DPAI HOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LGP 10
TRUONG PAI HOC KHOA HQC TU NHIEN  TRUONG THPT CHUYEN KHTN NAM 2024

P chinh thirc

MON THI: TOAN (cho tit ca céc thf sinh)
Thoi gian 1am bai: 120 phit (khong ké th¥i gian phét ag)
Ciu L (3,5 diém)
1) Giai phuong trinh
1

1 1 1
+ = -+ o
J5x2 +10x+30 W —2x+6 35 x' +8x* +36

2) Giai h¢ phuong trinh

(l+l)(3+xy) =8,
3 ¢

Xp2h philas

y x x )y

Ciu II. (2,5 diém)
1) Tim c4c sb nguyén duong x,y,z théa man hé phuong trinh

{27x3 +27x* +10y = (x+3z2)’,
27y* +27)% +10x = (y+3z)’.
2) V6i a,b,c 1a céc sb thyc duong thda man diéu kién
(a+2)b* +(b+2)c? +(c+2)a® 2 8+abc.
Chimg minh ring
2(ab+bc+ca)<a*(a+b)+b*(b+c)+c*(c+a).

Ciu ITL (3 diém)

Cho hinh vudéng 4BCD. Liy diém P thufc canh 4B (P khic 4 va B). Goi J 1a tdm
dudng tron ndi tiép clia tam gide PAD.

1) Chimg minh ring tir gidc PJDB ndi tiép.
2) Goi H 1a tryc tm clia tam gidc PJD, S 14 giao diém cta JH va 4D. Chimg minh
ring SH = SD.
3) Goi L 14 tim dudng trdn ndi tiép cia tam gidc PBC, K 13 tryc tAm cla tam gidc
LPC. Dubdng trdn ndi tiép cia tam gisc PCD ti€p xtic CD tai E. LAy F thuge doan
thing CD sao cho CF = DE. Chiing minh ring tam gisc FHK vudng cin.
Chu IV. (1 diém)
Cho bang 6 vubng kich thuéc (2023x2023), & vuﬁng c6 kich thuéc (1x1) duge goi 12 6
vudng don vj. M3i 6 vu6ng don vj clia bing duogc t6 bing mot trong 2 mau den hoic trang
sa0 cho m&i & vudng don vj t8 mau den dugc ké véi it nhét 3 6 vudéng don vj t6 mau tring

(2 6 vudng don vj ¢ canh chung dugc goi 12 k& nhau). Hoéi sé 6 vubng don vij dugc t6 mAu
den nhiéu nhét 12 bao nhiéu?
HET.

Cn b coi thi khong gidi thich gl thim



Truong THPT Chuyén Khoa hoc Ty nhién
Moén thi: Toan (vong 1)
Nguyén Nhat Huy - Tran Nguyén Dic Nhat

Tich Kién Thiic - Trd Niem Vui

Nguyén Tién Lam - Lé Thanh Lam
Phan Anh Quan - Trinh Huy Vi

1. PHAN DE THI

Cau 1 (3,5 diém).
1) Giéi phuong trinh
1 N 1 1 N 1
VB2 +102+30 3vV22—2x4+6 3vV5 Val+822+36

2) Giai hé phuong trinh

Cau 2 (2,5 diem).
1) Tim cac s6 nguyén duong z,y, z thoa man he phuong trinh

{2mﬁ+2h¥+um—wx+361
27y3 + 27y% + 10z = (y + 32)3.
2) Cho a,b, ¢ 1a cac sb thyc duong thod man diéu kien
(a+2)* + (b+2)* + (¢ + 2)a* > 8 + abe.
Chting minh rang
2(ab + be + ca) < a*(a +b) + b*(b+ ¢) + *(c + a).

Cau 3 (3 diém). Cho hinh vuong ABCD. Lay diém P thuoc canh AB (P khac A va B).
Goi J la tam duong tron noi tiép clia tam giac PAD.

1) Chitng minh rang tit gidc PJDB nai tiép.

2) Goi H la tryc tam clia tam gidc PJD. S la giao diém cta JH va AD. Chitng minh
rang SH = SD.
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3) Goi L la tam dudng tron noi tiép clia tam giac PBC. K la tryc tam cia tam giac
LPC. Duong tron noi tiép tam giac PC'D tiép xtic v6i CD tai E. Lay F thuoc doan
thang C'D sao cho CF = DE. Chitng minh ring tam giac FHK vudng can.

Cau 4 (1 diém). Cho bang 6 vudng kich thudc (2023 x 2023), 6 vuong kich thude c6 kich
thude (1 x 1) duge goi 1a 6 vuong don vi. Méi 6 vuong don vi clia bang duge t6 bang mot
trong hai mau den hodc trang, sao cho méi 6 vuong don vi dude t6 mau den dude ké véi
it nhat ba 6 vuong don vi dugce t6 mau trang (hai 6 vuong don vi ¢6 canh chung nhau
duge goi 1a ké nhau). Héi s6 6 vuong don vi duge t6 mau den nhiéu nhét 14 bao nhieu?
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2. PHAN LOI GIAI

Cau 1: (3,5 diém)

1) Giai phuong trinh
1 1 1 1

= = + .
V522 +102+30 3vVa2—2x+6 3v5 Vat+8x2+36

2) Giai hé phuong trinh

1
(——l——) (B4+2zy) =38
r Yy
2 1 1
T ]
r x oy
Loi giai.
1) Chi y la ' + 822 4+ 36 = (2? + 6)* — 42? = (2? — 22 + 6)(2? + 22 + 6), nén phuong

trinh tuwong duong véi

(s s) (s )

Dén day, xét hai truong hop:

1 1 ) ;
o —————— — — =0, tuong duong =z~ + 2z + 6 = 9, giai ra dugc x = 1 hoac
\/a:2+32x+6 3
xr=—-3.

1 1
. S —
Vi —2r+6 V5

Vay tap nghiém ctia phuong trinh 1a {1, —3}.

= 0, tuong duong z2 — 2z + 6 = 5, gidi ra x = 1.

2) Diéu kién xac dinh: z,y # 0.
Hé phuong trinh tuong duong véi
1

1
—+—-)B+zy) =8
r oy
1 1
—+—|(z+2y+1)=8.
r Yy

. L 11 X
Hai phuong trinh trén cho ta — 4+ — # 0 nén suy ra
r Yy
3+ry=z+2y+1.
Phuong trinh nay tuong duong véi
(r—2)(y—1) =0

va tim duge x = 2 hoac y = 1.
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e Khi z = 2 thi thay vao phuong trinh thit hai cta hé, ta duge

(39
vt =3

tuong duong
2y — 9y + 6 = 0.
9+ +v33
1

Giai phuong trinh trén tim duge y =

e Khi y = 1 thi thay vao phuong trinh thit hai ctia hé, ta dugc
3
r+—-—=4
x

hay tuong duong
2® —4x +3 = 0.

Giéi tim duge z = 1 hodc x = 3.

Vay, hé da cho c¢6 bén nghiem (z;y) 1a

(1:1), (3:1), (2; %) .



Cau lac bé Toan A1, Hotline: 034 761 1986 - 035 290 3286 )

Cau 2: (2,5 diém)

1) Tim céac s6 nguyén duong x,y, z théa man hé phuong trinh

2723 4 272% + 10y = (z + 32)3,
27y% + 27y% + 10z = (y + 32)3.

2) Cho a,b,c la cac sb6 thuc duong thoa man diéu kién
(a+2)* + (b+2)* + (¢ + 2)a® > 8 + abe.
Chiing minh ring

2(ab + be + ca) < a*(a +b) + b*(b+ ¢) + *(c + a).

Loi giai.
1) Vi z,y c6 vai tro binh ddng nén khong mat tinh tong quat gia st o > y. Khi d6 ta c6
(37)* < 272 + 272 + 10y = (z + 32)® < (32 + 2)°

Do d6 ta suy ra (z + 32)> = (3z 4+ 1)® suy ra z + 32 = 3z + 1 va 10y = 9z + 1. Diéu
nay tuong duong véi 3z = 2x + 1 va 10y = 9z + 1. Thay vao phuong trinh (2), ta ¢

(3y)* < 27y* +27Ty* + 10r = (y +32)* = By + 1)* + 2 — 1 < (3y + 2)*.

Do do,tasuyray+3z2=3y+1lvarz=1suyray=1vaz=1.
Vay bo s6 (z,y, z) nguyén duong thod man duy nhat la (1,1, 1).

2) Hoén vi vong quanh a, b, ¢ thi bai toan khong thay d6i nén khong mat tinh tong quat,
gia st b nam gitta a va c. Ta c6
ab® + bc® + ca® — abe < b(a® + ¢*)
2
< b*+1
- 2
< —(a*+b* 4 2+ 1)%

(a* + )

Tu day sit dung gia thiét, ta suy ra duge

2 2 2 2
(a*+b"+c+1) > 8

2(a® +b* + ) + 3 >

hay ta c6 a® + b* + ¢ > 3. Ngoai ra
A+ +E+3=(®+ 1)+ O+ D)+ (E+1)>2a+b+c)

nén ta co
A+ +E>a+b+e



Cau lac bé Toan A1, Hotline: 034 761 1986 - 035 290 3286

Lai c6

(a(a + b) + b(b+ c) + c(c+ a))?
2(a+b+c)

((a* + b* + ¢*) + (ab+ be + ca))?
2(a+b+c)

- 4(a® + % + *)(ab + be + ca)

- 2(a+b+c)

> 2(ab + bc + ca).

a*(a+b) +b*(b+c)+P(c+a) >

Bat dang thic dugc ching minh, dau bang xay ra khi va chi khi a = b = c.



Cau lac bé Toan A1, Hotline: 034 761 1986 - 035 290 3286 7

Cau 3: (3 diém)

Cho hinh vuéng ABCD. Lay diém P thuoc canh AB (P khac A va B). Goi J la
tam duong tron noi tiép ctia tam gidc PAD.

1) Chiing minh rang tit giac PJDB noi tiép.

2) Goi H la truc tam ctia tam giac PJD. S Ia giao diém ciia JH va AD. Chiing
minh rang SH = SD.

3) Goi L la tam duong tron noéi tiép ctia tam giac PBC. K la truc tam ctia tam
giac LPC. Duong tron noi tiép tam giac PCD tiép xiic véi CD tai E. Lay F
thuoc doan thing CD sao cho CF = DE. Chiing minh ring tam giac FHK
vuong can.

Lai gidi.

1) Vi J la tam nai tiép clia tam gidc PAD nén ta c6
51 o 1/\ o 1 o] (o}
PJD =90 +§PAD=90 +§'90 = 135°.

Két hop véi vise ABD = 45° ta duge PJD + PBD = 180°. Nhut vay tt giac PJDB
noi tiép.

2) Vi PJ L DH va PJ la phan giac ctia APD nén ta c6 bién ddi goc
ADH = PDH — PDA = 90° — JPD — 90° + APD = JPD = JHD.

Tu dé suy ra SH = SD.




Cau lac bé Toan A1, Hotline: 034 761 1986 - 035 290 3286 8

3) Trudc hét ta phat biéu va chiing minh bd dé sau
B6 dé. Cho tam giac ABC vuong tai A véi
duong tron noi tiép (7). (I) tiép xtc véi BC
tai D H la tryc tam cua tam giac I BC'. Khi
do ta co

_ AB+ AC + BC
_ ) |

HD

Chitng minh bd dé. Goi (J) la dudng tron
bang tiép tng véi dinh A ctia AABC. (J)

tiép xtc v6i BC,CA, AB tai X,Y,Z. D¢ ¥
rang HBJC' 1a hinh binh hanh nén H, J d6i
xiing nhau qua trung diém ctia BC. Tit dé

do tinh déi xtng ta thu dugc HD = JX = Z
JY = JZ. Mt khac cha y rang AY JZ 1a
hinh vudng nén ta duge JY = JZ = AY =

AZ. Nhu vay,

HD:AY:AZ:ABJrAQCjLBC. /

Trd lai bai toan. Ha HX L CD va KY 1L CD vé6i X, Y € CD. HJ cat PD tai Q
va KL cat PC tai R.

Tit ¥ 2) két hop vdi HX || AD ta suy ta XHD = ADH = JHD, tit d6 kéo theo
AHXD = AHQD (canh huyén - géc nhon) va DX = DQ. Lai cha § ring Q chinh
la tiép diém ctia duong tron noi tiép (J) cia APAD vé6i canh PD, ta thu duge
DA+ PD— AP _ PB+PD

DX = DQ =
@ 2 2

Mat khac, ta ciing co

DF—CE—PC+C;)_PD.

T do, ta thu duge

PB+PC+CD PB+ PC+ BC
2 N 2 ’

Lap luan tuong ty nhu trén ta thu duge AKRC = AKYC (canh huyén - géc nhon)
nen thu duse KY = KR. Ap dung bd dé néi tren cho tam gidc PBC ta thu duge

PB+P B
KY = KR = + 20+ C:XF.

Chiing minh tuong tu ta cing dugc HX = FY. Tudésuyra AHXF = AFY K (c.g.c),
din dén FH = FK, XFH =YKF =90° - YFK. Do d6, XFH + YFK = 90° dan
dén HFK = 90°. Nhu vay, ta thu dudc tam giac F'HK vuong can tai F.

XF=DX+DF =

]



Cau lac bé Toan A1, Hotline: 034 761 1986 - 035 290 3286 9

Cau 4: (1 diém)

Cho bang ¢ vuong kich thudc (2023 x 2023), 6 vuong kich thudc cé kich thudc
(1 x 1) dugc goi la 6 vuong don vi. Méi 6 vuong don vi ctia bang dugc t6 bing mot
trong hai mau den hodc trang, sao cho méi 6 vuong don vi dugc té6 mau den dugc
ké véi it nhat ba 6 vuéng don vi dugc t6 mau trang (hai 6 vuong don vi c6 canh
chung nhau dugc goi la ké nhau). Héi s6 6 vuong don vi dugc t6 mau den nhiéu
nhat 1a bao nhiéu?

Loi giai. Ta chia bang 6 vuong 2023 x 2023 thanh % hinh 2 x 2, 2022 hinh 1 x 2 va
1 hinh 1 x 1 nhu sau.

(Chi thich: Trong hinh trén, cdc hinh 2 x 2 s& xép thanh mot hinh 2022 x 2022, cac hinh
1 x 1 sé& ghép thanh hai hinh 1 x 2022 nam & phia bén phai va phia dudi hinh 2022 x 2022,
va hinh 1 x 1 14 6 géc duéi bén phai clia bang 2023 x 2023 ban dau)

Hién nhien 4 6 goc ctia bang 2023 x 2023 phai c6 mau trang, nén 6 1 x 1 & cach chia trén
phéi c6 mau trang.

Xét phan con lai clia bang, gid st s6 6 den trong phan con lai 16n hon s6 6 trang. Khi do,
ton tai mot hinh (1 x 2 hodc 2 x 2) trong céch chia trén c6 s6 6 den nhiéu hon s6 6 trang.
Néu nhu mot hinh 1 x 2 trong cich chia trén c6 s6 6 den nhiéu hon 6 trang, thi hinh d6
phéi chita 2 6 den, Diéu nay mau thudn véi dé bai do khi d6 2 6 den trén chi c6 thé ke
véi t6i da 2 6 trang moi o.

Néu nhu mot hinh 2 x 2 trong cach chia trén c¢6 s6 6 den nhiéu hon 6 trang, thi hinh do
phai chita it nhat 3 6 den. Diéu nay mau thuan véi dé bai do khi do6 trong 3 6 den trén
sé phai c6 1 6 ké véi 2 6 den con lai, do d6 6 nay chi c6 thé ké véi tdi da 2 6 tring.

Nhu vay gia st ban dau 1a vo 1y, suy ra trong phan con lai clia bang thi s6 6 den khong
thé nhiéu hon s6 6 tring. Suy ra s6 6 den t6i da la

20232 — 1
2

= 2046264.

Mot cach t6 thod méan con so trén sé la to den tring xen ké theo kiéu ban co. O
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