& S =2

2 —r-2=0

Vay phuong trinh ¢6 mot nghiém duy nhat x = 2.

b) Ta co:
x2—y2+a:2y—:cy::c—|—14<:>($2+$2y)—(:c+a:y):y2+14<:>(.7:2—.71:) (y+1)=y>+14
2
14 15
:>:v2—x:y * =y—1

.
y+1 7 y+1

~ ~ _ 15
Do z nguyén duong, y nguyén duong nén 1
)

nguyén duong.
(y+1=1>y=0
y+1=3—=y=2

Suy ra:
y+1=5—=y=4

ly+1=15—-y=14
Vay céc nghiém nguyén duong ctia phuong trinh la: (3;2);(3;4).
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Cau 3. Cho phuong trinh 23 — 322 + (4m +3)z —8m —2=0. (%)
a) Giai phuong trinh (x) khi m = 2.
b) Tim m dé phuong trinh () c6 ba nghiém phan biét.
¢) Khi phuong trinh (%) ¢6 ba nghi¢m phan biét z1, x2, 23, tim m dé 22 + 23 + 23 = 2017.
Lai giai.
a) Khi m = 2, thi phuong trinh viét lai: 23 — 322 + 112 — 18 = 0. (%)
()x) & ad =202 —2? + 204+ 92 - 18=0 22 (z —2) —2(z —2) +9(x —2) =
r—2=0
@(m—2)(m2—x+9):0@ .
2% — 2 +9=0(vn)
S x=2.

Vay khi m = 2 thi phuong trinh (%) ¢6 mot nghiem duy nhat » = 2.

b) Tim m dé phuong trinh (x) c6 ba nghiém phan biét.
23 =322+ (Um+3)r—8m—2=023 -2 -2 +2x+4dmx —8m+x—2=0
o (x -2 —z(zr—2)+4m(z —2)+ (z—2)=0
& (v —2) [xQ—x—l—élm—l—l} =0
rT=2
<~ .
22—z 4+4m+1=001)
Do d6, phuong trinh (*) ¢6 3 nghiém phan bigt khi va chi khi 22 — 2 +4m +1=0
c6 hai nghiém phan biét khac 2

3
A >0 —16m—-3>0 m<—ﬁ
~ <~ 3 <~
3
3+4m #0 m%—é—l m;ﬁ—zl
Vay v6i m < _13_6 va m # —Z thi phuong trinh (*) c¢6 3 nghiém phéan biét.

¢) Khi phuong trinh (x) c6 ba nghiém phan biét z1, 29, x3, tim m dé i+ad+al =
2017.

<__
" T6

3
Khi d6 phuong trinh luén c6 mot nghiém bang 2, gid sit d6 la z; = 2.

Phuong trinh (*) ¢6 3 nghiém phan biét <

Theo dinh 1i Viet, ta c6: 9 + 23 =1, 2923 = 4m + 1.
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Do do:
3423+ ai =44 (zo+23)% — 293 =4 +1—2(4m +1) = —8m +3
x%%—x%—i—m%:2017<:>—8m+3:2017<:>m:—g

Vay m = —%07 14 gia tri can tim.

O

Cau 4. Cho tam gidac ABC ¢6 ba goc nhon véi AB < AC va AA’, BB',CC" 1a ba duong

cao. Vé duong tron tam O duong kinh BC. Tt A ké cac tiép tuyén AM, AN dén duong

tron O (M, N 1a céc tiép diém). Goi H 1 tryc tam clia tam giac ABC, M’ 1a giao diém

thit hai ctia A’N la dudng tron O, K 1a giao diém ctia OH va B'C’. Chiing minh ring:
a) BC la duong trung truc ctia doan thang MM’

b) Ba diém M, N, H thing hang.
o KB _ <HB’>2
KC' \HC'

Li giai.

a)
Do tinh chat tiép
tuyén  va  tinh
chat duong cao,
AMO = ANO =
ANO = 90°
nén D diém
0. A A, M, N
cing nam trén
duong tron ducng o
kinh AO. M
Suy ra
AA'N = AMN. 0
Ma AMN =
MM'N (cling
chén MN). Suy
raMM'N = AA'N.

M/
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Do d6 MM’ || AA".
Mat khac BC' L. AA" nén MM’ 1 BC. Vi BC la duong kinh cta dudng tron (O) ma
BC vuong gbc v6i day cung MM’ nén BC la duong trung truc ctia MM’

—

b) Ta c6: AAMC" ~ AABM vi ¢6 chung géc MAB va AMC' = ABM.
_AM _ AB - , , o ACT AN
Do do: YYe —m:>AM = AB.AC'. AAC'H ~ AAA'B nén 0 - A =

AC'.AB = AA" AH.

Do diA\]\42 AA" AH = j]\i Iz% 4 hai tam gia
goc A’AM nén chung dong dang. Suy ra AMH = AA'M (1).

Mit khéc, ti gide AMA'N noi tiép dudng tron dudng kinh AO nén AA'M = ANM
Ta lai c6 AM, AN 1a hai tiép tuyén ctia duong tron (O) nén AMN = ANM.

Nhu vay AMN = AA'M (2).

Tu (1) va (2) suy ra AMH = AMN.

Ma hai tam gidc AHM va AMA" ¢6 chung

Nhan xét ring H va N ndm ciing mot phia déi véi duong thing AM, nén tia MH
tring v6i tia MN hay M, H, N thiang hang.

c¢) Goi d 1a dudng thiang qua O va song song véi B'C’, cat BB/, CC' lan lugt tai D, E.
Ta cé: KB/ KH KC' KB/_OD (3)
0D OH OF KC" OF " "
Ma BDO ECO (cung bang BB’C’) va BOD EOC’ nén ADBO -~ ACEQ.

0D _0C , 0D 0C?

Trén day cung CC’, lay diém F khac E sao cho OF = OE.
Lic d6 OFC = B'C'H (ciing biing OECY).

Mit khéc HB'C' = OCF (cting chan cung @) nén AB'C'H «~ ACFO
Suy ra HB' _ ocC N HB' _ ocC (5).
HC" OF HC' OF
KB (HB/)2
KC' \HC'

Tit (3), (4), (5) ta duge -2

O

Cau 5. Cho tam giac ABC c¢6 ba goéc nhon, goi I 13 tam dudng tron ngoai tiép tam
giac ABC; T, H lan luct 1a chan duong cao ké tit A va B clia tam giac ABC.

a) Chiing minh bén diém A, B, T, H cting nam trén mot dudng tron. Chiing minh:
CHCA=CT.CB

b) Ching minh IC' L HT.

¢) Tim trén cac canh BC, AC, AB lan lugt cac diém K, P,Q c6 chu vi nho nhat.
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L&i giai.

a) Ta co: AHB = ATB = 90° = H,T cung nhin AB duéi mot géc vuong nén H,T
thudc duong tron duong kinh AB.
= ACTA -~ ACHB (vi hai tam giac vuong c6 ACB chung).
CH CCB

b) Goi Cz 1a tiép tuyén clia dudng tron ngoai tiép tam gidc ABC tai C.
Ta ¢6: HCz = ABC (cting chdn cung AC)
Ta lai c6: ABC = THC (Vi tit gidc AHTB noi tiép)
Suy ra: HCz = THC = HT || Cx. Ma IC' L Cz. Vay IC L HT.

c¢) Goi E la diém dbi xting ctia P qua AB, J la diém dbi xiing ctia P qua BC
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Ta ¢6: BE = BJ = BP; EBJ = 2ABC; EQ = PQ, PK = JK.

Vé BLLEJ (L € EJ). ABEJ can tai B (BE = BJ); BL la dudng cao = BL la tia
phan gidc va 1a trung tuyén = EBL = ABC, EJ = 2EL.

Trong tam gidc EBL vuong tai L, ta ¢c6: EL = BE.sin EBL = E.J = 2BP.sin ABC
(Vi EJ =2EL, BP = BE)

Goi Cakpg la chu vi clia tam gidc K PQ,ta co:
Cpxpg=KQ+QP+KP=EQ+QK +KJ > EJ =2BP.sin ABC > 2BH.sin ABC
& Caxpo > 2BH.sin ABC (khong ddi)

Dau ” =" xay ra khi va chi khi P = H va E, Q, K, J thing hang.

Vay P la chan dudng cao H ké tit B va Q, K lan lugt 13 giao diém ctia EJ va hai
canh AB va AC cia tam giac ABC.

O

Cau 6. Cho z,y, z 1a cac s6 thuc duong théa man 22 4 y? 4+ 22 = 3. Chiing minh réng:

p=Y P 253
z x Y
Loi giai.
Do z,y, z 1a cac s6 thuc duong nén _y+%+_>3 & (nyr%Jrﬁ) >9
z T Y z T Y

2 2 2
= (%) +G5)+(fq +2(a2 3% +22) 29
z x Y
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2 2 2
= (%) (%) +(ﬁ) > 3(via? 4y 4 2% = 3)
Z x Y
2

Ap dung BDT Co-si, ta ¢6: < (@)2 + (%Y > 2\/(@)2(%) _ 242 (1).

5 z T ) z X

2 2

Tuong t: (%) + (ﬁ) > 222 (2); (ﬁ> + (ﬁ) > 222 (3).
x y Y z

Cong (1), (2), (3) vé theo vé, ta co:

2 [(ﬁ)er <%)2+ <ﬁ>2] > 2 (22 + % + 22) = 6(doa® + y* + 22 = 3)

z T y
21y 2 yz\ 2 2\ 2
<:>(—> +(—) +|l—) 23 P>3
z x Y
Diu” =" xdyraer=y=2=1 O

HET




€3 | Nhom GeoGebraPro

TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cHON HOC SINH G101
DE SO 32 TOAN 9 NAM HOC 2016-2017,
THANH PHO HO CHI MINH
Ho va tén thi sinh: ... . Lop: .......

Cau 1. Cho ba s6 a,b,c thbamén a —b="7,b—c = 3.
A4+ +cE—ab—be—ca

Tinh gia tri ctia biéu thic P =
& ' a? — 2 — 2ab + 2bc

Loi giai.

Tta-0b=7b—c=3=a—c=10. Ta co:

P_2(a2+b2+02—ab—ba—ca)_(a—b)2+(b—c)2+(c—a)2_72—1-32—1-102_@
B 2(a? — ¢ — 2ab + 2bc) B 2[(a — b)2 — (b —c)?] 272 -3%) 40

U

Cau 2. Giai phuong trinh: (22 — 1)z +3 = 22 + 3 (1).

Loi giai.

Dieu kien: z > —3.

e 2vr+3—-Ve+3=2*+3e 2> +3-22vVe +3+Vr +3=0
o @ —20vVr +3+2+3)—(r—Vr+3)=0
S@—-Ve+3)(z—Vr+3-1)=0

- m
CL‘>O .I‘>0
) S
—VaT3—0 =T +3 =243
o s | e |
r—vVr+3—-1=0 r>1 r>1
V/ )e= >
r—1=+vVxr+3 (x—1)?=2+3
L \ L A
[ 7
x>0
{
2 s g x:1+2\/1—3
s | 0 =
, 3417
r>1 T =
) 2
2?2 —32—-2=0
L \
1 13 3+ V17
KthpviQiukin, vytpnghimcaphngtrnhl :S:{ +2\/_; +2 } -
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z(y—1)+ylzx+1)=6
Cau 3. Giai hé phuong trinh: ( )+l )

(x—1(y+1)=1
Li giai.

Hé phuong trinh tuong duong véi

ry—cv+ay+y==6 3ry =8 3x(—3y) = —24
= 4
Yy +x—y=2 3xy+3x—3y =06 3z + (—3y) = =2
Khi d6 (3z) va (—3y) la nghiém cta phuong trinh:
(4
T ==
¢ 3
X =4 y=2
X242X -24=0% s | )
X =-6 Tz = -2
=
_4\y 3
Vay hé phuong trinh c6 nghiém: (5’ 2), <—2; %) 0
Cau 4.
. \ a1 2 R
a) Cho hai s6 thyc duong z,y thdéa méan dieu kién + Y _ 1. Tim gia tri 16n
1+ 14y

nhat cia P = zy2.

b) Tim z,y nguyén théa man phuong trinh: (z + y)(z + 2y) = z + 5.

Loi giai.
» ) 2y
a) V6i z,y > 0 ta co +—— =1l artry+2y+2zy =1+ay+z+y < y+2zy = 1.
1+ 1+y
Ap dung bat ddng thic Cauchy, ta ¢6: 1 =y + 22y > 2/y - 22y = 2+/2292.
1

:>128my2:>P:xy2§§.
(

y = 2xy

. 1
Dau "=" xay ra khi - Sr=1y=—-.
xay Sy +2xy =1 T=Y=5

x;y >0
\

b) Ta cé (z+y)(z+2y) =z +5 22+ 30y +2y> —2 - 5=0
Sdr? 4+ 1220y + 8> —dr —20=0< 20+ By — 1))> — (y — 3)2 = 12
S 2r+2y+2)2r+4dy—4) =12 (z+y+1)(z+2y —2) =3.

V6i x,y nguyén nén ta c6 bang sau:
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x+2y-2 | 13 |-1]-3
x+y+1 |3 |1 [-3|-1
y-3 201212 (-2
y 115151
X 1(-5]-9|-3

Vay phuong trinh c¢6 nghiém: S = {(1;1), (—5;5), (—=9;5),(—3;1)}.

Cau 5.

a) Cho tam giac nhon ABC c¢6 H la tryc tam. Goi M, N lan lugt 1a trung diém cta
BC va AH. Duong phan gidc trong géc A cit MN tai K. Chitng minh ring AK
vuong goc véi HK.

b) Cho tam gidc ABC noi tiép duong tron (O). Goi AH, AD lan lugt 1la duong cao,
duong phan giac trong ciia tam gidac ABC (H,D € BC). Tia AD cat (O) 6 E, tia
EH cat (0) 6 F va tia FD cat (O) ¢ K. Chiing minh rang AK 1a duong kinh cta

duong tron tam O.

Lai giai.

a) Goi ba duong cao cua tam giac ABC la AD, BE,CF. Ta dé dang ching minh dugc
tit gidc BFEC noi tiép duong tron duong kinh BC ¢6 tam M, va ti gidc AFHE 1noi
tiép duong tron duong kinh AH c6 tam N.
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Gia st duong tron (N) cat NM tai K', Suy ra AK'H = 90° = AK' | HK'.

Ta ¢c6 NM la duong trung truc ctia day cung chung FEma K' € NM = K'F = K'E,
= K'EF = K'FE, ma K'FE = K'AE va K'EF = K'AF (do tt giéc AFK'E noi
tiép).

— K'AE = @, hay AK'la phan giac trong ctia goc A, ma AK la phan giac trong
clia goc A (gt) va K, K'e NM = K=K = AK | HK.

b) Ta ¢6 BHF = HBE + HEB = CAE + FAB = BAD + FAB = FAD.
Suy ra tit gidc AFHD noi tiép = AFD = AHD = 90° = AFK = 90°.
Ma AFK la gbéc noi tiép clia dudng tron tam O, suy ra AK 1a duong kinh ctia dudng

tron tam O.

U

Cau 6. Trong tuan, mdéi ngay Nam chi choi mot mon thé thao. Nam chay ba ngay mot
tuan nhung khong bao gio chay hai ngay lién tiép. Vao thit Hai, anh ta choi béng ban
va hai ngay sau dé anh ta choi bong da. Nam con di boi va choi cau long, nhung khong
bao gi¢ anh ta choi cau long sau ngay anh ta chay hosic boi. Héi ngay nao trong tuan
Nam di boi?

Loi giai.

Vao ngay thi Hai anh ta choi bong ban va hai ngay sau d6 anh ta choi bong da.

Néu 0 ngay sau d6 anh ta choi béng da thi ngay choi bong da 1a ngay thi Hai.
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Néu 1 ngay sau d6 anh ta choi béng da thi ngay choi bong da 1a ngay thit Ba.

Dé bai cho hai ngay sau d6 anh ta choi bong da nén ngay choi béng da 1a ngay thi Tu.
Suy ra ba ngay chay chi la ngay:

- Thit Ba, thit Nam, thi Biy . Khi d6 ngay choi cau long 1a ngay thit Sau hoac Chu
Nhat (khong x&y ra vi sau ngay chay).

- Thit Ba, thit Nam, Cht Nhat. Khi d6 ngay choi cau long la thit Sau (khong xdy ra vi
sau ngay chay tht Nam) ho#c thit Bay (khong xay ra vi khi d6 sau ngay boi thi Séu).
- Thit Ba, thit Sau, Chtt Nhat. Khi d6 ngay choi cau long 1a thid Nam va ngay boi 1a
thit By (théa méan diéu kién dé bai). Vay thit Bay 1a ngay trong tuan Nam di boi. O

HET




ot n

TOAN THCS VIET NAM

DE THI HSG TOANO | o2 111 ToAN 9 HOC SINH GIQI
DE S0 33 NAM HOC 2017-2018, BINH
DINH
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

2m+V16m +6  /m —2 3

1) Cho biéu thiic P = —
) Cho bieu thiic a3 +\/ﬁ—1+\/ﬁ+3

2.

a) Rat gon P.

b) Tim m € N dé P ¢ N.

2) Cho bieu thic P = (a + b)(b + ¢)(c + a) — abc V6i a,b,c € Z. Ching minh rang néu
(a+b+c)i4th Pid.

Loi giai.
N m >0
la) Dieu kién: . Khi d6 ta c6
m # 1
p_ 2m + 4y/m + 6 +(\/ﬁ—2)(\/ﬁ—|—3)+ 3(v/m—1) 2(Ym—1)(ym+3)

(Vm—=1)(Vm+3) (Vm—-1)(Vm+3) (Vm-1)(Vm+3) (Vm—1)(/m+3)
C2m44ym4+6+m+/m—64+3ym—3—2m—4/m+6
B (vVim = 1) (v/m + 3)
m+4y/m+3 (vVm+1)(vm+3

_ _ ) _Ym+1
-1 (/m+3)  (Vm—1)(Jm+3)  ym—1
1b)TacéP:\/\/gt1:\/ﬁ\/m_iirQ:lJr\/m?_leN@\/%2_161\1(:)\/%—11&

ude duong clia 2 & /m — 1 € {1;2} & m € {4;9} (thda man diéu kién).

Vay m = 4,m =9 1 cac gia tri can tim.

2 Data+b+c=4k (k€Z)=a+b=4k —c;b+c=4k —a;a+ c= 4k —b.
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Ta c6:
P =(a+b)(b+c)(c+a)—abc = (4k — ¢)(4k — a)(4k — b) — abc
= (16K — dak — ack + ac) (4k — b) — abe
= 64k% — 16bk* — 16ak* + 4abc — 16¢k* + 4bck + dack — abe — abe
= 4 (16K — 4bk* — dak® + abk — 4ck® + bek + ack) — 2abe (x)
Gia st a,b,c déu chia 2 du 1 = a+b+cchia2 dul (1).
Ma a+b+cid=a+b+ci2 (theo gid thiét) (2).
Do d6 (1) va (2) mau thudn = Diéu gia st 1 sai.
= Trong 3 s6 a,b,c c¢6 it nhat mot s6 chia hét cho 2 = 2abci4  (*x).

Tu (%) va (xx) = P:4.

Cau 2.

. N e .z 11 4
1) Chtng minh rang véi moi s6 thuc z,y duong, ta luon ¢6 — + - > el
r 'y Ty

2) Cho phuong trinh 222 + 3mz — v/2 = 0 (m 1a tham s6) c¢6 hai nghiém z1,z9. Tim gid

2
. ” Z ” Lo . 1 + x2 1 + 372
tri nhé nhat ctia bieu thitc M = (11 — x2)? + ( L _ 2) )
I €2

Li giai.

1 1 4 4
1) Taco -+~ > <:>x+y2
x Yy Tty ry T4y

bat dang thiic duge chiing minh.

& (r+y)? >4ay & (z—y)® > 0 (ding). Vay

2) Phuong trinh c¢6 a,c tréi dau nén luon c6 2 nghiém phan biét z1,zo. Theo dinh Iy
. . 3 . 2 . 3
Vi-ét ta c6 z1 + a0 = _Tm VA T1T9 = - Khi do

1423 1+m§>2
1 9

M:(xl—x2)2+(

2 2
1+22 1422 T9 + 2r9 — 11 — T 122
:($1—$2>2+( 1_ 2 :(xl_l'Q)z—’— 2 142 1 149
T x9 T1x2

2 ) )
= (z1 — 22)* + [@ — a1+ r1wp (21 — 532)} — (21— 29)? + (x1 —x2)” - (x12x2 —1)
o (z122)
w1y — 1)° e — 1)
= 14 G| o ] |1

VR
— [(_?’—m)Q—zx-_Tﬁ} : 1+<T—_1) = (9+92£)m2+8\/§+828\/§—|—8.
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Dau “=" xdy ra khi m = 0.

Vay GTNN ciia M 1a 8v/2 + 8 khi m = 0.

O
. N 1 1 1 1/ 1 1 1
Cau 3. Cho z,y,z > 0. Chiing minh rang: + + <= (— +—+ —>
24yz 24z 24ay T 2\zy  yz 2
Loi giai.
Ap dung BDT Cosi cho cac s6 duong 22 va yz ta ¢6
1 1 1 1
2 /o _
> 2 =2 = < =—_.
Yz 2 AV Yz = 2nVyz 2 +yz T 2x/yz 2 x/yz
Tuwong tu ta co < L ! va ! L !
& " y24axz T 2 yJaz 224ay T2 2 /Ty
Suy ra
1 1 1 1 1 1 1 1 Vyz++vrz+/x
S S g—( + + ):—-y Y )
e 4+yz oy +xz ¢ty T 2 \xyz yJrz 21y 2 TYz
Ta c6 /yz +Vrz + Jry <z +y+ 2 (2). That vay
(2) & 2/yz + 2z + 2/zy < 22+ 2y + 22
2 2 2 o
& WVr—vy) +(Vz—vr) + (Vy—+vz) >0 (luon ding)
Diang thiic xay ra z =y = 2.
1 1 1 1/1 1 1
Tu (1) va (2) suy ra + + S—-m:—(— —+—>.
2 +yz yrP4axz 224ay T 2 TYz 2 \yz @z w1y
Déng thitc xay ra khi z =y = =. 0

Cau 4.

1) Cho tam giac déu ABC noi tiép dudng tron tam O ban kinh R va M 1a mot diém di

dong trén cung nho BC cua dudng tron do.

a) Ching minh rang MB + MC = M A.

b) Goi H,I, K lan lugt 1a chan duong vuong goéc ha tit M xudng AB, BC,CA. Goi
S, 8" 1an lugt 1a dien tich cia AABC va AMBC. Chitng minh rang khi M di dong

ta luon c6 dang thic sau:
2v/3 (S + 25"
3R

MH+MI+ MK =

2) Cho AABC c6 ba goc nhon va AD, BE,CF la cac dudng cao. LAy M trén doan FD,
lay N trén tia DE sao cho MAN = BAC. Chitng minh réng MA 1 tia phan giac cia

NMF.

Lai giai.
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la) Trén tia dbi ctia tia MC lay diém E sao cho ME = MB (1).
Ta ¢6 BMC la géc noi tiép chdn cung BAC ciia duong tron (O) nén BMC =
%sd@ - % -240° = 120° = BME = 180° — BMC = 180° — 120° = 60° (2).
Tu (1) va (2) = ABME déu = BE = BM = EM.
Xét ABMA va ABEC, ta co:
BM = BE (cmt)
BAM = BOE (cing chan cung nhd BM)
BA = BC (do AABC déu)
Vay ABMA = ABEC = MA=EC = MB+ MC = ME + MC = EC = MA.

1b) Goi N la giao diém ctia AO va BC.
Vi AABC déu nén O la trong tam ctia AABC = A,O,N thang hang vi AN =

AN
2 2 simABN 2 2
Ta lai co:
1 2SamAB  2SamaB  2V3 - Samap
S =—-MH- -AB MH = = =
AMAB = 3 = AB RV3 3R
1 2SamBe 2SamBe 2V3 - Samse
S — -MI-BC = MI = = —
AMBC = 5 = BC RV3 3R

25amac _ 2S5amac _ 2v/3 - Spnrac
AC RV3 3R

1
SAMAC = §MK-AC:> MK =
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2v3
= MH+ MI + MK = % : (SAMAB +SAMBC+SAMAC)
23
- 3R
_ 2V3(S+29)
— 5 :

(SaaBc + Sampe + Sambe)

Qua M ké duong thing song song véi
BC cit DE tai K.

Tw giac AEDB ¢6 D, E cung nhin AB
du6i mot géoc vuong nén AEDB la ti
gic noi tiép = CDE = BAC.

Ma MKD = CDE (vi MK | BC) nén
MKD = BAC = MAN = tu giac
AMKN noi tiép = AMN = AKN.

Tw giac FDCA ¢6 F,D cung nhin AC

duéi mot goc vuong nén FDCA la ti

—_—

gic 1oi tiép = FDB = BAC = FDB =
EDC (= BAC) = MDA = KDA.
ADMK c6 DA la phan giac via la duong cao nén can tai D = DM = DK.
AAMD = AAKD (c.g.c) = AMD = AKD = FMA = AKN.

Ma AKN = AMN (2 gbc noi tiép cing chin cung nhé AN). Suy ra FMA = AMN
hay M A la tia phan giac cua NMF.
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TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cCHON HOC SINH G101

DE SO 34 TOAN 9 NAM HOC 2017-2018,
HAI DUONG
Ho va tén thi sinh: ... . Lop: .......

Cau 1.

a) Chobiéuthﬁ’cP:\/1—:1:'—1—(1—1')\/1—962—1—\/1—1‘—(1—x)\/l—x2véi—1Sa:g

) 1
1. Tinh gi& tri ctia biéu thic P khi x = ———.
inh gia tri ctia bieu thtc iz T

b) Cho a,b,c 14 ba s6 thuc khong am thda man a +b+c = /a + Vb + e = 2.
va Vb e 2

Chiing minh rang: 1+a+1+b+1+6_ \/(1+a)(1+b)(1+0).

Lai giai.

a) P=/l—a+(1-a)Wi—22+/1l—z—(1—a)Wi—a
=VT=2(VI+VI-22+V1-V1-2?) (i -1<z<1).
Suy ra: P2 =(1— ) (2+2¢/1— (1 —22)) =2(1 - 2)(1 + x]).
Ma P> 0nén P=/2(1—z)(1+ |z

2018

1
Thay o — — p— % 5
ay ¥ = —go ta duge P = oy

Ditz=ay=vVbhz=ve=ay+yz+ze=1=>a+1=(z+y)(z+2).

Tuong tutacob+1=(y+2)(y+z); c+l=(2+2z)(z+y).

Do dé Va N Vb n ve oo 2wy+yz+zax) 2

I+a 1+b 1+c (@+yy+2):+2)  JI+ad+bd+o)

Cau 2.
a) Giai phuong trinh: 222 — 27 + 1 = (22 + 1) (\/az2 —r+2— 1).

2+ (y+1)22=ay+a+1
b) Giai hé phuong trinh:

203 =z +y+1

L&i giai.
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a) 202 —2r + 1 = <2$+1)(\/$2—l’+2—1) s @ -z+2)+22-2-1= (22 +
1) (Va2 —z+2-1) (1).
Dat t = (\/xQ—x+2—1) = 22 — 1 +2 = (t +1)2. Thay vao phuong trinh (1) ta co:

t=x
(t—2)t—2+1)=0= )
t=xz—1
r>—1 1
Véit=zx= <:>x:§.
w2 —r—2=(x+1)?
x> —1
Véit=z—-1= Sr=2

. , s 1
Vay nghiém ctia phuong trinh la: z = 3T = 2.

( (

x2+(y—|—1)2:xy+$—|—1 m2+(y+1)2—x(y+1):1
b) < X .
203 = +y+1 203 =x+y+1
\ \
bat t =y + 1 ta dugc:
‘ p
2+t —at=1 22+t —gt=1 t=xz=1
& & .
273 = (v +t)(2? + 2 — at) r=t t=x=-1

\ \

Vay nghiém cua hé la: (1;0); (—1; —2).

Cau 3.
a) Tim céc cip s6 nguyén (r;y) thda man: 223 4 2y% + 32 — 6y = Sxy — 7.
b) Tim tat ci cac s6 tit nhién n sao cho n?+2n++v/n? + 2n + 1849 1a s6 chinh phuong.
Loi giai.
a) Ta c6 223 + 2y + 3z — 6y =bay — 7 < (v —2y)(2z —y +3) = —T.
Xét tat ca truong hop ta c6 cap nghiem nguyen (z; y) 1a: (3;2); (=5; —6); (—=7; —4); (1;4).

b) n? +2n + v/n? +2n + 18 + 9 1a s6 chinh phuong.
Suy ra vn2 + 2n + 18 1 sd tur nhiéen.
Dit vn2+2n+18=k (keN)e (k+n+1)(k—n—1)=17.
Vi k,n déu 1a s6 ty nhién va k +n +1 >k —n — 1 nén ta xét truong hgp sau:

E+n+1=17 k=9
=

k—n—-—1=1 n="17
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Khi d6: n? +2n + v/n2 +2n + 18 + 9 = 81 = 92 14 s6 chinh phuong.

Vay n = 7 thdéa yéu cau bai toan.

Cau 4.

1) Cho tam gidc nhon ABC ¢6 AB < AC, noi tiép trong duong tron (O). Goi I 1a tam
dudng tron noi tiép tam giac ABC. Tia Al cat (O) tai J khac A. Duong thang JO
cat BC tai E, va cat (O) tai K khac J.

a) Chiing minh rang J 1a tam dudng tron ngoai tiép tam giac IBC va JE.JK = JI°.
b) Tiép tuyén ctia (O) tai B va C cét nhau tai S. Chiing minh réang SJ.EK = SK.EJ.

c¢) Duong thang SA cat (O) tai D khac A, dudng thang DI cat (O) tai M khéac D.
Chiing minh rang JM di qua trung diém ctia doan thang IE.

2) Cho tit gidc 16i ABCD. Goi E, F lan lugt 1a trung diém ctia AB va CD; AF cat DE

tai P; BF cat C'E tai Q. Tim gi4 tri nhé nhat ciia biéu thic
FA n FB n ED n EC
7P FQ T EP T EQ

T =

Lai giai.

1)
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a)

Dé thay J la diém chinh gitta cla
cung BC nén E la trung diém ctia BC,
va JK chinh 1a mot duong kinh cia
duong tron (O).

Trong tam giac AIB, goc ZBIJ
la gbéc ngoai dinh I nén /BIJ =
/BAI + /ABI — %(44 +/B). Lai ¢6
LIBJ = /IBC+/CB.J — %(4A+ /B).
Nén tam giac JIB can tai J, hay
JI = JB. Ching minh tuong tu ta
cing c6 JI = JC. Do d6, J la tam

duong tron ngoai tiép tam giac BIC.
Tu do6, ap dung thém hé thic lugng
trong tam giac vuong JCK, ta dé dang
thu duge JI? = JC* = JE - JK.

Do SO la duong trung truc cua BC
nén S nam trén dudng thang JK. Dang

thiic can chiing minh tuong duong véi
SJ EJ SJ SJ SC

S_KZQW‘ “SK T SC SK ~
(ﬂ) _Jc*  JE-JK  EJ
CK/)

N

KC? KE-KJ  EK’

nén ta c6 diéu can chitng minh.

Tru6e hét, ta c6 SE - SO = SD - SA(= SB?) suy ra ti giac AOED noi tiép. Nén
/DAE = /DOE = /DOJ = 2/DAJ. Dan dén AJ la phan giac ctia goc ZEAS, hay
/BAD = LZEAC.

Tu day, cung v6i LADB = LZACE(= LACB), ta suy ra cac tam giac ABD va ACE
dong dang vé6i nhau. Dan dén AE - AD = AB- AC. (1)

Goi N la giao diém thit hai ctia Al véi dudng tron ngoai tiép tam giac JBC. Dé
thay hai tam giac AIB va ACN dong dang v6i nhau, nén Al - AN = AB- AC. (2)
Tu (1) va (2) suy ra AE-AD = AI-AN. Cung v6i ZDAI = ZNAF, ta suy ra cac tam
giac AID va AEN dong dang v6i nhau. Suy ra ZENA = ZIDA = ZMDA = ZMJA.
Hay EN song song v6i JM. Ma 16 rang J la trung diém ctia IN, nén MJ ciing di
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qua trung diém cta IE.

Trude hét, ta ching minh bo dé sau.

B6 dé. Cho tt giac 161 ABCD ¢6
O la giao diém ctia hai dudng chéo.
Goi M, N lan lugt 1a trung diém ctia
AD va BC. Dudng thang qua A va
song song véi C'D cat dudng thang
qua D va song song vl AB tai S.
Khi d6 SO song song (hoac trung)
vl M N.

Chitng minh. Goi B’ déi xting véi
B qua M. Khi d6 MN song song
v6i B'C. Ta ching minh SO ciing
song song vii B'C.

That vay, goi €’ la giao cua AC va
SD. Dé y ring t giac ABDB' 1a

hinh binh hanh, nén

C'B' C'B'C'A C'D C'C  C'C
'S~ C'A C'S  C'O C'D - C'O
Ta c6 diéu can chitng minh.

Tré lai bai toan.
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Ap dung b6 dé trén véi cac ti gidc
ABCD va AEFD, ta suy ra S,O,P
thang hang, suy ra OP song song véi
MN. Tuong ty, ta cing c6 OQ song
song véi MN. Do dé, O,P,Q thang
hang va PQ || M N.

Goi I la giao diém ctia FE va MN,
P’ Q' 1a giao diém ctia PQ v6i AD, BC.

Qua F, ké duong thing song song véi
PQ, cat doan AD tai G va cat tia doi
clia tia CB tai H. Cac diém J, K dugc
dinh nghia tuong tu (xem hinh vé).
Theo trén, IM la duong trung binh cta
hinh thang EFGK nén M la trung diém
cia KG. Suy ra GA= KD.

Ap dung dinh 1i Thales va BDT
Cauchy-Schwartz, ta thu dugc

FA N ED GA N KD
FP EP GP KPP
Tuong tu, ta ciing thu duge

4 DK
> DK - =4

|
:DK<GP’ + KP’) GP L KP _ GK
FB  EC_ C DK (JJ)

7
. T>ga(28 Y
7o tEg 2ty Swralz (GK+HJ
cJ

) DK N
Cuodi cung, ta chitng minh K + 7= 2, va do d6, GTNN cua T bang 8.
That vay, goi ¢’ la diém tréen AD sao cho CC’ song song v6i HG. Khi d6, do F

? ; DK CJ DK C(C'K
N 2 ~ N « 2 / z -
la trung diéem C'D nén G la trung diem C'D. Do do OK + 7 = OF + oK
KD+ KC'

KG

Cau 5. Cho a,b,c 1a ba s6 thyc duong théa man a? 4+ % + 2 = 3.
, ) N a? + 3ab + b2 b2 + 3be + 2 2+ 3ca + a?
Chiing minh rang: + + <3
V6a2 + 8ab+ 1162 /6b2 + 8bc + 11¢2  V/6¢2 + 8ca + 11a2

Li giai.
Ta c6: 6a® + 8ab+ 116% = (2a + 3b)? + 2(a — b)? > (2a + 3b)?
a® + 3ab + b? <a2+3ab—|—b2

=
V6a2 + 8ab+ 1162 —  2a+3b
a? + 3ab + b? - 3a+ 2b

2a + 3b - 5

Tiép tuc ta chiing minh & (a—b)? >0 (luon dang).

Tuong tu ta co:
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b2 + 3bc + 2 - 3b + 2¢

V6b2 + 8bc + 11¢2 — D
2+ 3ca + a? <3c—|—2a

V6c2 + 8ca + 11a2 — 5
Cong ba bat dang thic trén ta dugc:
a? + 3ab + b2 b2 + 3be + 2 2 + 3ca + a?
— <a+b+ec.
V6a2 + 8ab+ 1162 /6b2 + 8bc + 11c2 /6¢% + 8ca + 11a?
Mat khac: (a+b+c)? <3(@®+b*+c?)=9=a+b+c<3.

Vay M < 3. Dau bang x4y ra khi va chi khia=b=c= 1.
HET




ot n

TOAN THCS VIET NAM

DE THI HSG TOAN9 1 52 1111 cCHON HOC SINH G101
DE SO 35 TOAN 9 NAM HOC 2017-2018,
HUYEN TIEN HAI - TINH THAI
Ho va tén thi sinh: .............................. BINHLp: -......

Cau 1. Tinh gia tri ctia cac biéu thic sau:

a) A=\/4+/10+2v5+ V41— /10+2/5
b)B:\/(a+bc)(b+ca)+\/(c+ab)(b+ca)+\/(c+ab)(a+bc)

c+ ab a + be b+ ca
thuc duong v a +b+c=1).

, (V61 a,b,c 1a cac s

. e

a)TacéA:\/4+ 10+2\/5+\/4—\/m>0nén
A2 = 44 3/10 + 2v5 + 4 — V10 + 2V5 + 24/16 — (10 + 2V/5)
=8+2V6—2V5=84+2/(V5— 1)
—8+2(vV5-1)=6+2V5=(V5+1)%
Suyra A=+5+1 (do A>0).

b) Via,b,c>0 v a+b+c=1nén biéu thitc B c6 nghia va 0 < a,b,c < 1. Ta co:
B:\/(1—b—c+bc)(1—a—c+ca)+\/(1—a—b+ab)(1—a—c+ca)
l—a—-b+ab 1—b—c+bc
+\/(1—a—b+ab)(1—b—c+bc)

l—a—c+ca

_ i=n0-9i-a-c [1-a-b01-ald-0)
(1 (1=0)(1~¢)

= V0= + /1 —a2+/1-b?
=[1—c|+|1—a|l+|1-0
=(1-c)+(1—a)+(1-0) (do 0 < a,b,c<1).

=2 (doa+b+c=1).
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Cau 2.
a) Tim cac s a, b sao cho da thiic f(z) = 2*+ax®+bxr—1 chia hét cho da thitc 23 —3z+2.

b) Chiing minh rang B = 4x(z + y)(z + y + 2)(z + 2) + y?2% 1a mot s6 chinh phuong véi
r,y, 2 1a cac sO nguyen.
Loi giai.

a) Ta ¢6 22 — 3z +2 = (v — 1)(x — 2). Theo bai ra ta c6 f(z)i(x — 1)(x — 2).
= f(z):(z —1) va f(x)i(x —2).
Do f(z)i(x—1)= f(1) = 0= a+b=0=b=—a (1)

Do f(z):i(x —2)= f(2) =0=8a+2b=—15 (2)
Tfl’(l)va(Q):>8a+2(—a):—15:>a:—g:>b:g.
) ) 1 1
laie (4203 02 1) (2 2 12
Thu lai: (z 5% +2x 1)($ 3z + 2) x+2x 5
Vaya:—é,bzé
b) Ta c6

B =dz(z+y)(z+y+2)(r+2)+y2
= 42 + 2y + 22) (2 + vy + 1z +y2) +yPL?
= 4(2® + zy 4 22)® + 4(2® + vy + 22)yz + y* 22
= (222 4 2ay + 212 + yz)?.
Vi 2,7, z 1a cic sO nguyén nén 222 + 2xy + 222 +yz 1a s6 nguyén. Do d6 B 1a sd chinh

phuong.

Cau 3.
2m — 1

a) Tim m dé phuong trinh

= m — 3 vO nghiém.

b) Giai phuong trinh 4y/x + 1 = 22 — 5z + 14.

¢) Tim nghiém nguyén duong ctia phuong trinh W oL g
R

L&i giai.

a) DKXD z #£ 2.
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2m — 1

p— =m-3=2m—-1=(x—-2)m—-3)=(m—-3)z=4m -7 (3).
+) Xét m = 3, phuong trinh (3) tré thanh 0z =5 (vo 1y).

Do do, v6i m = 3 phuong trinh da cho vé nghiém.
. dm — 7
+) Xét m # 3, phuong trinh (3) c¢6 nghiém z = 77:

-3
2 . < 4 - 1
Do do6, de phuong trinh da cho v6 nghiém thi nT— 37 =2=m= 3

: 1 . . .
Vay v6i m = 3, m = 3 thi phuong trinh da cho vé nghiém.

b) DPKXD: 2 > —1. Ta ¢6
Wrtl=a>-br+14e 2> —br -4V +14+14=0
sl —6r4+9+r+1—-4Vz+14+4=0
S@-32+Wr+1-22%=0

r—3=0 )
& & =3 (thod man).
vr+1—-2=0
¢) Ap dung bat déng thiic Cosi cho céc s6 duong ta c6
Ty Yz Ty yz ox
3__ z >3 ————— :313/ = <1 4
z+x+y z o Yy e WE= ()
Do ,y, 2 1a cac s6 nguyén duong nén tir (4) suyraz =y =z = 1.
Tht lai: lex—y—z—ltaco—y%—%%———?)
Yy

Vay nghiém nguyén duong ctia phu?dng trinh 1a (z,y,2) = (1,1,1).

O

Cau 4. Cho tam giac ABC vuodng tai A (AB < AC). Ké AH vuong goc véi BC' tai H.
Goi D, E lan luot 1a hinh chiéu ctia H trén AB, AC.

a) Biét AB = 6cm, HC = 6,4cm. Tinh BC, AC.
b) Chitng minh ring DE® = BC.BD.CE

c¢) Duong thang ké qua B vudng goc véi BC cat HD tai M, dudng thang ké qua C
vuong géc v6i BC cit HE tai N. Chting minh ring M, A, N thang hang.

d) Chiing minh rdng BN, CM, DE dong qui.

Loi giai.
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a) Dat BH =z (don vi: cm) (0 < z < 6). Ta ¢6 BC =z + 6,4.
Ta c6 AB?> = BH -BC = 6> =2(x +6,4) = 1 =36
= BC =10 cm = AC =8 cm.
T giac ADHE ¢6 A=D = E = 90°

b) ADHE la hinh ch nhat = DE = AH.
Tam gidc AHB vuong tai H, dudong cao HD = BH? = BD - BA
Tam gidc AHC vuong tai H, duong cao HE = CH?> =CE -CA
Ta c6 AH> = HB-HC = AH* = HB? . HC?
= AH*=BD-BA-CE-CA=BD-CE-BC-AH
= AH3 = BD-CE - BC. Vay DE?> = BD - CE - BC.

c) Ta co CNH = BHM (cting phu véi CTLITV)
Do ADHE la hinh ch@ nhat = HD = AFE.
Goi M’ 1a giao diém ctia NA v HD. Ta c6
COS2CTV7{:NE NC NFE AFE

NC NH NH MO
—— HD HB HD AE

o8 BHM_HB HM  HM HM

AE AL
AL AY L NH = MH
= WH  HM

= M' = M = M, A, N thing hang.

d) Ta ¢c6 BM | CN, BD | NE, MD || CE
BD DM

ABDM ~ ANFE .

- “=NE~EC o b ©)
I 13 di M DE = — = — .
Goi I 1 giao diém ctia MC va = %]I, EB% (6)
Goi I’ 1a giao diém ctia BN va DE = = —— (7)

EI' NE
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N DI DI
Tu (5)7 (6)7 (7) = ﬁ T EI

Vay BN,CM, DE dong quy.

=I1=1T.

O

Cau 5. Cho da thic f(z) = 2* 4+ ax® + ba? + cx + d (v6i a,b,c,d 14 cac s6 thuc). Biét
f(1) = 10; £(2) = 20; £(3) = 30. Tinh gia tri bicu thitc A = f(8) + f(—4) .

Loi giai.

Xét da thic g(z) = f(z) — 100 = bac clia da thiic g(x) bang 4.

T gid thiét = g(1) = g(2) = g(3) = 0.

Ma g(z) ¢6 bac bang 4 nén g(z) = (z — 1)(z — 2)(z — 3)(z — a) (v6i a 1a s6 thyc nao do)
= f(z)=(x—1)(x —2)(x — 3)(z —a) + 10z

F(8)=T7-6-5-(8—a)+80
=

F(=4) = (=5)(=6)(=T)(—4 —a) —40=5-6-7- (4 + a) — 40
= f(8)+ f(—4)=5-6-7- (8 —a+ 4+ a) + 40 = 2560. O

£

HET
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