SO GIAO DUC VA BAO TAO DE THI TUYEN SINH LOP 10 TRWONG THPT CHUYEN
NAM DINH NAM HOQC 2024-2025
M6n thi: TOAN (Chuyén)
Thoi gian lam bai: 150 phut.
(Dé thi gdm: 01 trang)

PE CHINH TH(C

Cau 1: (2,0 diém)

a) Cho x, y >1 théa mén t,t_° . Tinh gia tri ctia bicu thirc A=Xx>+Yy°* +9xy.
Xx+1 y+1 xy+4

b) Xét da thirc P(X) =x*+ax+b voi a, b 1a cac hé s6 nguyén. Chimg minh rang néu
P(1++2)=2024 thi P(1-+/2)=2024.
Cau 2: (2,0 diém)

a) Giai phuong trinh x* = (2x—9)(\/ x> +2x—8 —2).

2
b) Giai hé phuong trinh {XZ (x=y)+(y-1) =0
4x° —9x* + 7x+3y° —10y +5=0.

Cau 3: (3,0 diém) Cho tam giac nhon ABC néi tiép dudng tron (O) va AB < AC. Ba dudng
cao cia tam giac ABC l1a AD, BE, CF dong quy tai diém H. Goi AQ la duong kinh cua
dudng tron (O), duong thang HQ cdt canh BC tai diém M . Duong tron ngoai tiép tam gidc
AEF cit duong tron (O) tai diém N va cat duong thing AM tai diém K (N, K khac A),
duong thang AN cat duong thang BC tai diém P. Ching minh rang;

a) HQ vudng gbc vai AN va FDH = HDE, FDK = NDE.

b) Ba diém P, E, F thang hang.

c¢) PE.PF <PM?.
Cau 4: (1,5 diém)

a) Chirng minh v&i moi s6 nguyén duong n, sé n® —6n+33 khong 1a s6 chinh phuong.

b) Cho c4c sb nguyén duong a, b thoa man diéu kién a+b+1 13 udc nguyén tb cia
4(a’ +ab+b?)-3. Ching minh ring a+b-1 1a uéc cia 4(a”+ab+b)-

Cau 5: (1,5 diém)
a) Xét X, y, z 1a cac so thuc duong théa man xy + yz + zx < xyz. Tim gia tri nho nhét ciia
bicu thire Q =xy* + yz° +2x* —18(x+ y +2).

b) Cho bang hinh chit nhat gom 2 dong va n cot, dugc chia déu thanh 2n 6 vudng don vi.
Ban déu, trong mdi 6 vudng don vi nguoi ta dat dang mot vién bi ¢ kich thudc rat nho. Ta goi
moi bién doi (T) la viéc thyc hién céc thao tac sau: Chon ra hai 6 vudng don vi tly y ¢6 chura bi,
ch uyen tu moi 0 vuong do di mot vién bi sang 6 vuong don vi lién ké (hai 6 vuong don vi g01 1a
lién ké néu ching c6 chung canh). Tim tat ca cac sO nguyén duong n dé sau htru han lan chi
thyc hién bién doi (T), ta c6 thé dua hét tat ca cac vién bi co trén bang lac ddu vé nam trong
cung mot 6 vudng don vi cua bang.
Hét
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SO GIAO DUC VA bAO TAO HUYONG DAN CHAM THI

NAM DPINH DE THI TUYEN SINH LOP 10 THPT CHUYEN
—— . Nam hoc: 2024 - 2025
PE CHINH THUC. M6n thi: TOAN (Chuyén)

(Hwéng dan chAm gbém: 06 trang.)

Cau 1: (2,0 diém)

a) Cho x, y >1 thoa man 1 1 > Tinh gia tri cua biéu thac A= x>+ y> +9xy.

X+1 y+1: Xy +4

b) Xét da thic P(x)=x*+ax+b véi a b la cac hé s6 nguyén. Chung minh ring néu
P(1++/2)=2024 thi P(1-+/2)=2024.

Y N@i dung Piém
.1 1
+Taco + = = (Xy+4)(X+y+2)=5(x+1)(y+1
X+1 y+1 xy+4 ( y )( y ) ( )(y ) 0,25
12) S xy(x+Yy)+3=3xy+x+y < (x+y-3)(xy-1)=0 (1)
1,08 | *+Véix y>1thi xy-1>0,dodé (1) = x+y=3. 0,25
+Vay A=x°+y°+9xy =(x+ y)3—3xy(x+ y)+9xy 0,25
=3° —3xy.3+9xy =27. 0,25
+Taco P(L+2)=2024 & (L++2) +a(L++2)+b=2024 025
= (a+2)V2=2021-a-b. 0.25
+ Do a+2, 2021—a—b 13 cac sé nguyén trong khi ~/2 1a s vo ti nén phai xay
1b) a+2=0 a=-2
ra ha 0,25
1,04 {2021—a—b:0 y{b:2023.
+ Vay P(l—ﬁ):(l—ﬁ)z—2(1—ﬁ)+2023
0,25
=3-2J2 - 2+242 +2023=2024, ¢6 diéu phai chiing minh.

Cau 2: (2,0 diém)

a) Giai phuong trinh x* = (2x —9)(\/x2 +2X -8 - 2).

xz(x—y)+(y—1)2 =0

4x° —9x* +7x+3y* 10y +5=0.
Y N@i dung Piém
+ Diéu kién x4c dinh x* +2x-8>0.

b) Giai hé¢ phuong trinh {
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Phuong trinh duoc vidt lai 1a x* + 2x—8—(2x—9)v/x? + 2x-8+(2x-10)=0. | 0%

2a)
t=1
1,0d | pat t =+/x2 +2x—8 thi duoc tz—(Zx—9)t+2x—10=O<:>L oy 10
= 2x-10.
+V6i t=1thi V2+2x-8=1<x2+2x-9=0< x=-1++/10. 0,25
2x-10>0
+Voi t =2x-10 thi VX* +2x-8=2x-10 < )
x* +2x-8=(2x-10)
S5 0,25
X >
<9, <:>x=7+\/ﬁ.
X“=14x+36=0
+ Vay phuong trinh cho cé tap nghiém la S ={7+\/E;—1J_r \/1_0} 0,25
Cach khac: Chuyén vé, binh phuong dé khtr can ta duoc PT hé qua
(2x-9) (x* +2x—8) = (x* +4x~18) & x* ~12x° ~ x* +198x ~324 =0 (0,25)
& (% +2x-9)(x* ~14x+36)=0 (0,25)
@Xe{—li@;?i\/ﬁ} (0,25)
Thu lai va két luan. 0,25)
x> (x—y)+(y-1) =0 1
Xét h¢ phuong trinh (x=y)+(y=1) @
4x° —9x* +7x+3y* —10y +5=0 (2)
0,25
. y=x+1
+Taco (1) Yy = (x*+2)y+xX*+1=0<
By~ )y {yzxz—x+1.
+ Néu y = x> —x+1, thay vao (2) thu dugc
2b) 4x3—9x2+7x+3(x2—x+1)2—1O(x2—x+l)+5=0
1,0d
< 3x* -2x3 -10x* +11x-2=0 0,25
c>(x+2)(x—1)(3x2—5x+1):0<:>XE{—Z;l;Sig/E}
Tim duogc cac nghiém
_ _ . [5++413 11+413) (5-413 11-+13 0.25
(Xl y):(_2’7)1 (1’1)1 6 ’ 9 ’ 6 ’ 9 .
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+Néu y = x+1, thay vao (2) thu duoc

4%* —9x% +7x+3(x+1)" ~10(x+1)+ 7x+5=0

3
& 4% -6x2 +3x-2=08X -12x* +6x-1=3 = (2x-1)’ =3 = X:1+2ﬁ_
3 3
Tim duoc nghiém (x;y) = (1+2\/§ : 3+2\/§j. 0,25

Vay hé cho c6 dung 5 bo nghiém (x;y) la

(-2:7), (1:2) 5++13 11++13) (5-+13 11-13) (1+%3 3+33
T T T e 'L s T 9 L 2 2 )

Cau 3: (3,0 diém) Cho tam giac nhon ABC ngi tiép duong tron (O) va AB < AC. Ba dudng cao
cua tam giac ABC 1a AD, BE, CF ddng quy tai diém H . Goi AQ la duong kinh cua dudng tron
(0), duong thang HQ cét canh BC tai diém M . Duong tron ngoai tiép tam giac AEF cdt duong
tron (O) tai diém N va cit duong thing AM tai diem K (N va K khac A), duong thang AN cat
duong thang BC tai diém P. Chang minh rang:

a) HQ vubéng goc vsi AN va F/DﬁzH/[E, FDK = NDE.

b) Ba diém P, E, F thang hang.

c) PE.PF <PM?.
Hinh vé:
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Y N@i dung Piém

+ Puodng tron ngoai tiép tam giac AEF 1a duong tron duong kinh AH , suy ra

HN 1 NA. 0,25

+ Mat khac N thudc duong tron duong kinh AQ nén QN L NA, suyra N,H,Q

thang hang va c6 HQ L AN .

+C6 ADC = AFC =90° nén t gidc ACDF noi tiép, do @6 FDB = BAC .

38) | Tuong tw ¢6 EDC = BAC . 0,25

10d '\ va FDH = 90° — FDB = 90° — BAC = 90° — EDC = EDH (1).

+C6 ANM = ADM =90° nén t& gidc ANDM ndi tiép, suy ra NDH = HMK .
C6 HDM = HKA = 90° nén tr giac HDMK noi tiép, suy ra HMK = HDK .

Vay NDH = HDK (2).

Tur (1) va (2) suy ra FDK = FDH + HDK = HDE + NDH = NDE .

+ Ta giac ANFE noi tiép nén suy ra ANF = FEC .

3b) /C\é B/F\C/\z BEC =90° nén ti giac BFE’C noi tiép, suy ra FEC = FBP. Vay c6| 0.5

1,0d ANF = FBF;iuy rit\l’rgiéﬂPBE\néi tiep. _ 7

+ Theo d6 PFB = PNB = BCA = EFA. Vay PFB = EFA, ma B,F, A thing hang

0,25

0,25

: 0,5
nén P,F,E cling thang hang.
+ Chirng minh dugc BHCQ 14 hinh binh hanh nén M 1a trung diém caa BC . 0,25
+ Tam giac EMC cantai M nén MEC = BCA.
Tir d6 c6 PEM =180° — MEC — FEA=180" — BCA— ABC = BAC = FDP. 0,25
Suy ra hai tam gidc PFD,PME dong dang (g-9).
+ Suy ra E:E hay PE.PF = PD.PM. 0,25

PM PE
3c) |+ Do AB<AC nén BD<DC:>BD<%=BM = PD<PM.
1.0d | , 0,25
00 | vay PE.PF = PD.PM < PM?.

Céach khac: + Chang minh M 14 trung diém cua BC .
+ Chirng minh PE.PF = PB.PC..

2
+ Chira PB.PC =(PM —%)(PM +%j: M2 BZ |

2

+Tu >0 suy ra PB.PB < PM?.

Cau 4: (1,5 diém)

a) Chuang minh v&i moi s6 nguyén duong n, sé n° —6n +33 khdng 14 s6 chinh phuong.

b) Cho cac sé nguyén duong a, b thoa man diéu kién a+b+1 1a udc nguyén té cua
4(a’ +ab+b*)—3. Ching minh rang a+b -1 la wéc cua 4(a’ +ab+b*)-3.
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Y N@i dung Piém
Co n®-6n-+33=(n"-n)-5n+33 0.25
| Theo dinh Ii Fermat ¢6 n° =n (mod5) nén (n°-n)=0 (mod5) 0,25
1,08 | Do 5n=0, 33=3 (mod5) nénsuy ra n°—6n+33=3 (mod5) (*). 0,25
+ Mot s6 chinh phuong khi chia cho 5 chi ¢ thé cho s6 du thudc {0;1;4}. Vay tur 0.95
(*) suy ra n® —6n +33 khong thé I3 s6 chinh phuong. ’
+ Theo gia thiét co
0=4a’+4ab+4b’ -3=4a’+4a(-a-1)+4(-a—1)" -3 (mod a+b+1)
hay (2a+1)2 =0 (mod a+b+1). 0.25
4b) T a+b+1 1256 nguyén to suy ra (2a+1)i(a+b+1).
05d | * Tac6 0<2a+l<2(a+b+1) nénxayraa+b+1l=2a+l<a=b.
.. |a+b-1=2a-1
i 6 co {4(a2 +ab+b?)-3=12a’~3=3(2a+1)(2a-1)’ 0,25
suy ra (4(a’ +ab+b’)-3)i(a+b-1).

Cau 5: (1,5 diém)
a) Xét X, Y, z 1 cac sb thuc duong thoa man xy + yz + 2x < xyz. Tim gia tri nho nhét cua biéu
thac Q = xy® + yz* + 2x* —18(x + y + ).

b) Cho bang hinh chit nhat gom 2 dong va n cot, duoc chia déu thanh 2n 6 vudng don vi. Ban
dau, trong mdi 6 vudng don vi nguoi ta dat dung mot vién bi ¢6 kich thudce rat nho. Ta goi mdi bién
d6i (T) la viéc thuc hién cac thao tac sau: Chon ra hai 6 vudéng don vi tly ¥ ¢6 chta bi, chuyén tir mdi
6 vudng d6 di mot vién bi sang 6 vudéng don vi lién ké (hai 6 vudng don vi goi 1a lién ké néu ching c6
chung canh). Tim tat ca cac sé nguyén duong n dé sau hitu han lan chi thuc hién bién dbi (T), ta c6
thé dua hét tat ca cac vién bi c6 trén bang luc dau vé nam trong cling mot 6 vudng don vi cua bang.

Y N@i dung Piém

+ Tur gia thiét c6 1> Y Dung bt dang thic Cauchy-Schwarz co
X y z

0,25
xy2+y22+zx22(£+£+£](xy2+yzz+zx2)2(y+z+x)2.
X y z
%) s > > 18 _ 9)’ —81> -81 0,25
0,75d uyra Q=(x+y+z) - (x+’y+z)_(x+y+z— ) —81>-81. ,
Khi x=y=1z=3 thi cac gia thiét dugc thoa mdn va Q =-81. Vay gia tri nho 0.95

nhit cia Q bang —81.

Céach khac: Q +81> xy® —18y+§+ yz’ —18z 3L e —18x+§
X y z
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2 2 2
=x(y—gj +y£z—gJ +z(x—g) >0.
X y z
+ Xét n lasé lé:

Ta t6 mau cac 6 vudng don vi theo kiéu xen k& nhu ban cd vua boi hai mau den,
trang. Goi B, W lan luot Ia s6 bi nam & 6 don vi mau den, s bi nam & 6 don vi
mau trang. 0,25
- Lbc dau: B=n vaW =n. Nhu vay B,W la cac sb lé.
- Chi ra dugc bat bién: Sau mdi lan thuc bién do6i (T) thi tinh chan Ié cua
B, W 1a khong thay doi.
- Suy ra ldc nao ciing c6 bi nam & 6 den va luc ndo cling c6 bi nam & 6
trang (vi B, W ludn la sb 18), vay khong thé don hét tat ca cac vién bi vé | 0,25
mot 6 vudng don vi.
+ Xét n 1a sé chan: Ta chi ra cach don duoc bi theo yéu cau.
« Dau tién ta chon hai & vudng phan biét ma mdi 6 vudng tuong timg déu nam &
cuoi cling ciia moi dong va phai ¢d bi, thuc hign bién doi (T) dé don hét bi tir hai
6 nay vé hai 6 dang lién trudc chung Lai thuc hién tlep bién ddi (T) véi hai 6
don vi c6 bi ma mdi 6 nim & dau ngoal cling caa moi

5b) | dong dé don hét bi cua hai 6 nay vé hai 6 dang lién sau n n
0,75d | chung. Tiép tuc vai hai cach chon 6 nhu vay (chon cip 6 2 2
c6 bi & cudi dong rdi lai chon cap 6 c6 bi & dau dong) ta (A) (B)
di dén trang théi bi chi cdn nam & bang con 2x2 ¢ chinh n n
giita cua bang ban dau nhu hinh 1 (céc chit cai ghi trong 2 2
ngodc 1a dé chi tén cua 0, cac s chi s6 lugng bi dang c6 | (C) (D)
¢ 6 tuong ung do). Hinh 1 0,25
« Tiép theo chon cip & B, C va thuc hién g lan bién doi (T) . 0
(bi tir 6 B dua sang 6 A, bi tir 6 C dua sang 6 D) thi thu | (A) | (B)
duoc trang thai nhu hinh 2. 0 n
(C) (D)
» Tiép tuc, ta lién tuc chon cap & A, D cho dén khi hét bi va Hinh 2

chuyén bi & hai & nay sang 6 C thi sau cing dwa duoc 2n
vién bi vé hét 6 C.
Vay tap hop tat ca cadc s6 n can tim la tap cac so nguyén duong chan.

Chay:

- Néu thi sinh lam dung, cach gidi lfhéc Voi hu’é’ng dén cham, phb‘t?hap kién thuc CNda chuong trinh
THCS thi to cham thong nhat cho diem thanh phan dam bao tong diem nhu huong dan quy dinh.

- Tong diéem toan bai khdng lam tron.
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