LGOI GIAI DE THI HOC SINH GIOI TOAN 9
THANH PHO HA NOI 2019

Vo Québc Ba Can

1. Dé thi

Bai 1 (5.0 diém).

a) Giai phuong trinh:

J2—x=1—+x—1.

b) Cho S = (1—35) (I = 35) -+ (1 = 55555557) 1a mOt tich clia 2019 thifa s6. Tinh S (két
qua dé dudi dang phan so toi gian).
Bai 2 (5.0 diém).

a) Biéta, b 1a cc s6 nguyén duong théa min a® — ab + b? chia hét cho 9, chiing minh ring
cd a va b déu chia hét cho 3.

b) Tim tit c4 cdc s6 nguyén duong n sao cho 9" + 11 latichclia k (k € N, k > 2) sd tu
nhién lién tiép.
Bai 3 (3.0 diém).

1

a) Cho x, y, z la cc sb thyc duong nhé hon 4. Ching minh ring trong cdc s6 1 + i

1 1 1 1 A A . 2 A A A 2, % M
3 + 1=, ; T 7= ludn ton tai it nhat mot s6 16n hon hodc bang 1.

b) Véi céc s6 thuc duong a, b, ¢ thay d6i thda man diéu kién a? + b% + ¢? + 2abc = 1, im
gia tri 16n nhét ctia biéu thic P = ab + bc + ca — abc.

Bai 4 (6.0 dié771). Cho tam gidc ABC vudngtai A (AB < AC). Pudng tron (/) ndi tiép
tam giac A B C, tiép xiic v6i cdc canh BC, CA, AB lanlucttai D, E, F. Goi S 1a giao
diém cta AI va DE.

a) Ching minh ring tam gidc / A B dong dang vdi tam gidc EAS.

b) Goi K la trung di€ém ctia A B va O 1a trung diém ctia B C. Chiing minh ring ba diém
K, O, S thang hang.

c) Goi M 1a giao diém cta K I va AC. Puong thang chifa dudng cao 4 H clia tam gidc
A B C cit duong thang DE tai N. Ching minhring AM = AN.

Bai 5 (1.0 diém). Xét bang 6 vuong ¢ 10 x 10 gdm 100 hinh vudng c6 canh 1 don vi. Ngudi
ta dién vao mdi 6 vuong clia bang mot s6 nguyén tily y sao cho hiéu hai s6 dudc dién & hai 6
chung canh bit ky déu c6 gia tri tuyét d6i khong vugt qua 1. Chiing minh ring ton tai mot sd
nguyén xuat hién trong bang it nhét 6 lan.
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2. Ldi giai va binh luan cac bai toan

Bai 1 (5.0 diém).

a) Giai phuong trinh:

V2 -x=1-+x—1.

b) Cho S = (1 —5%) (1 —3%) - (1 — 55555057) 12 mot tich ctia 2019 thira so.

Tinh S (két qua dé du6i dang phan s tbi gian).

L& gidi. a) Didukién: x > 1. Pita = «/x —1,b = /2 —xthitacéa > 0,bh < 1va
a’? +b3=1. (1)
Ngoai ra, tif gia thiét, taciingcéa + b = 1. Thaya = 1 — b vao (1), ta dugc
(1-=5b)24+0b3=1,

hay
b(b-1)(b+2)=0.

Suyrab € {—2, 0, 1}, hay x € {10, 2, 1}. Thﬁlai,tathéythéamén. Vay phuong trinh da
cho c6 tap nghiémla § = {1, 2, 10}.

b) P& y ring v6i moi n nguyén duong, ta c6

. 2 nP+n-2 (n—-1)(n+2)
nn+1) nn+1) n(n+1)
Tu do suy ra
S_1-4 2.5 3.6 2019-2022
2.3 3.4 4.5 20202021
_(1:2-3---2019)-(4-5-6---2022)
- (2-3-4--.2020)-(3-4-5---2021)
2022
"~ 2020-3
337
10107
Viy S = 1303170' ]

Bai 2 (5.0 diém).

a) Biét a, b 1a cic s6 nguyén duong thdéa man a? — ab + b? chia hét cho 9, chiing
minh ring cd @ va b déu chia hét cho 3.

b) Tim tit c4 cdc s6 nguyén duong n sao cho 9" + 11 latichctiak (k € N, k > 2)
s6 tu nhién lién tiép.
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Loi gidi. a) Tir gia thiét, tasuy ra 4(a?> — ab + b?) = (2a — b)? + 3b? chia hét cho 9.
Do 352 chia hét cho 3 nén (2a — b)? chia hét cho 3, suy ra 2a — b chia hét cho 3. Tir d6,
tacé (2a — b)? chia hét hét cho 9. Suy ra 352 chia hét cho 9, do dé b? chia hét cho 3, tifc
b chia hét cho 3. Ma 2a — b chia hét cho 3 nén ta ciing c6 a chia hét cho 3. Viy c4 hai s6 a
va b déu chia hét cho 3.

b) D€ y ring trong ba s6 tu nhién lién tiép ludn c6 it nhit mot sé chia hét cho 3, ma 9" + 11
khong chia hét cho 3 nén 9" + 11 khong thé 1a tich ctia k& > 3 sb tu nhién lién tiép. Tir d6, theo
yéu cau ctia dé bai, ta suy ra 9” + 11 1a tich ctia hai s6 tu nhién lién tiép.
bat9" + 11 = a(a + 1) véia € N*thitac6a(a + 1) > 20(do 9" > 9),suyraa > 4.
Tu day, ta co

a(a+1)—11=(a—-2)>+5(a—-3)> (a —2)°. (1)

Mait khéc, ta cling co
a(a+1)—11<a(a+1) < (a+1)>% (2)

Doa(a + 1) — 11 = 9" = (3")2 1a s6 chinh phuong nén két hop véi cac danh gia (1) va
(2),tasuyraa(a + 1) — 11 € {(a — 1)?, a?}. Bing cich xét cdc trudng hop cu thé, ta tim
dudc a € {4, 11}. Thii lai, ta thay chi c6 @ = 4 (tuong ting, n = 1) thoa min yéu cau. Viy
c6 duy nhéit mot gia tri n théa man yéu caudé bailan = 1. O

Binh luan. O ciu b), sau khi nhan xét dugc 9” + 11 Ia tich ciia hai s6 tu nhién lién tiép, ta
ciing c6 thé nhan 4 hai vé dé€ tach binh phuong va viét thanh tich thira s6 d€ hoan tat 15 giai.

Bai 3 (3.0 diém).

a) Cho x, y, z lacdc s thuc duong nhd hon 4. Chiing minh ring trong cac sd % + ﬁ,

1 1 1 1 A A .. A ne A 14 o Y
stz T = ludn ton tai it nhat mot so 16n hon hodc bang 1.

b) Véi cdc s6 thuc duong a , b, ¢ thay d6i théa man diéu kién a? + b2 +c2+2abc = 1,
tim gia tri 16n nhit cta biéu thic P = ab + bc + ca — abc.
Ldi giadi. a) Khong mét tinh téng quat, ta ¢ thé gid st x = min{x, y, z}. Khi do, tacé

L _0=2
4—y y(4-y) -

1_|_ 1 >1
X 4—y "y

+

Tt d6 suy ra diéu phai chiing minh.

b) Trong basé a, b, ¢, ton tai hai s6 cing > 5 hodc cing < 1. Khong mét tinh tdng quat, gid
st hai s6 d6 1a a va b. Bay gid, sit dung bat dang thic AM-GM, ta c6 a? + b2 > 2ab. Tu d6
suyral —c? = a? + b?> 4+ 2abc > 2ab + 2abc = 2ab(1 + ¢), hay

1 —c > 2ab. (1)

Tir day, st dung bat dﬁng thic AM-GM, tac6 1 > ¢ + 2ab > 2+/2abc, suy ra

abec <

(2)

o | —
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Taclingcoéc(2a —1)(2b — 1) > 0 nén
4abc + ¢ > 2ac + 2bc. (3)

Tir céc bat dang thitc (3), (1) va (2), tacd

’

1 5
2P=2ab—|—2ac+2bc—2abc§2ab+c—|—2abc§1—|—2abc§l+Z=Z

hay
P <

| U

Déu déng thifc xay rakhi vachikhia = b = ¢ = % Viy max P = %. O
Binh ludn. C6 thé ching minh ciu a) bing cdch cong ba s6 lai va sit dung bat déng thiic phu

4

+ )
X +Yy

1 1
— 4+ — Vx,y>0.

X Yy

Cau b) ciing c6 thé dudgc giai bang cach sit dung bat dang thiic Cauchy-Schwarz dang cong miu.
Cu thé, ta c6 thé viét lai gia thiét bai toan du6i dang

a N b n c _
a+ bce b+ ca c+ab

St dung bt dang thiic Cauchy-Schwarz dang cong mau, ta c6

a N b N c _ a? N b? N c?
a+bce b+ ca c+ab a2 +abc b2 + abc c24+abc
(a +b+c)?

> )
a2+ b%2+ c?2+ 3abc
Tu do suy ra
- (a +b+c)?
T a2+ b2%2+ 2+ 3abc’

hay
a’> + b2+ c¢? + 6abc > 2(ab + bc + ca).

Maa? + b%2 + ¢c? +2abc = 1nénl + 4abc > 2(ab + bc + ca), hay
2P <2abc + 1.

Mit khac, dé chitng minh dudc abc < % (theo cach nhu (2) hodc st dung truc tiép bat dang
thiic AM-GM cho bbn s6 duong 1 = a2 + b2+ ¢2 + 2abc > 43/2a3b3¢3)nén 2P < %,
hay P < %. Diéng thifc xay rakhi vachikhia = b = ¢ =

Mot cach khac cho cau b) nita 1a stt dung bién d6i

1
>

2P =2(ab+bc+ca)—2abc = 2(ab+bc+ca)+a’+b*+c?—1 = (a+b+c)>—1.
Tir gi thiét, tacé (¢ + ab)? = (1 —a?)(1 — b?). Suyra

b+(l—a2)—|—(1—b2):2—(a+b)2.
2 2

c=—ab+ (1 —a?)(1 —5b2)<—a
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Miit khéc, st dung bat dang thiic AM-GM, ta ciing c6

(a +b)? +1
b < .
a+ b < >
Do o (a+b)2+1 2—(a+b)*> 3
a + + —(a +
b < = =
atbres= 2 + 2 2

Tuddy, tac6 2P <2 —1 =2 hay P < 2. Viéc con lai chi 1a xét diéu kién d€ déu dang thiic
Xay ra.

Bai 4 (6.0 diém). Cho tam gidc ABC vuongtai A (AB < AC). Budng tron (1) ndi
tiép tam giac ABC, tiép xtc v6i cdc canh BC, CA, AB lanluottai D, E, F. Goi S
la giao di€m cia A va DE.
a) Ching minh ring tam gidc / A B dong dang vdi tam gidc EAS.
b) Goi K 1a trung diém ctia A B va O 1a trung diém ctia B C. Ching minh ring ba diém
K, O, S thang hang.

c) Goi M 1a giao diém ctia K I va AC. Pudng thang chita dudng cao A H cta tam gidc
A B C cit dudng thang DE tai N. Ching minhring AM = AN.

Lagi giai. a) Taco CD = CE néntam giac CE D can tai C, suy ra
180°—/2C  180° + £C

ZAES =180°— ZCED = 180° — . ) 1)
Mit khac, ta ciing co
JAIB = 180°— /IAB — Z1BA = 180° — Z24C er ZABC
180° — ZC  180° + ZC
= 180° — - tcC @)

2 2
Tu (1) va(2),tasuyra LZAES = ZAIB.Laic6 LEAS = ZIAB = 45° nén cic tam
giac EAS va I AB dong dang (g-g).
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b) Do AEAS ~ AIAB nén /ESA = ZIBA = ZIBD, tu d6 suy ra

ZIBD + ZISD = ZISE + ZISD = 180°.
Do d6, tif giac I SDB noi tiép. Suyra ZISB = ZIDB = 90°. Ma Z/SAB = 45° nén tam gidc
SAB vudng can tai S, suy ra SK vudng goc v6i AB. (3)
Mat khac, ta lai c6 OK la dutng trung binh ting véi canh AC cua tam giac A BC nén OK vudng
g6c vGi AB. 4)
Tt (3) va (4), ta suy ra ba diém K, O, S thing hang.
c) Xét tam giac AKM c6 Al la dudng phan gidc ké tir A4, ta c6

AM  IM
AK — IK’
Mat khac, ap dung dinh ly Thales trong tam gidac AKM c6 [ F || AM, ta cling c6
IM  FA
IK ~ FK’
Do d6 i—]}'{[ = I"é—?, hay
AM  AK 5)
AF — KF’
Bay gio, stt dung dinh ly Thales trong tam giac ANS c¢6 ID || AN, taco
AN AS
ID IS’
St dung dinh ly Thalese trong tam giac AKS ¢6 [ F || K S, ta cling cé
AS  AK
IS FK’
Tur d6 suy ra
AN AF
i (©)
ID KF
Tir (5) va (6) v6ichiy ID = AF (chi can dé€ y ti gidc AFIE 1a hinh vudng), ta suy ra
AM = AN. Day chinh la két qui can chiing minh. O

Bai 5 (1.0 diém). Xét bang 6 vudng ¢ 10 x 10 gdm 100 hinh vudng c6 canh 1 don vi.
Ngudi ta dién vao mdi 6 vudng clia bing mot sd nguyén tity y sao cho hiéu hai s6 dugc dién
& hai 6 chung canh bit ky déu c6 gid tri tuyét d6i khong vuot qua 1. Chiing minh ring ton tai
mot s6 nguyén xuat hién trong bang it nhit 6 lan.

Loi giadi. Goi s6 nho nhit dudc dién vao bang 1a x. Khi d6 v6i mot sd nguyén y dude dién vao
bang, ta xét bang 6 vudng con n x m (n dong, m cdt, 0 <n < 10,0 <m < 10) nbi 6 vudng
dién x va 6 vudng dién y nhu hinh vé bén duéi, trong d6 a;; = X, a@nm = y (cic trudng hop a,
G cac goc khac dugce xét tuong tu).

ai (a2 | -+ [A1m

azm
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Ta co
ap<an+1, asz=<ap+l1=<an+2, ..., am=a+m-—1
va
Aym < aim+1=<ar+m, azy, <ay+1<a+m+1, ..., awm=a+n+m-—2.

Nhu vay, ta co
x<y<x+4+n+m-2=<x+18.

Két qué trén chiing t6 y € {x, x + 1, ..., x + 18}. Suy ra c6 khong qua 19 s6 khic nhau dugc
dién vao bang 6 vuong da cho. Do bang da cho c¢6 100 & vudng nén theo nguyén ly Dirichlet, c6
mot sO xult hién khong it hon |12 | + 1 = 6 lan. Ta ¢4 diéu phéi ching minh. O
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