SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI CAP TiNH
THANH HOA NAM HQC 2024 - 2025

PE CHINH THUC MON THI: TOAN - THCS. ‘
Thoi gian lam bai 150 phiit, khong ké thoi gian phat de.
(Pé thi co 02 trang, gom 10 cdu).

Cau 1 (2,0 diém). Rut gon biéu thirc:
a—>b a—>b a’+b’ .

A= + : (V&1 a>b>0).

L\/a—b+x/a+b \/az—bz—a+b] Na’-b’
Cau?2 (2,0 diém). Cho a, b 1a céc sb thuc duong phan biét thdéa man:

8 4 2
88b —+ 44b —+ 22b ~+ b =4 va a’ =2025+b".

a’—b a+bva+b a+b

Tinh gia tri biéu thirc: P=(a—b-10)>+2000.
13vx—=14+9{y+2 =16x

(x2 +x)1/x—y+3 =2x" +x+y+1
Céu 4 (2,0 diém). Cho céac chir s6 0;1;2;3; 4;5,6;7;8; 9. Goi X 1a tAp hop cac sd
tu nhién c6 5 chir s6 khac nhau yiét dugc tur cac chir sf) noi trén. Lay ngau nhién
mot sO tir tap hop X . Tinh xdc suat cua bién co 4: “So lay ra la s6 1on hon 59000 .
Cau 5 (2,0 diém). Tim tat ca cac nghi¢m nguyén cua phuong trinh:

(2x—y—2)2 :7()c—2y—y2 —1).
Céu 6 ( 2,0 diém). Cho sb ty nhién n>2 va s6 nguyén té p. Ching minh rang néu
p—1 chia hét cho n va »®—1 chia hét cho p thi it nhat mot trong hai sé p-n va
p+n 13 86 chinh phuong.
Cau 7 (1,5 diém). C6 hai chiéc coc cao 10m va 30m dat vudng gbc voi mat dat tai
hai vi tri 4 va B. Biét khoang cach giita hai coc bang 24m. Nguoi ta dat mot cai
chdt & vi tri M trén mat dat, nam gilta hai chan coc dé giéng day ndi dén hai dinh
C va D cua hai coc (nhu hinh v&). Hé1 nguoi ta phai dat chot ¢ vi tri cach 4 mot

khoang bang bao nhiéu trén mat dat dé tong d6 dai cta hai soi day d6 1a ngan nhat?
D

Cau 3 (2,0 diém). Giai hé phuong trinh: {

30m

10m
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Cau 8 (3,5 diém). Cho tam gidc nhon ABC nodi tiép duong tron (0), ba duong cao
AD, BF,CE cit nhau tai H, vé OK L BC (K € BC). Goi I 1a trung diém cta 4H, goi
J 1a giao diém cua 4H va EF , ké duong kinh 4P cia dudng tron (0).

a. Ching minh: OK = %AH va IK di qua trung diém cua EF .

b. Puong thing qua B song song v4i AC cit duong thang CE tai S. Ching
minh: [F*=1J.ID va KS//CJ .

Cau 9 (1,5 diem). Cho tam giac ABC c6 ba canh tiép xuc v6i duong tron (7). Goi
E,F lan luot 1a tiép diém cua duong tron (I) v6i 4Ccva 4B . Goi M,N lan luot 13
trung diém ctia BCva AC . Chimg minh ba duong thang BI, MN, EF ddng quy.

Cau 10 (1,5 diém). Cho x, y, z 14 cic s6 thuyc duong thoa man: xyz(x+y+z)=3.

2

Chtng minh rang: x>+ y* + 2> < %(f —2x+4)2 (y5 —2y+4)2 (z5 —2z+4)

HET
Thi sinh khong dwoc si dung tai liéu. Giam thj coi thi khong giai thich gi thém
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SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI CAP TiNH

THANH HOA NAM HOQC 2024 - 2025

DPAP AN, THANG PIEM CHAM
DPE THI MON: TOAN - THCS.
(Huong dan cham gom 10 trang).

Ciu Noi dung dap an Diém
Rut gon bi€u thirc:
Cau _ - 2 4 p? 2,0
1 | 4= ab + a-b b (V61 a>b>0). ’
Va—b+a+b o> —p* —a+b) Ja* -
V61 a>b>0, ta co:
4 Na-b N a—>b . a’+b’ 0,25
Va—b+a+b > —p* —a+b) Ja* —p
e a—b N a-b ' a’+b’
Va-b+a+b  [(a-b)(a+b)—(a=b)| Va*-b’
A a—-b N a—-b . a’+b’ 0,25
Ja-b+a+b Na+b—-Ja-b | Ji2—p?
. \/a—b(\/a+b—\/a—b)+\/a—b(\/a+b+\/a—b) . a4+ b 0,25
(a+b)—(a—b) (a+b)—(a—b) Ja? -b?
A_\/az—b2 —a+b+\/a2—b2+a—b. a’+b’
2b [aZ_bZ 0,5
A_2 az—bz' a’ +b’
N 2b [aZ_bZ
0,25
A_a2+b2 0,25
b
2 2 .
Vay 4= VOl a>b>0. 0.25
Cho a, b 13 cac s6 thuc duong phan biét thoa man:
Cau 8b* 4b* 2b° . ,
2 as_b8+a4+b4+a2+b2+a+b:4 va a =2025+b". 2,0
Tinh gia tri biéu thicc: P=(a—-b-10)*+2000.
8b8+4b4+2b2+b_
a-b* a*+b* a’+b> a+b
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gpt  4b'(a'-b') o p
=N + + + =
a® -bt a®—b* a+b*> a+b

8h% +44°h* — 4b* 2b° b
= 8 138 =0t =
a’ —b a +b- a+b

0,25

4a°b* + 4b° 2b° b

And s s T2 27t =

a’—-b a +b- a+b

4p* (a4 + b4) h? b _,
=S + + =
(a4+b4)(a4—b4) a’+b* a+b
4p* N 2b* N b
a'-b* a+b> a+b

=

0,25

ap* 2 (a’ -b’ b

T 4T (4 4 )+ =4

a —b a —-b a+b
2a’b* +2b* b

& + =

at-b* a+b

20 (a* +5°) b

Clar) @5 arb

=

4

0,25

2b b
a’-b> a+b
2b*  b(a-b

C:)az—b2+ a’-b’ =4

0,25

0,25

=90 15 (via>0,6>0).
5 4

suyra: a=75, b=60.

0,25

Thay a =75, b=60 vao biéu thirc P ta co:
P =(75-60-10)>+2000 = 5> + 2000 = 2025

0,25

Viy P=2025.

0,25

Chii y: néu hoc sinh xét thira truwong hop thi trir 0,25 diém.
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13vx—-149{y+2 =16x (1)
(x2+x),/x—y+3:2x2+x+y+1 (2)

Giai hé phuong trinh: {

2,0

x2>1
Piéu kién {y>-2
x—y+3>0

0,25

Tt phuong trinh (2) ta c6 (x2 +x),/x—y+3 :2(x2 +x)—x+y+l

<:>(x2+x)(«/x—y+3—2)+x—y—l=0

0,25

x—y-1

NX—=y+3+2
X’ +x
S(x—y-1)| /—=—+1|=0
(x d )(«/x—y+3+2 J

<:>(x2+x) +x—-y—-1=0

0,25

2
X +Xx

Vix>1nén ——=— +1>0

NX—y+3+2

0,25

Suy ra: x—y-1=0< y=x-1thé vao phuong trinh (1) ta dugc:

13vx=-1+9vx+1=16x

0,25

@13(x—1—\/x—1+%j+3(x+1—3 x+1+%):0
1Y 3
@13(\/x—1—5J +3[\/x+1—5j =0

0,25

2 2
Vi (\/x—l—%j >0; (\/x+l—%j >0 vo1 moi x>1 nén
1Y 3’
13(\/x—1—5j +3(\/x+1—5j >0
Vx—-1=

Dau "=" xay ra khi va chi khi:

Vx+1=

N | =

o | W

Suy ra: x= % =y =% (théa man).

0,25

Vay hé phuong trinh da cho c6 nghiém (x;y) la Gij

0,25

Cau

Cho céc chir s6 0;1;2;3;4;5;6;7;8;9. Goi X 1a tap hop cac sd tu
nhién c¢6 5 chit s6 khac nhau viét dugc tir cac chir s6 noi trén. Lay ngiu
nhién mot s tir tdp hop X . Tinh x4c suét ctia bién cd 4: “So 1ay ra 13 s6
16n hon 59000 .

2,0

Goi s0 ¢ 5 chir s06 khac nhau 13 abede (a#0).
Vi a#0nén a c6 9 cach chon, b c6 9 cach chon, ¢ c6 8 cach chon, d cb
7 cach chon, e ¢6 6 cach chon.

0,25
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S6 cac s6 tu nhién ¢6 5 chir s6 khac nhau duge viét tir cac chir sO
0;1;2;3;4;56;,7;891a: 9-9.8-7-6=27216 (s0).

Suy ra ¢ 27216 két qua c6 thé. 0,25
Céc két qua 1a dong kha nang xay ra.
DPé abcde 10n hon 59000 nén ta xét cac truong hop:
Truong hop 1: a=5; b=9 thi ¢ ¢6 8 cach chon, d ¢6 7 cach chon, e c6 | 0,25
6 cach chon.
Suy ra co 8-7-6=336 (s0). 0,25
Truong hop 2: a>5 thi a c6 4 cach chon, b ¢6 9 cach chon, ¢ c6 8 cach
chon, d ¢6 7 cach chon, e c6 6 cach chon. 0,25
Suyraco 4-9-8-7-6=12096 (s0). 0,25
Vay c6 336+12096 =12432 két qua thuan 1gi cho bién cd 4. 0,25
Xéc suat cua bién ¢ 4 1a P(A) _12432 37
27216 81 0,25
| Tim tat ca cac nghiém nguyén cta phuong trinh:
Cau ) 2,0
5 | (2x-y-2) =7(x-2y-)*-1).
Phuong trinh da cho tuong duong véi:
2(2x-y-2) =7(2x-y-2-2y" -3y)
© 2(2x-y-2) =7(2x-y-2)-7(2)" +3y) 0,5
e 2(2x-y-2) -7(2x-y-2)+7(2)* +3y)=0
bat t=2x-y-2 (reZ), ta dugc:
0,25
26 =7t +7(2y” +3y) =0 ’
1617 —56t+49+7(16)" +24y +9) =112
) , 0,25
< (4e-7) +7(4y+3) =112
Vi (41-7) >0 v6imoi t€Z nén 7(4y+3) <112 025
suy ra (4y+3)° <16 ’
& —4<4y+3<4
& -T<4y<l
oLyl 0,25
4 4
Ma yeZ nén ye{-1;0}
V6i y=-1thi (41-7)" =105 (loai).
V&i y=0 thi (41-7)" =49 suy ra t:% hodc =0 0,25
Ma reZ nén =0, khi d6: x=1 (thdéa man).
Vay phuong trinh c6 nghiém nguyén (x;y)la (1;0). 0,25
Cho s6 tu nhién n>2va s6 nguyén to p. Chimg minh rang néu p-1
Cau | chia hét cho n va »° -1 chia hét cho p thi it nhat mot trong hai sé p—n va 2,0
6

p+n 14 s6 chinh phuong.
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Ta co: n’ —1:(113)2 —1=(n*=1)(n’ +1)
:(n—l)(n2 +n+1)(n+1)(n2—n+1).

Vi n®—1ip va p 13 sb nguyén té nén ta xét cac trudng hop sau:

0,25

Truong hop 1: n-1ip=> n—1=lp(leN*) on=Ip+l

0,25

Ma p-1:n nén ta co:
(p-1)i(lp+1)= p-12Ilp+1(Vi p-1>0)
= (I-1)p<-2=1-1<0=1<1 (loaivi /eN")

0,25

Truong hop 2: n+lip= n+1=ap(aeN*) Sn=ap-1
Ma p-1:n nén ta co:

(p-1)i(ap-1)= p-12ap-1 (Vi p-1>0)
:>(a—1)p£0

=>a-1<0&a<l

MaaeN =a=Ln=p-1

Khi d6 p—n=1 la s6 chinh phuong.

0,25

Truong hop 3: »° +n+1ip

Vi p-linnén p-l=hkn(keN') < p=hkn+1

Tacoé: n* +n+l=n’—kn+n+kn+1=n(n—k+1)+kn+1 12 bdi cia kn+1
Suy ra n(n—k+1):kn+1

Do (n,kn+1)=1nén (n—k+1):(kn+1)

0,25

Véi k,neN", ta co:
—(kn+1)<—k—1<n—-k+1<n<kn<kn+1

Suyra n—k+1=0 hay k=n+1.Khid6 p=n*+n+1
Nhu vay p+n=(n+1)’ 12 s6 chinh phuong.

0,25

Truong hop 4: n*—n+l1ip.

Vi p-lin nén p-l=hkn(keN') < p=kn+1

Tacod: n’—n+l=n’—kn—-n+kn+1=n(n—k—-1)+kn+1 12 boi clia in+1
Suy ra n(n—k—1)ikn+1

Do (n,kn+1)=1nén (n—k—1)i(kn+1)

0,25

Véi k,neN", ta co:
—(kn+1)<—-k—-1<n-k-1<n<kn<kn+1

Suyra n—k-1=0 hay k=n-1.Khido p=n’-n+l1
Nhu vdy p—n=(n—1)’1a 56 chinh phuong.

0,25
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Co hai chiéc coc cao 10 m va 30 m D
dat vubng goc v6i mat dat tai hai vi
tri 4 va B. Biét khoang cach giira
hai coc béng 24m. Nguoi ta dat mot
cai chdt & vi tri M trén mat dat, nam Wom
gitra hai chén coc dé gidng day ndi p 1.5
dén hai dinh C va D cua hai coc ’
(nhu hinh v€&). H6i nguoi ta phai dat
chdt & vi tri cach 4 mot khoang Y ' 5
bang bao nhiéu trén mat dat dé tong

d6 dai cia hai soi ddy d6 1a ngin

nhét?

Dat AM =x (m),(0<x<24). Khidé MB=24-x (m). 0,25

Ap dung dinh ly Pythagore vao cac tam giac vudng CAM va DBM , ta co:
CM =CA* + AM? =\10° +x° (m)

0,25

DM =~/BD? + BM? = /30 +(24—x)" (m)
CM + DM =~10> + % +/30* +(24-x)" (m)

0,25

Ta chung minh bat déng thirc sau: Véi moi s6 thuc a,b,c¢,d thi:
V& +b> +J +d? > \/(a+c)2 +(b+d)2 .

That vay: V&1 moi sO thuc a,b,c,d thi:

Ja +b e +d" 2 (a+c) +(b+d) (1)

sSa+b+ct+d? +2\/(a2 +b2)(02 +d2) 2(a+c)2 +(b+d)2

0,25

= \/(az +b2)(02 +d2) >ac+bd (2)
Néu ac+bd <0thi (2)ludn ding.
Néu ac+bd >0, binh phuong hai vé cia (2)ta dugc:

(ad—bc)’ 20 (ludn ding), suy ra: Va® +5> +c* +d* > \/(a+c)2 +(b+d)
Dau "=" xay ra khi va chi khi: ad =bc.

Ap dung bét dang thirc trén, ta co:
CM + DM =107+ +,[30° + (24— x)" 2 /(10+30)’ +(x+24—x)’

CM + DM >+/2176 .
Dau "=" xay ra khi va chi khi: 10 (24-x)=30x suy ra x=6 (thda man).

0,25

Vay nguoi ta phai dat chdt & vitri M cach 4 mot doan 6 m thi téng do

. o 5
dai hai diy ngan nhat. 0,25

Cho tam gidc nhon ABC ndi tiép duong tron (0), ba duong cao
AD, BF,CE cit nhau tai #, v& OK L BC (K e BC). Goi I 1a trung diém cua
AH, goi J 1a giao diém ctia 4H va EF, ké duong kinh 4P cta duong
tron (0).

3,5
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a. Chung minh: OK =%AH va /K di qua trung diém ciia EF . 2,0
Vi C thudc duong tron duong kinh 4P nén AACP vuodng tai C
= PC1 ACma BH 1 AC= PC//BH .
Tuong tu ta c6: PB//CH 0,25
Suy ra tir gidc BHCP 1a hinh binh hanh nén BC va HP cat nhau tai trung
di€ém moi duong.
Ma AOBCcan tai O c6 OK L BC nén K 1a trung diém cta BC do d6 K 0.25
cling 1a trung diém cua PH . ’
Tam giac AHP c¢6 O va K lan luot 1a trung diém cia 4P va HP nén OK
la dudng trung binh cua AAPH = OK = %AH : 0.5
AAHF vudng tai F co FI1a duong trung tuyén nén FI = %AH : 0,25
Tuong tu: EI = lAH

g e 7 . 0,25
Suy ra EI=FI nén I thudc dudong trung tryc cua doan thang EF .
Chtrng minh tuong tu: X thudc dudng trung truc ciia doan thang EF .
Do do6 /K 1a duong trung truc cua doan thang EF 0,5
hay /K di qua trung di€ém cua EF .
b. Puong thang qua B song song véi AC cat dwong thiang CE tai S.
Chirng minh: /F?=1J.ID va KS//CJ . 1,5

Goi L 1a giao diém cta KI va EF .
Vi IleAzATH nén AAIF cin tai I = FAI = IFA
0,25

Tuong tu: KFC = KCF
Ma KCF + FAI =90° nén AFI +CFK =90° = IFK =90°
AIFK vudng tai F c6 FL 1a dudng cao suy ra: [F’ =ILIK (1)
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IL I
AILJ &> AIDK(g.9)= — =2 = [LIK =1J.ID (2
(g.g) DI (2)

0,25
Tu (1) va(2)suyra: IF* =1J.ID.
Ta cb: ADBH o> ADAC(g.9)= 22 =P, pp pc = pH.DA (3)
DA DC
Lai ¢6: IF* = 1J.ID = I4* = ID(ID~JD) 0,25
= ID.JD = ID* —14* = (ID+IA)(ID - 14) = DA.(ID - IH ) = DA.HD (4)
Tu (3) va (4) suy ra: DB.DC =ID.JD = DB _ 1D
JD DC
ADBI va ADJC ¢ BDI =JDC=90" va 221D 0,25
JD DC
suy ra ADBI > ADJC (c.g.c)= DIB = DCJ (5)
Do BS//AC ma BF L AC = BF 1 BS suy ra BSC = HBA (cung phu voi SBE)
Lai c6 BCS = BAH ( cung phu véi ABC) 0.25
Suy ra ASBC > ABHA(g.g)=—0.-BC _2BK _BK
BH HA 2IH IH
SB  BK
ASBK va ABHI cO: SBK BHI va — =—=ASBK ¢ ABHI(c.g.c)
BH IH
— BKS = HIB hay BKS = DIB (6) 0,25
Tir (5) va (6) suy ra: BKS =DCJ, ma 2 goc ndy & vi tri ddng vi nén
KS//CJ.
Cho tam gidc 4BC c¢6 ba canh tiep xtic v6i duong tron (7). Goi E,F lan
Cg“ luot 1a tiép diém cua dudng tron (I) v6i ACva 4B . Goi M,N lan luot 13 L5
trung diém cua BCva 4C. Chimg minh ba dudng thiang BI, MN, EF dong ’
quy.
Goi K 1a giao diém cta BI va EF .
Ta co BIC_180°—£—£—90° é 0,25
2 2 2
— 4
Suy ra KIC = 900—5 0,25
Theo tinh chat hai tiép tuyén cat nhau, ta co:
AE = AF = AAEF can tai 4
= 457 = 47 =1 _gg0 1 0:2>

Suy ra KIC = AEF ma KEC = AEF (d6i dinh).
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Suy ra KIC = KEC .

Goi Pla giao diém cua BK va AC.

= AIPC o> AEPK (.8)

Suy ra £L - PC 13 Epr = KPC (d6i dinh)
PE PK

= AIEP &> ACKP (c.g.c)
IEP = CKP =90° (hai goc tuong tng)
Hay BKC=90° (1)

0,25

Goi K'la giao diém ctia BI va MN .
Vi MN la duong trung binh ctia AABCnén MN //AB.
Suy ra BK'M = ABK' (so le trong)

0,25

Ma K'BM = ABK' (Tinh chét hai tiép tuyén cit nhau)
:W:@:ABK’Mcéntai M.

= MB=MK' ma MB=MC = MB=MC =MK'

Suy ra ABK'C vudng tai K’ hay BK'C =90° (2)

Tu (1) va (2) suy ra K trung K'.

Viy ba duong thang BI, MN, EF dong quy.

0,25

Cau
10

Cho =, y, z 1a cac s6 thuc duong théa mén: xyz(x+y+z)=3. Chung
2 o2, 2, 2 1 5 2( s 2(s 2
minh rang: x*+y° +z S%(x —2x+4) (y —2y+4) (z —2z+4) :

1,5

Ta co: x5—2x+4—(x3+2):x5—x3—2x+2
:(x—l)z(x3+2x2+2x+2)20 vO1i moi x>0
=x —2x+4>x’+2 véimoi x>0
Tuongty » —-2y+4>y°+2 voimoi y>0
2 =2z+4>2+2 vOimoi z>0.
Suy ra (x°-2x+4)(y' -2y +4)(2° -2z+4)2 (¥ +2)(y* +2)(z*+2) (1)

0,25

Can chirng minh bat déng thirc phu sau: Cho a,b,c,x,y,z,m,n, pla cac sb
thuc duong, ta co: (a3 +b° +c3)(x3 +y° +z3)(m3 +n +p3) > (axm +byn +czp)3
That vay, ap dung bat dang thirc AM-GM, ta co:

a’ X m’ S 3axm

+ >
a4+ + Xy 4+ mn’+p’ {/(a3+b3+c3)(x3+y3+z3)(m3+n3+p3)
Tuong tu, ta co:

b’ ¥ n 3byn

3 b3 3+3 3 3+ 3 3 3Z 3 3 3 3 3 3 3 3 3
a+b+c x4y +z m+n+p {/(a +b’ +c )(x +y +z )(m +n +p)

3 3 3

c N z N p S 3czp
a+b+c Xy +z2 men’+p i/(a3 E +c3)(x3 Ly +z3)(m3 s +p3)
Cong theo vé ba bat dang thirc trén ta dugc:

(a3 +b’ +c3)(x3 +y° +z3)(m3 +n +p3)2(axm+byn+czp)3

(V61 a,b,c,x,y,z,m,n,p).

0,25

Ap dung bat dang thuc trén, ta co:
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(x3+2)(y3+2)(z3+2)=(x3+13+l3)(13+y3+13)(13+13+z3) 0,25
>(x-1-1+1-y-141-1-2) = (x+y+z2) (2)
Tu (l),(2)suyra: ( 5—2x+4)(ys—2y+4)(25—2z+4)2(x+y+z)3
& (xty+z)' (¥ —2x+4) (¥ -2y +4) (22 -22+4) (3)

Tirbé'ltdéng thirc: a2+b2+022ab+bc+ca<:>(a+b+c)2Z3(ab+bc+ca),ta 025
duogc: (xy+yz+zx)2 Z3xyz(x+y+z). ’
Mat khac:

6 2 7P 3
(x+y+z) =[(x+y+z)] =[x2+y2+zz+(xy+yz+zx)+(xy+yz+zx)]

3
Z[3§/(x2+y2+22)(xy+yz+zx)(xy+yz+zx)} =27(x2+)/2+22)(xy+yz+zx)2 0.25
227()62+y2+22)-3xyz-(x+y+z)=27(x2+y2+zz)'3-3:243(x2+y2+zz)
:>x2+y2+zzéz%43(x+y+z)6 (4)

Tir (3),(4) suy ra: x> +y° +2° Sﬁ(xs—2x+4)2(y5—2y+4)2(25—22+4)2
x=-1=y-1=z-1=0
Dé4u "=" khi va chi khi: X'+ y 4zt =xp+yz+ox
xyz(x+y+z)=3 0,25
Suyra: x=y=z=1.
V’Efly x2+y2+zzS%(xs—2x+4)2(y5—2y+4)2(25—2z+4)2,Vé’i x,y,zla cac
so thuc duong thoa man: xyz(x+y+z)=3.

Chu y:

- Cdc cach lam khdc néu dung van cho diém toi da, diém thanh phdn giam

khdo tw phin chia trén co sé tham khdo diém thanh phdin ciia ddp dn.

- Pé gidi cdc dang bai tip Hinh Hoc trong dé thi hoc sinh chi sit dung
kién thirc dén tai thoi diém thi. Bai Hinh néu khong vé hinh hodc vé hinh sai thi

khéng cho diém.
- Hoc sinh dwoc dung dau "= ","< "
- Cdc truwong hop khdc t6 chdm thong nhit phwong dn chim.
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