SO GD & BT THANH HOA  KY THI OLYMPIC CAC TRUONG THCS
TRUONG THPT CHUYEN LAM SON ~ HUONG DEN KY THI HSG LOP 9 NAM HOQC 2023 - 2024

‘ M6n thi: TOAN
BE THI CHINH THUC Ngay thi: 05/11/2023 ‘
(Peé thi ¢6 01 trang) Thoi gian [am bai: 150 phat (khdng ké thoi gian phat d¢)

Cau L (4,0 diém)
1.ROtgon A=35v2+7 3542 -7.

2. Cho céc sb duong a,b théa man a+b=~/2024—a? +~/2024—b? .

Tinh gié tri cua biéu thirc P =a® +b?.
Cau Il. (4,0 diém)

1. Gia st da thirc P(x)=x>—6x’+x*+9x—3 c6 5 nghiém phén biét X, X,, X;, X,, X;. Xét da thirc
Q(x)=x*-2.Tinh F=Q(%)Q(X,)Q(X%;)Q(X,)Q(Xs)-

—6x>+xy’=0
2. Giai hé phuong trinh y y .
1-5x* +x°y* =0
Cau I11. (4,0 diém)
1. Cho A 1a sé nguyén dwong va phuong trinh nghiém nguyén ax+by =c véi cac hé s nguyén

a,b,c thoa man a, b nguyén td cung nhau, |a|<|b|< A. Chimg minh s6 nghiém nguyén (x,y)

thoa méan diéu kién |X| < A, |y|< A cua phuong trinh da cho khong vuot qua TT'T

2. Tim s6 nguyén duong n nho nhét sao cho (3" -1):2°%.
Cau 1V. (6,0 diém)
1. Goi O la giao diém ba dudng phan giac trong cua tam giac ABC. Puodng thing qua O va
vudng goc véi CO cat CA tai M, cit CB tai N . Ching minh rang;
a) Tam giac AOM ddng dang voi tam giac OBN .

AM BN OC?
+

b) + =1.
AC BC ACBC

2. Canh BC ciia tam gidc ABC tiép xtc v6i duong tron ndi tiép (O) cua tam gidc do tai diém D.
Chtng minh rang tim O cia dudng trdn ndy nam trén dudng thang di qua trung diém cia cac doan
thang BC va AD.

Cau V. (2,0 diém) Tim tat ca cac tap hop A= gém hitu han cic sb thuc sao cho Vxe A thi

X+1-x>e A va x—-1+x*eA.



SO GD & BT THANH HOA ~ KY THI OLYMPIC CAC TRUONG THCS
TRUONG THPT CHUYEN LAM SON  HUONG DEN KY THI HSG LOP 9 NAM HQC 2023 - 2024

‘ M6n thi: TOAN
DAP AN PE THI CHINH THUC Ngay thi: 05/11/2023 ‘
(Pap an cé 06 trang) Thoi gian [am bai: 150 phat (khdng ké thoi gian phat d¢)

Cau L (4,0 diém)

1. (2,0 diém) Rt gon A=%/5v2+7 542 7.

Gidi. Tacd A=Y5v2 +7 3542 -7 =22 +32+3J2+1- 322 -32+3V2-1 (1,0 diém)

:i/(\/i+1)3 —i/(\/ﬁ—l)s _2+1-42+1=2. (L0 diém)

2. (2,0 diém) Cho cac sé duong a,b théa min a+b=~/2024—a2 ++/2024—b? . Tinh gid tri cia biéu

thac P=a’+b?.

Giai. Tir a+b =+/2024—a2 +/2024-b? = a—+/2024—b? =/2024—a2 —b (0,5 diém)

a’—(2024-b*) (2024-a%)-b* @ p?_2024 2024—a’-b?
= = = =
a+v2024—-b?  2024—a*+b  a++/2024—b? 2024—a%+b

2, h2_ 2, w2 _
_ a’+b’-2024 a’+b 2024:0:(a2+b2—2024)( 1 N 1 ]:0
a++/2024—b?  J2024—a% +b a++/2024—b?  J2024—2a? +b

(0,5 diém)

(0,5 diém)
Vi 1 + 1 >0 néntacd a’>+b?-2024=0= a%+b?=2024.
a++2024—b® +/2024—a% +b
Vay P =2024. (0,5 diém)

Cau Il. (4,0 diém)

1. (2,0 diém) Gia sir da thire P(x)=x°—6x+X* +9x—3 c6 5 nghiém phan biét X, X,, X, X,, Xs. Xét
dathic Q(x)=x2-2. Tinh F =Q(%)Q(%)Q(%)Q(X)Q(%)-

Giai. Vi da thic P(x)=x"-6x’+x*+9x—3 c6 5 nghiém phan biét x,X,,X;,X,, % nén da thic
P(x) c6 thé viét dudi dang P (X)= (X=X )(X=X, )(X=X; )(X=%, )(X=Xs). (0,5 diém)

Khi do:

F=Q(x)Q(x)Q(%)Q(x)Q(x%) =(x"-2)(x" -2)(x*-2)(x* -2)(x*-2) (0,5 icm)
T
=P(v2)P(-2) (0,5 diém)



(V2 -6(v2) +(v2) +9(v2) -3 || (~V2) ~6(~v2) +(~V2) +9(~2)-3]
=(-1++2)(-1-+2)=-1. vay F =-1. (0,5 diém)

y—6x>+xy>=0

2. (2,0 diém) Giai hé phuong trinh .
( Peng {1—5x2 +x%y? =0

. +xy? =6x? .
Gisi. Viétlaihg {7 7" _Tathdy x=0 khong thoa man.
1+ x%y® =5x°
1
7y+—y2:6 7
Xét x =0, hé twong duong véi (0,5 diem)
1
7+y =5
2’y+zy° =6 |yz(y+2)=6
Datizztacéhé 2y 2y = ( 2)
X 2°+y?=5 (y+z) -2yz=5
S=y+z SP=6 .
pit > Y Ftacehe ) (0,5 diém)
P=yz S°-2P =5
S*-5
SP=6 §.=——=6 $?-55-12=0 [(S-3)(S°+35+4)=0 s 3
=S 2 _pe 2 _ =S 2 =S
p-> 3 5?5 |p=° p_S"=5 {P=2
2 P= 2 2
2
(0,5 diém)
p fo
x=1
, |3=y+2 z=1 _
Tu doé taco = danden | (y=1 .
2=yz y=1
2=2 x:l
L 2
Vay hé da cho c6 hai nghiém (x;y) la (1;2) va (%;1} : (0,5 diém)

Cau I11. (4,0 diém)
1. (2,0 diém) Cho A 1a sé nguyén duong va phuong trinh nghiém nguyén ax+by =c véi cac hé sé

nguyén a,b,c thoa man a, b nguyén td cing nhau, |a|<|b|<A. Chimg minh s6 nghiém nguyén

(x,y) thoa man diéu kién |x| < A, |y|< A cua phuong trinh da cho khdng vuot qua TT'T
Giai.
+) Truong hop 1: a=0



Vi (a,b)=1 suy ra b=+1 nhu vay phuong trinh da cho c6 dang y=c hoac y=-c. Trong céc
phuong trinh nay sé nghiém nguyén (x,y) cua phuong trinh thoa man diéu kién |X|< A, |y|]< A
khong vuot qua sé diém nguyén trén doan [—-A; A] tirc 1a s6 nghiém nguyén dé nhé hon hogc bang

2A+1< 3A:3—A.

bl

+) Truong hop 2: b=0

Tuong tu nhu Trudng hop 1 ta ciing ¢6 dugc s6 nghiém nguyén d6 nho hon hoic bang TF'T
(0,5 diém)

+) Truong hop 3: a#0,b=0

Ta thdy rdng néu (x,y) va (x',y') 1a 2 nghiém khac nhau cua phuong trinh ax+by =c. Ta c6

{ax+by:c

aX,H)y,:(::a(x—x'):b(y'— y). Vi(a,b)=1=x-x"tb=|x—x]|=|b| (0,5 diém)

Gid st (X, Y1), (X2, Y2), - (X, Y, ) 12 tat ca cac nghiém nguyén khac nhau cua phuong trinh thoa

mén |x|< A, |y|< A Vi=1n (neN*)
Vindu x,=x; =y, =y; Vi,j=1n (neN")nén khong mét tinh tong quat, gia sir X, <X, <...<X,.
X, =X, > |b|

X; =X, 2 |b| Ly

Khi d6 ta c6 » =X =(n=1)b| (1) (0,5 diém)

Xy — X1 =[]
Mat khéc x, e[-A;A], x, e[-A A]= x, —x <2A (2)
Tur (1) va (2) suy ra 2A>(n—1)|b| < 2A+|o| > nlb|

Vi|b|< A=3Axnlp|=n< %T (BPCM). (0,5 diém)
2. (2,0 diém) Tim s nguyén duwong n nhé nhat sao cho (3" —-1):2*%
Giai.

Pat n=2"1 véi k1 eN va | 1asé l¢, tacd

A=3"-1= (32k )' 1= (32k —1)[(32k )"1 +(32k )"2 +...+(32k )1 +1} (0,5 diém)

Vi | 1asb 1¢ nén [(32k )'_l (¥ )'_2 (3 )1 +1} 12 suy ra Ai2% e B =3 _1:0%%



Taco B = (32“ )2 1= (32“ +1)(32“ —1) = (32“ +1)(32H +1)...(321 +1)(321 —1) (0,5 diém)

12— _ [Bi2klg  [B:i2? g
Do < _ Vi=lk-1va 3 -1=8 nén LS s - (0,5 diem)
3% +1/4 B/2“8 |B}2"?
Dan dén khi phan tich ra thira s6 nguyén tb thi B c6 ding k + 2 thira s6 2.
Suy ra B:2%% < k+2>2023 < k >2021. Kiém tra n = 2%% thay thoa man.
Nhu vay sb nguyén duong n nho nhat la 22, (0,5 diém)

Cau 1V. (6,0 diém)
1. (4,0 diém) Goi O 1a giao diém ba dudng phan gi4c trong cia tam giac ABC . Pudng thing qua O
va vubng goc véi CO cat CA tai M, cat CB tai N . Ching minh rang;
a) Tam giac AOM ddng dang voi tam giac OBN .
AM BN 0OC?
+ + =1
AC BC AC.BC
Giai. a) (2,0 diém)

b)

A
M,
0
C B
N
Taco
— o C 1.4 A\ 1(x = g
OMC =90 —3—5(180 —C)—E(A+ B) ) (0,5 diém)

A~

ma OMC = MAO + MOA (g6c ngoai tam giac OMA) = OMC :§+I\TO\A (2)

A~

T (1); (2) suy ra AT()\A:% suy ra tam gidc AOM ddng dang véi tam giac ABO (3). (0,5 diém)

Tuong tu ONC =90° —%:%(1800 —6)2%(A+ é) (4)

A~

ma ONC = NBO + NOB (g6c ngoai tam giac ONB) = ONC :%+ NOB (5) (0,5 diém)



A~

Tur (4); (5) suy ra NOB :2 suy ra tam giac OBN ddng dang véi tam gidc ABO (6).

Ttr (3) va (6) suy ra tam gidc AOM dong dang véi tam giac OBN . (0,5 diém)
b) (2,0 diém) Theo ciu a) thi tam giac AOM ddng dang véi tam gidc OBN suy ra

AM _OM

ON BN

Theo gia thiét ta c6 tam giac CMN can tai C = OM =ON = AM.BN =OM? (0,5 diém)

= AM.BN =OM .ON (0,5 diém)

ma OM?=CM?-CO? nén AM.BN =CM?—-CO? =CM.CN -CO?.
Hay AM BN =(AC - AM ).(CB—AM )BN -CO’ (0,5 diém)

AM BN OC?

< AC.BC =AM.CB+AC.BN +C0O? & + +
AC BC AC.BC

=1 (PPCM) (0,5 diém)

2. (2,0 diém) Canh BC ciia tam gidc ABC tiép xtc véi duong tron ndi tiép (O) cua tam giac d6
tai diém D. Chimg minh rang tim O ctia dudng tron ndy nam trén dudng thang di qua trung diém
cua cac doan thang BC va AD .

Giai.

B D N J —C
Goi N latrung diém BC, M latrung diém AD, tas& chimg minh M,O, N thiang hang.
Trén doan BC ldy diém J sao cho BD =JC ma N 1la trung diém cia BC = ND = NJ
Ké duong kinh DI cua (O), qua | V& tiép tuyén cit AB; AC lan luot tai E va F .
Tac6: EF ||BC (vi ciing vudng goc DI ) suy ra IFC + FCD =180° (0,5 diém)
ma OF va OC la phén gic caa goc IFC, FCD nén FOC =90°.

Do d6 tam giac IFO dong dang véi tam giac DOC suy ra

P _19 L irpCc=R? (1) (R 1a ban kinh dudng tron tam O) (0,5 diém)
DO DC



Chung minh tuwong ty tam giac EOB vudng tai O suy ra tam giac EOl dong dang véi tam giac OBD

suy ra E:ﬂ@ IE.BD =R’ (2)
OD BD

Tir (1) va (2) suy ra IF.DC = IE.BD < ~— - 'E IF _1E
BD DC _JC BJ

Ma EF ||BCsuyra EB;IJ;CF ddng quy hay A 1,J thang hang.

(0,5 diém)

Trong tam giac DAJ ¢6 M;O;N lan luot 14 trung diém cua AD;DI;JD nén M,0O, N thang hang
(DPCM). (0,5 diém)

Cau V. (2,0 diém) Tim tit ca cac tap hop A=< gdm hitu han cac sé thuc sao cho Vxe A thi
X+1-x*e A va x-1+x*eA.

Giai. Bt f (x)=-x*+x+1 g(x)=x*+x-1

Do A= @ va hitu han nén goi X, X, lan luot 12 phan tir I6n nhét va phan tir nhé nhat cia A.
f(xi)sxlz{l—xfso
g(%)<x  [x°-1<0

Tuong tu x, =+1. (0,5 diém)

Vi f(xl)eA;g(xl)eA:{ = x =1,

Xét cac truong hop:
Néu A c6 1 phan tirthi A={-1}; A={1} thir lai thay théa man.
Néu A c6 2 phén tirthi A={-1}; A={1} thur lai thiy thoa man. (0,5 diém)

Néu A c6hon 2 phan tirthi —1e A;1e A (do —1, 1 lan luot 14 phan tir nho nhat va phan tir 16n nhat

cua A). Goi x, e Ay x, z+tl= 1< X, <1

Néu 0<x, <1=1+x,—x>>1 VO Ii

Néu —1< x, <0= -1+ x,+ x> <=1 v li (0,5 diém)
Suy ra x, =0 va A={-10;1} thir lai thay thoa man.

Vay céc tap hop A thoa man dé baila A={-1}; A={1}; A={-11}; A={-10;1}. (0,5 diém)






