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Moén thi: TOAN
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Thdi gian lam bai: 150 phait
(Dé thi cé 01 trang)

Bai I (5,0 diém)
1) Giai phuong trinh (4o + 2)N2? 4+ 22+ 5=(2" + 2z +2)VJdz +5
2) Cho bén sb thuc duong a,b,c,d théa man a® +b° +c* =3d*, b° +c° +d° =3a" va
¢" +d" +a" =3b". Ching minh rang a =b =c =d.
Bai II (5,0 diém)
1) Chitng minh rang véi moi s6 tu nhién n thi n? + 3n + 11 khong chia hét cho 49.
2) Tim tat ca cac bo ba s6 nguyén duong (z;y;p) v6i p 1a 6 nguyeén td théa man:
o+ pPy =6(z+2p).
Bai III (3,0 diem)

£ ’ ’ . 1
1) Cho hai s6 thuc duong z,y théa man 5(z —y)* < (2> +¢?). Chimg minh 3 < z <2.

Y
2) Cho ba s6 thuc duong 7,7,z théa man didu kién 5(z +y + 2)* > 14(z* + 3> + 2%). Tim gia
. R , 2
tri 16n nhat va gia tri nho nhat cta biéu thitc P = vtz .
T+ 2z

Bai IV (6,0 diém)

Cho tam gidc ABC ¢6 ba géc nhon (AB < BC), ngoai tiép dudng tron tam I. Hinh chiéu ctia
diém I 1én cac canh AB, AC theo thit tu 13 M, N va hinh chiéu ctia B lén canh AC 14 Q. Goi D 1a
diém ddi xting cia A qua @, P la tAm dudng tron noi tiép tam gidc BCD va R 1 giao diém cia hai
duong thang MN, BQ.

1) Chitng minh cdc tam gidc BMR va BIP dong dang.

2) Chiing minh duong thang PR song song véi dudng thang AC.

3) Chimg minh dudng thing MN di qua trung diém ctia doan thang AP.
Bai V (1,0 diém)

C6 15 hép rong. Maéi bude, ngudi ta chon mdt sé hop ro6i bd vao mdi hdp mét s6 vién bi sao
cho s6 vién bi bé vao méi hop 1la mot liy thita clia 2 va trong moi bude khong c¢6 hai hop nao ¢ s6
bi dugc bd vao gidng nhau. Tim s6 nguyén duong k nhé nhat sao cho sau khi thuc hién & budc tat
cé cac hop déu cé s6 bi giong nhau.
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Vo Québc Ba Can

1. Dé thi

Bai 1 (5.0 diém).
a) Giai phuong trinh:

(4x +2)Vx2 +2x 4+ 5= (x* +2x + 2)+/4x + 5.

b) Cho bdn sb thuc duong a, b, ¢, d théa man a® + b3 + ¢3 = 3d3, b> + ¢° + d° = 3a°
vac’ +d7” +a” =3b7. Chingminhringa = b = ¢ = d.
Bai 2 (5.0 diém).
a) Chiing minh ring v&i moi s6 tu nhién n thi n2 + 3n + 11 khong chia hét cho 49
b) Tim tit ca cac bd ba sb nguyén duong (x, y, p) v6i p l1a sb nguyén t6 thda man
x*+ p?y? = 6(x +2p).
Bai 3 (3.0 diém).
a) Cho hai s6 thuc duong x, y théda man 5(x — y)? < x2 + y2. Ching minh ring

=-=<2

X
y

| —

b) Cho ba sb thuc duong x, y, z thay d6i théa man didu kién 5(x+y +2)% > 14(x2+y2+z2).
Tim gi4 tri 16n nhat va gid tri nhd nhit ctia biéu thiic
_ 2x+z
x 42z

Bai 4 (6.0 diém). Cho tam gidc ABC c6 ba géc nhon, AB < BC, ngoai tiép dudng tron tim
I. Hinh chiéu vudng goc clia diém 7 trén céc canh AB, AC theo thi tu 1a M, N va hinh chiéu
vudng géc clia diém B trén canh AC 1a Q. Goi D 1a diém dbi xing ctia diém A qua diém Q,
P 1a tam dudng tron ndi tiép tam giac BCD va R 1a giao diém ciia hai dudng thang M N, BO.
Chiing minh ring

a) Cic tam giac BMR va BI P dong dang.

b) Puong thing PR song song v6i dudng thang AC.

c) Puong thing M N di qua trung diém ctia doan thang AP.
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Bai 5 (1.0 diém). C6 15 hop rdng. Mi budc, ngudi ta chon mot s hop rdi bd vao mbi hop mot
s6 vién bi sao cho sb vién bi bd vao mdi hop 1a mot liiy thita clia 2 va trong mdi budc khong c6
hai hop nao c6 sb bi dudc bod vao gidng nhau. Tim s6 nguyén duong k nhé nhit sao cho sau khi
thuc hién k budc, tit ca cac hop déu c6 sb bi gidng nhau.

2. Loi giai va binh luan cac bai toan

Bai 1 (5.0 diém).

a) Giai phuong trinh:
(Ax +2)Vx2+2x + 5= (x* +2x +2)V4x + 5.

b) Cho bbn sb thuc duong a, b, ¢, d théa man a3 + b3 + ¢ = 3d3, b> +c° +d> = 3a®
vac’ +d” +a” =3b7. Ching minhringa = b = ¢ = d.

Loi giai. a) Diéukién: x > —2. Pita = /4x + 5vab = VX2 4+2x+5(a, b>0).Tacé
4x+2=a*-3, x*+2x+2=0>b>-3.
Phuong trinh da cho c6 thé dugc viét lai thanh (a? — 3)b = (b? — 3)a, hay
(a—>b)(ab+3)=0.
Do ab + 3 > 0 nén tu dy, ta c6 a = b hay
x4+ 2x +5=4x+2.

Giai phuong trinh ndy, ta dugc x € {0, 2}. Thi lai, ta thiy théa man. Vay phuong trinh da cho c6
tap nghiém 1a S = {0, 2}.

b) Trong ba s6 b, d, a c6 mdt s6 hoic 1a s6 16n nhét, hoic 1a s6 nho nhit trong bdn s6 da cho.
Xét cac truong hdp sau.

e Trudng hop 1: b la s6 I6n nhdt hodc la s6 nhé nhat trong a, b, c, d.
o Néu b 1asd16n nhittrong a, b, ¢, d thitacéc’, d”, a’ < b’ nén
+d +ad <b"+b"+b" =3b".
Miit khéc, theo gia thiét thi diu dang thifc phai xay ra. Dodé ¢ = d = a = b.
o Néu b 12 s6 nhé nhit trong a, b, ¢, d thitacéc’?, d’, a” > b7 nén
+d +ad" =b"+b"+b" =3b".
M:iit khéc, theo gia thiét thi diu dang thifc phai xay ra. Dodé ¢ = d = a = b.
e Trudong hop 2: d la sé I6n nhat hodc la s6 nhé nhdt trong a, b, ¢, d. Ching minh
tuong tu nhu truéng hgp trén, taclingcéa = b =c = d.

e Trudng hop 3: a la sé lén nhdt hodc la s6 nhé nhdt trong a, b, ¢, d. Chiing minh
tuong tu truong hop 1, taciingcéa =b =c =d.

Viy, trong moi trudng hdp, talubncéa =b =c =d. [
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Bai 2 (5.0 diém).
a) Ching minh ring v6i moi s6 tu nhién n thi n2 + 3n + 11 khong chia hét cho 49.
b) Tim tt ca cac bd ba s6 nguyén duong (x, y, p) v6i p 1a s6 nguyén td thda man

x% + p2y2 = 6(x + 2p).

Ldi gidi. a) Gia s ton tai s6 tu nhién n sao cho n? + 3n + 11 chia hét cho 49. Khi do, ta c6
4(n? + 3n + 11) = (2n + 3)? + 35 chia hét cho 49. (1)

Ma 35 va 49 cung chia hét cho 7 nén ta c¢6 (2n + 3)? chia hét cho 7. Suy ra 2n + 3 chia hét cho
7. T d6 (2n 4 3)? chia hét cho 49. Két hop véi (1), ta dudc 35 chia hét cho 49, mau thuin. Vay,
v6i moi s tu nhién n thi n? + 3n + 11 khong chia hét cho 49.

b) Do 6(x + 2p) chia hét cho 3 nén tit phucng trinh di cho, ta suy ra x2 + p2?y? chia hét cho 3.
Mt khac, ta c6 d€ y rang, vi moi s6 nguyén a thi a? chia 3 du 0 hoic 1. Do d6, dé x2 + p2y?
chia hét cho 3 thi ta phéi c6 x2 va p?y? cung chia hét cho 3. Suy ra x va py cling chia hét cho 3.

Dit x = 3a véi a nguyén duong. Phuong trinh da cho c6 thé dugc viét lai thanh
9a® + p?y? = 18a + 12p. (1)

Do 9a?, p?y? va 18a chia hét cho 9 nén tit phuong trinh trén, ta suy ra 12 p chia hét cho 9, tiic
p chia hét cho 3. Ma p 1a s6 nuyén t6 nén p = 3. Khi d6, phuong trinh (1) c6 thé viét lai thanh

a’> + y* =2a + 4,

hay

(@—1)>+y* =5 2)
Vi (a — 1)?> > 0 nén tif phuong trinh trén, ta suy ra y2 < 5. Do y 1a s6 nguyén duong nén ta
c6 y € {1, 2}. Bang phép thii truc tiép, ta tim dudc cic cip sd nguyén duong (a, y) théa man
phuong trinh (2) 1 (3, 1) va (2, 2). Tir d6 suy ra, ¢6 hai bd s6 (x, y, p) théa man yéu cau dé
baila (9, 1, 3) va (6, 2, 3). O

Bai 3 (3.0 diém).

a) Cho hai s6 thuc duong x, y thda man 5(x — y)? < x2 + y2. Ching minh ring

<- =<2

N —
< | =

b) Cho ba s thuc duong x, y, z théa man diéu kién 5(x + y + z)% > 14(x2 + y2 + z2).
Tim gi4 tri 16n nhat va gia tri nhé nhit ctia biéu thic

_2x—|—z
 x 42z
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Loi gidi. a) Gia thiét da cho c6 thé dugc viét lai thanh 2(x — 2y)(2x — y) < 0, hay
X 2x
)
y y

<2.

Tu do, ta cod

=

N | —
< | =

b) St dung bat ding thiic Cauchy-Schwarz, ta c6
2 9 o) 2, .2 > 2, .2
S5x+y+2)°<5 g—l-l §(x+z) +y | =14 §(x+z) +y7.

K&t hop véi gia thiét, ta suy ra x? + z2 < 2(x + z)?, hay

(x —22)2x —z) <0.

Tu day, ta co
i§x§22.
2
Suy ra
_2x+z_ 3z - 3z _4
Cox 42z x+2z %—I—ZZ 5
va
3z 3z 5
P=2- <2-— = —.
x + 2z 2z + 2z 4

Viy 2 < P < 2. Bét déng thiic bén trdi xdy ra diu dang thic khi z = 2x va y = 3x. Bit dang
thic bén phai dat dugc diu dang thic khi x = 2z va y = 2z. Tém lai, gié tri 16n nhét cta biéu
thitc P 1a 2 va gid tri nh6 nhit cla biéu thic P 1a 2. O
Binh luan. Hoc sinh cin chiing minh lai bit dang thiic Cauchy-Schwarz khi stt dung.
Bai 4 (6.0 diém). Cho tam gidc ABC c6 ba géc nhon, AB < BC, ngoai tiép dudng tron
tam /. Hinh chiéu vuong géc ctia diém I trén cdc canh AB, AC theo thi tu'1a M, N va hinh
chiéu vuong géc ctia diém B trén canh AC 1a Q. Goi D 1a diém dbi xiing ctia diém A4 qua

diém Q, P 1a tim dudng tron ndi tiép tam gidc BCD va R 1a giao diém ctia hai dudng thang
MN, BQ. Chiing minh ring

a) Cic tam giac BMR va BI P dong dang.
b) Puong thang PR song song v6i dudng thang AC.
c) DPuong thing M N di qua trung diém ctia doan thang AP.

Lai giadi. a) Do AM va AN la céc tiép tuyén ctia dudng tron (/) nén AM = AN, suy ra tam
gidc AMN can tai A. Tu do

1 1
ZBMR = 180° — ZAMN = 180° — 5(180° — ZBAC) = 90° + EZBAC.
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Mat khéc, ta cling co
1 1
/BIC =180° - ZIBC — ZICB = 180° — E(AABC + ZBCA) = 90° + EéBAC.

Do do
/BMR = /BIC. (1)

Do QA = QD va BQ 1 AD nén tam giac ABD can tai B. Tu d6
ZABR = ZDBR = 90° — ZBAC.

Suy ra
/BRM = 180°— /BMR — /MBR

1
= 180° — (90° + EABAC) —(90° — ZBAC)

= 1ABAC.
2

Mit khdc, ta ciing c6 (chd y ring C, P, I thang hang)
1 1 1
/ZBPI = /PBC + ZPCB = EADBC +/ZDCB = EAADB = EABAC.

Do do
/BRM = /BPI. (2)

Tu (1) va (2),tac6 ABMR -~ ABIP (g-g).

b) Do ABMR «~ ABIP (theo ciu a)) nén ta cd
BM _ BI

-0 3
BR BP (3)
va
/MBR = /IBP. 4)
Tu (4), tasuy ra ZMBR + Z/RBI = ZIBP + /RBI, hay
/MBI = /RBP. (5)

Tir (3) va (5), ta suy ra ABMI «~ ABRP (c-g-¢). Do d6 ZBRP = ZBMI = 90°. Suy ra
RP 1 BQ.Matkhac, taciingcé BQ 1 AC nén PR || AC.
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c) Tacod

1 1
ZRND = 180°— ZANM = 180° — 5(180o — ZBAC) = 90° + EABAC.

Lai c6
ZPDN = ZADB + ZBDP = ZADB + %ABDC
= /ADB + %(180° — /ZADB) = 90° + %AADB
=90° + %ABAC.
Do do

ZRND = ZPDN.
Miit khac, theo ching minh ciu b), tacé PR || DN nén ti gisic DNR P 1a hinh thang. Két hop
v6i két qua trén, ta suy ra ti gidc DNRP 1a hinh thang can. Tir d6
ZNPR = ZDRP = ZRDN. (6)
Tam gidc RAD c6 RQ viia 1a dudng trung tuyén vira 12 dudng cao nén can tai R. Suy ra
ZRDN = ZRAN. (7)
Tu (6) va (7),tacd6 LZRPN = ZRAN.Laic6 ZNRP = ZRNA (so le trong). Do d6
ZRNP =180°— ZNRP — ZRPN = 180° — ZRNA — ZRAN = ZNRA.

Ma hai goc RNP va NRA & vi tri so le trong nén RA | PN. T giac ARPN c6 PR || AN va
AR || NP nén la hinh binh hanh. Suy ra hai dudng chéo RN va AP cit nhau tai trung diém ctia
mdi duong. Vady M N di qua trung diém ctia AP. [

Bai 5 (1.0 diém). C6 15 hop réng. Mbi budc, ngudi ta chon mot sé hop rdi bé vao mdi hop
mdt sd vién bi sao cho sb vién bi bd vio mdi hop 1a mot liy thira ctia 2 va trong mdi buée
khong ¢6 hai hop niao c6 sd bi dude bd vao gidng nhau. Tim sd nguyén duong k nhd nhét sao
cho sau khi thuc hién k budc, tit ca cac hop déu c6 sb bi gidng nhau.

Loi gidi. Gia st sau k budc, mdi hop déu c6 n vién bi. Khi do, sd bi trong tit ca cac hop 1a 15n.

Goi 2™ 1a s6 vién bi nhiéu nhat dudc bd vao mot hop nao d6 & budc thii (1 <i < k). Goi m
12 s6 16n nhét trong cac sb my, mo, ..., mi. Khi d6, 8 mdi budc, s6 vién bi dudc bé vao tit ca
cac hop khong vuot qud 27 4 2"~ 4 ... 421 420 = 2m+1 _ 1 Suy ra, sau k budc, sb vién bi
trong tat ca cc hop khong vuct qua k(2™+! — 1). Do dé

15n < k@™ — 1) < k. 2mt1,

Mt khéc, dé thiy n > 2™ nén 15-2™ < 15n < k - 2™ suyra k > 7.5. Vi k 1a sb nguyén
duong nén k > 8. Do d6, can khong it hon 8 budc d€ s6 bi trong tit ca cac hop déu bang nhau.
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Miit khdc, ta c6 thé thuc hién 8 budc bo bi vao cac hop nhu sau:
e Buéc 1:1, 2, 22, 23,24, 25,26, 27,0,0,0,0,0, 0, 0.

e Budc 2:1, 2,2%,23,24,25,25,0,27,0, 0,0, 0, 0, 0. Khi do, sb bi trong mbi hop
lan lugt 1a 2, 22, 23, 24,25 26 27 27 27 0,0, 0, 0, 0,

0.
, 0. Khi d6, s6 bi trong mbi hop
0, 0.

e Budc 3:2, 22, 23,24, 25,29, 0,0,0,27,0,0,0, 0
lan lugt 12 22, 23, 24, 25 26,27 27 27 27 27 0,0, 0, 0,
[ )
e Budc 8:25,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 27. Khi d6, s6 bi trong mbi hop lan

lugt 1a 27, 27, 27,27, 27,27, 27,27, 27, 27,27 27,27 27 27,

Vﬁy kmin = 8. OJ
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