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PE CHINH THUC

—————————— 000 ----------
) o 2 2t 4+2 x? —1 x> +3
Bai 1. (4,0 diém) Cho biéu thiic: 4=—; +——————— > .
x+1 x"—x"4+1 x"+4x"+3
a) Tim diéu kién xac dinh cua 4. b) Ruit gon 4.

c¢) Tinh gia tri 16n nhat caa 4.
Bai 2. (4,0 diém)
a) Choba sd a, b, ¢ théa man diéu kién:
4a” 4+ 2b* +2¢* —4ab—4ac+2bc —6b—10c+34=0.
Tinh gia tri ctia biéu thic: B=(a —4)2024 +(b— 4)2024 +(c— 4)2024.
b) Biét m, n, p 1a d6 dai ba canh ctia mot tam giéc.
Chting minh rang: (m2 +un*—p° )2 —4m*n* <0.
Bai 3. (4,0 diém)
a) Cho a, b 1a binh phuong ctia hai s6 nguyén 1é lién tiép.
Chiing minh rang ab—a—b+1 chia hét cho 48.
b) Cho a va b 1a cac sd tu nhién cta hai sd tu nhién thoa man 2a* +a=3b>+5b.
Chiing minh rang: a—b va 3a+3b+1 la cac s6 chinh phuong.
Bai 4. (4,0 diém)
Cho hinh chi nhat ABCD . Trén dudng chéo BD 18y diém P, goi M la diém déi xiing cua
diém C qua P.
a) TG giac AMDB la hinh gi?
b) Goi E va F 14n lugt 1a hinh chiéu cta diém M 1én dudng thdng 4B, AD. Chiing
minh EF /| AC vaba diém E, F, P thing hang.
c¢) Chiing minh rang ty s6 hai canh lién tiép ctia hinh chit nhat MEAF khong phu thuoc
vao vi tri cia diém P.
d) Gid st CP L BD va CP=2,4cm; i_B:% Tinh chu vi va dién tich hinh chi nhat
ABCD .
Bai 5. (3,0 diém)
Goi O 1a giao diém ba dudng trung truc ctia ba canh tam giac 4BC. Tia AO cit BC tai
D. Trén canh AB 14y diém E sao cho DE = DB; trén canh AC 14y diém F sao cho
DF =DC.
a) Chitng minh: DA 14 tia phéan giac cta EDF .
b) DE cit OB tai I; DF cat OC tai K. Tam giac JOK la tam giac gi? Vi sao?
Bai 6. (1,0 diém)
Cho tam giac OAB c¢6 O=120°, OA=a, OB=b va dudng phan giac clia géc O 1a OC =c.

Chting minh: l—i—l = 1 .
a b c
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4 2 2
Bai 1. (4,0 diém) Cho bidu the: 4=> 12, ¥ -1 *+3
x+1 x"—x"+1 x"+4x"+3

a) Tim diéu kién x4c dinh cua 4. b) Rt gon 4.

c¢) Tinh gia tri 16n nhat caa 4.

a)Taco * x°+1>0, véimoi x
2
. x4—x2+1:[x2—1] —l—§>0,v61moix.
2 4
o x* +4x* +3>0, véi moi x.
» Do d6 4 xac dinh v61 moi x .

, x* 42 x?—1 x> +3
b) Ta co: A:x6-+r1 x4—x2+1_x4+4—;2+3
_ x* 42 n x—1 _ x> 43
(x2+1)(x4—x2+1) xt—x?+1 (x2+1)(x2—|—3)
x4+2+(x2—1)(x2+1)—(x4—x2+1> P
B (x2—|—1>(x4—x2—|—1> _(x2—|—1)<x4—x2—|—1)
xz(xz—i—l) x?
_<x2—|—1)<x4—x2—|—1)_x4—x2—|—1'
A x*
» Vay A:x“——xz—i—l'
¢) Ta cé: x“—i—lZZ\/m:Zx2 = x'—x*+1>x*. Ddu"="xayrakhi x* =1 & x==+1.
Do d6 A:x—2<x—2:1.

xt—xt 17 &P
»>Vay A . =1 khi x==1.

Bai 2. (4,0 diém)
a) Cho ba sé a, 4, ¢ théa man diéu kién:
4a® +2b* +2¢* —4ab—4ac +2bc —6b—10c +34=0.
. .z . 9 - R , 2024 2024 2024
Tinh gia tri cta biéu thtic: B=(a—4)" +(b—4) +(c—4)" .
b) Biét m, n, p 1a do dai ba canh cia mot tam giéc.

Chiing minh rang: (m2 +n? — p? )2 —4m’n* <0.

a) Ta c6: 4a*+2b> +2¢*> —4ab—4ac +2bc —6b—10c+34 =0
& 4a® +b*+c*—4dab—4ac+2bc+b* —6b+9+c¢*—10c+25=0
& (2a—b—c)2+(b—3)2+(c—5)2:0 (*)
Vi (2a—b—c)2 >0, (b—3)2 >0, (6—5)2 >0 v6imoi a, b, c.
(2a—b—c)’ =0 2a—b—c=0 a
Dodé (x) = {(b-3=0 & 1b-3=0 & {b
(c—5)2:0 c—5=0 ¢

> Véy B = (4 _4)2024 +(3_4)2024 +(5_4)2024 _ 02024 +(_1)2024 + 12024 _ 2 .

4
3.
>
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b) Ta c6 ( +n’—p ) —4m’n (mz+n2—p2—2mn><m2+n2—p2+2mn)
[ n) —p H m+n) —pz}:(m—n—p)(m—n+p)(m+n—p)(m+n+p).
m—n—p<0
Vi m, n, p 1a d0 dai ba canh cia mot tam giac nén m—n+p>0 = A<0.
m+n—p>0
m+n+p>0

> Vay bat déng thic duge ching minh.

Bai 3. (4,0 diém)
a) Cho a, b 1a binh phuong ctia hai s6 nguyén 1é lién tiép.
Chiing minh rang ab—a—b+1 chia hét cho 48.
b) Cho a va b 1a cac sd tu nhién cta hai sd tu nhién thoa man 2a* +a=3b>+5b.
Chiing minh rang: a—b va 3a+3b+1 la cac s6 chinh phuong.

a) Theo d& a=(2k—1)°, b= (2k+1)’ véi keZ.
Ta c6: ab—a—b+1=(a—1)(b—1)=|(2k—1)" ~1(2k+1 ~1|=16(k—1)#* (£+1)
Vi k—1; k; k+1 la ba s6 nguyén lién tiép nén (k—1)k(k+1):3 = 16(k—1)k*(k+1):48.
» Vay bai toan dugc chiing minh.
b) Ta c6: 2a° +a=3b"+b < 3(a’—b’)+(a—b)=a’ & (a—b)(3a+3b+1)=
Goi d:UCLN(a—b,3a—I—3b—I-1) (v6i d 1a s6 ty nhién).
Khid6: 3(a—b)+(3a+3b+1)id = 6a+1:d (1).
cd?id’ = aid (2).
Tu (1) va (2),suyra: 1id = d=1,nén (a—b,3a+3b+1)=1 (xx).
> Tu () va (xx), suy ra: a—b va 3a+3b+1 déu la cac s6 chinh phuong.

Bai 4. (4,0 diém)
Cho hinh chi nhat ABCD . Trén dudng chéo BD 18y diém P, goi M la diém déi xiing cua
diém C qua P.
a) TG giac AMDB la hinh gi?
b) Goi E va F 14n lugt 1a hinh chiu cta diém M 1én dudng thdng 4B, AD. Chiing
minh EF /| AC vaba diém E, F, P thing hang.
¢) Chiing minh rang ty s6 hai canh lién tiép ctia hinh chit nhat MEAF khéng phu thuoc
vao vi tri cua diém P.
d) Gid st CP L BD va CP=24cm: %:%. Tiaih @l o wh chlm (il Ik @l mha

ABCD .

Goi O la tam hinh ch@ nhat ABCD.
a) Vi O, P lan lugt 1a trung diém cia AC va CM = OP la dudng trung binh cia AACM
= OP | AM = AM [/ BD = ti gisc AMDB la hinh thang.
b) % Ta cé: FEA= MAE (vi AEMF 13 hinh chit nhat)
DBA=BAC (vi ABCD 12 hinh chit nhat)
MAE = DBA (Vi AM J/ BD va cap géc MAE , DBA so le trong)
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Do d6 FEA= BAC, ma FEA va BAC la cip géc dong vi = EF | AC (1).

% Goi I la tdm hinh chi@ nhat AEMF .
Vi I, P lan lugt 1a trung diém cia MA va MC = IP la
duong trung binh cia AACM = IP || AC (2).

Laicé E, I, F thing hang (3)
T (1), (2) va (3) = badiém E, F, P thiang hang. F>XD

s

c) Xét AAEF va ABAC, ta co: )
AEF = BAC (cmt); EAF = ABC(=90°).
AE  BA B C
AF  BC
Ma B4 khong déi = 2L khong déi.
BC AF

Suy ra AAEF «» ABAC (g -g) =

N E M
» Vay yéu cau bai toan dugc chting minh. N

d) Ta c6 ACBD «» ADCP (g - g) 7

A - D

cp_PB = CP’=PB-PD = Clﬂ:l’f}?-9ﬁ F 2
PD CP 16

16CP?

_16-2,4°

= PB’= = PB’ =10,24 @

= PB=32cm = PD=1,8cm = BD=5cm. B C
Ap dung dinh li Pytago cho cac tam gi4c vudng BCP va CDP, tinh dugc:
BC=4cm; CD=3cm.
Khidé ¢ C,pep=2(BC+CD)=2(4+3)=24 cm
* S, pep =BC-CD=4-3=12 cm”.

Bai 5. (3,0 diém)
Goi O la giao diém ba dudng trung truc ctia ba canh tam giac 4BC. Tia AO cit BC tai
D. Trén canh AB 14y diém E sao cho DE = DB; trén canh AC 14y diém F sao cho
DF = DC.
a) Chiing minh: DA 14 tia phan gi4c cia EDF .
b) DE cit OB tai I; DF cat OC tai K. Tam giac JOK la tam giac gi? Vi sao?

a) Vi O la giao diém ba dudng trung tric = 04=0B=0C = AAOB, ABOC, ACOA la

cAc tam gidc cn tai O = 4, =B, (1); B,=C, (2); C,=4, (3).

Vi DE=DB = ADBE cantai D = DBE = DEB

BB 4+ ADE ().

T (3) va (4) suy ra B, = ADE (5).

Tuong tu ta chiing minh dugc C, = ADF (6).

Tu (5) va (6) = DA la tia phan giac caa EDF .

b) Chiing minh dudge: AOBD «» AODI = OD*=0I-OB.
AOCD «» AODK = OD’=0K-0C

= OI-OB=0K-OC ma OB=0C = OI=0K = AIOK cantaiO.
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Bai 6. (1,0 diém)

Cho tam giac OAB co 0= 120°, OA=a, OB=b va duong phan giac cua géc O 1la OC =c.

Chiing minh: l+l _1 .
a b ¢

Qua A vé duong thing song song véi OC cidt OB tai D A
= AOAD déu = AD=DO=a. C
Vi 4D /) CO nén BD _ 4D
BO CO
atb_a a e 1,11 =
b c b c a b ¢ D 0 B
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