TAI LIEU LUYEN THI THPT QUOC GIA | 2016

roneror BAT DPANG THUC VA CUC TRI

I.CAC BAT PANG THUC THUONG PUOQC SU DUNG

@ Bat dang thu'c Cauchy (AM - GM)
e Vg b>0, thi: [a+b>2ab| Dau "=" xay ra khi va chi khi: a =b.

e Va, b c>0, thi |u+b+c23.\3/a.b.c|. Dau "=" xay ra khi va chi khi: a=b=c.

2 3
Nhiéu treong hop danh gia dang;: Ja_=_a;b@a'bg(a;bj va a.b.cs(a+z+cj .

@ Bat dang thu'c Cauchy - Schwarz (Bunhiaxcopki)

e Va, b x, yeR, thi |(a.x+b.y)2 <(a* +b*)(x* +y2)|. Dau "=" xay ra khi va chi khi: Ezé-
Xy
e Va, b, x y zeR, thi: |(a.x+b.y+c.z)2 <@ +b*+cH) (P +y° +zz)|.
Dau "=" xay ra khi va chi khi: a_b_c,
Xy z

Nhiéu treong hop danh gia dang: |a.x + b.y| < \/(az +07)(x* + 7).

Hé qua. Néu g, b, ¢ 1a cacsd thuc va x, y, z la cdc s6 duong thi:

2 2 2 2 2 2 2
a_+b_2(a+b) va a_+b_+c_2(a+b+c)
X Yy x+y X Yy z x+y+z

: bat dang thiéc cong mau so.

® Bat dang thu'c vecto

Xét cac vécto: u = (a;b), v=(x;y) . Ta ludn co: ‘Z{‘ + ‘v‘ > ‘;l + 5‘

= \/dz +b +\/x2 +y° 2\/(a+x)2 +(b+y)*| Dau "=" xay ra khi va chi khi U VA D cung hudng.

@ Mot sd' bién doi hang dang thu'c thuwong gap
o X4y’ =(x+y)’ -3xy(x+y). o X+t +20 =(x+y+z) —2(xy+yz+2x).

o X+ +2 =(x+y+2)’ -3(x+y)(y+2z)(z+x).

o X+y’+2° =3xyz+(x+y+z)[x2 +y° +2° —(xy+yz+zx)].

e (a-b)(b—c)(c—a)=ab® +bc* +ca’ —(a’b+b’*c+c’a).

o (a+b)b+c)c+a)=(a+b+c)(ab+bc+ca)—abc.

2(a’ +b° + %) —6abc
a+b+c

(a=b)* +(b—-c)* +(c—a)* =2(a* +b* +c* —ab—bc—ca) =

(a=b)* +(b—c)’ +(c—a)’ =3(a-b)(b-c)(c—a).
200+

o.(a® +b*)+P.ab =

_ _ 2 _ 2 2
(a+Db)? +2°‘TB(a—b)2 va ab=2=0 2(” b)),
® Mot s6 danh gia' co ban va bat dang thu'c phu

Cac danh gia co ban thuwong duoc st dung(khong can chiing minh lai)

suy ra

a. Vxyz20 —" s vyt +2° >y +yz+zx.
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b. Vx; ;220 —"— (x+y)(y +2z)(z+x) = 8xyz.
c. VxyzeR "5 3(x* +y° +2°) > (x+y +2)°.
d. Vxyz>0 —" 5 (x+y+2)(x° +y° +2°) 2 3(x°y + y’z + 2°x).
e. Vx;y;,220 —" 5 (x+y+2)° >3(xy + yz + zx).
f. Vxy 220 —7 s Py’ + 4727 + 2207 2 xyz(x +y +2).
g Vx; 220 —" (xy+yz+2zx)" 2 3xyz(x +y +2).
h. Vx; y; ze R —" 3(x*y* +y°2° +2°x%) > (xy + yz + zx)°.
i Vx;y;zeRM)(x+y+z)(xy+yz+zx)S%(x+y)(y+z)(z+x).
Cac bat ding thitc phu thwong duoc st dung(chiing minh lai khi 4p dung)
j- Vx;yZOM)x3+y32i(x+y)3.
k. Voay>1 12+ 122 2 avVaysl —sun 12+ 123 z_
1+x° 1+y~ 1+xy 1+x* 1+y~ 1+xy
Suyra: Vay>1 —4"— L + 1 > 2 vaVay<l —= 1 + 1 < 2.
1+x 1+y 1+\/E 1+x 1+y 1+\/@
L. Vxy>1 —=F 1 ~+ 1 ~> 1 .
I+x)" (A+y)” 1+xy
1 1 2

.V x; 0;1 Sy ra < )
m xye[ ] \/1+x2+\/1+y2 \/1+xy

2
>
n. v{x’y‘o T EN (1—1j[1—1]2[ 2 —1J :
x+y>1 X y x+y

Chung minh cac danh gia co ban

suy ra

a. Chung minh: V x; y; 220 —" x* +y* +2° > xy + yz + zx.

Xyt 22\x%y =2xy

, @

Ap dung BDT Cauchy: {y* +2* 22\y’z* =2yz = x> +y* +2° 2xy+yz+zx. Dau "=" khi x=y =z
z2 +x% 2 24z%x% =2zx

suy ra

b. Chung minh: V x; y; 220 —~— (x +y)(y + z)(z + x) > 8xyz.

x+y22@

nhan

Ap dung BDT Cauchy {y+z> 2\/y_z =(x+y)(y+2z)(z+x)=x’y’z* =8xyz. Ddu "=" khi x=y=z.
Z+x22zx

c. Chung minh: Vx; y; ze R —" 3(x* +y* +2°) > (x +y +z)°.
Ap dung BDT Cauchy - Schwarz dang céng méu sg ta duoc:
2 2 2 2 2 2
X +yt+z2 :T+%+%ZW:3(%+3/Z +z2°)2(x+y+z)’. Dau "=" khi x=y =2z

d. Chung minh: V x; y; z>0 — " (x+y+z)(x* +y* +2%) 2 3(xX’y + ¥’z + 2°x).
Taco: (x+y+z)C+y* +2°)=(x° +xy”) +(y° +yz°) +(2° + z2X) + X’y + Y’z + 2°x

Ap dung BDT Cauchy cho tirng dau (...) ta duoc:

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 2



TAI LIEU LUYEN THI THPT QUOC GIA | 2016

(x+y+z)(x* +y* +2°) 2 2X°y + 2’z + Zx + Xy + Yz + 22 =3(x’y + ¥’z + z°x). Dau "=" khi x=y =z
e. Chung minh: V x; y; 2>0 —" (x+y+2)° > 3(xy + yz + zx).

Taco: (x+y+z)’ =x"+y° +2° +2(xy +yz +2x) > 3(xy + yz + zx). Ddu "=" khi x=y=z.
f. Chung minh: V x; y; z>0 —" x*y? + y°2° +2°x% 2 xyz(x + y + 2).

Dit: a=xy; b=yz; c=zx thi bat dang thitc can chung minh tuong dwong voi:

a* +b* +c* > ab+bc + ca : ludn dung theo bat dang thitc Cauchy (BDT a.)

Dau dang thu'c khi x=y =2z hodc y=z=0 hodc x=y=0 hodc z=x=0.
g. Chung minh: V x; y; >0 —" (xy +yz +2zx)* > 3xyz(x + y + 2).

Dit: a=xy; b=yz; c=zx thi bat dang thitc can chung minh tuong dwong voi

(a+b+c)’ >3(ab+bc +ca) : ludn dung theo BDT e.

Déau dang thi'c khi x=y =z hodc y=z=0 hodc x=y=0 hodc z=x=0.

suy ra

h. Chung minh: V x; y; ze R —" 3(x*y* + y°z" + 2°x%) > (xy + yz + zx)*.

2 2 2 | Cauchy—Schwarz
(x? + (yi) + (zalc) > (xy+yz+zx).

Ta co: 3(x*y* +y’z> +2°x%)=3 {
Déau dang thiéc xay rakhi x=y =z.

suy ra

i. Chungminh: Vx; y; ze R —" (x+y+z)(xy +yz +2zx) <

@ [ \©

(x+y)(y +2)(z +x).

Cauchy
Taco: (x+y)(y+z)(z+x) 2 2@\/y_z\/; =8xyz.
Mat khac: (x+y+z)(xy +yz + zx) = xyz + (x + y)(y + z)(z + x). Suy ra:
(x+y+2)(xy+yz+zx) < [% + 1](35 +y)y+z)(z+x)= g(x +y)(y +z)(z +x).

Dau dang thiéc xay ra khi: x=y=z.
Chung minh cac bat ding thu'c phu

suy ra

j. Chung minh: V x; y>0 —" x° +1° Zi(x+y)3.

Cauchy 2 3
Tacéd: X*+y° =(x+y)’ +3xy(x+y) > (x+y)3+3.(x+7yj .(x+y)=%- Déau "=" khi x=y.

W 12+ 12_ 2 va Vay<l —~ 12+ 123 z_
1+x° 1+y~ 1+xy 1+x 1+xy

1 1>2

1+x* 1+y°

vV

k. Chitng mnh: V xy >1
1+y

Chung minh: Vxy>1=

1+ay @

Bat dang thu'c (1) twrong dwong voi: [1 +1 771 +1xy] + [1 +1 T +1ny >0
x y

o - -y g xy-x) ymy)
1+x)A+xy) (A+y)(A+xy) 1+x)A+xy) (A+y>)A+xy)

,x(ltyz)—};(lJer) S0 (y-1). (x:y)+x%(y—X) >0
I+x)1+y )1 +xy) I+x)A+y )1 +xy)
y-0’(y-1)

A+x)A+y")(1+xy)

< (y—x)

0:dung Vxy>1. Dau "=" khi x =y hoac xy=1.
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Chung minh: Vxy<1= 12+ 123 2 (2)
1+x* 1+y~ 1+xy

Ta lam twong tu va ddu dang thu'c xay ra khi va chi khi x = y hoac xy =1.

1 + 1, 2 va Vxy<l= L + 1.2
1+x 1+y_1+\/5 I l+y_1+\/g
1 1 1 3

>+ + > 3)

1+x* 1+y* 1+z2° 1+xyz

Suyra: Vxy>21=

Mo'rong: V x; y; z>1 thi

Chung minh: Ghép ting cap xoay vong, cong lai. Dau " ="khi va chikhi: x=y=z=1.
suy ra 1 + 1 2 1 .
1+x)* (1+y)* 1+xy

. Chuhg minh: V x;y>1

. 1 .1 1 1 2 1
Ta co: >+ 52 = - + - 20
(I+x)” (1+y) I+xy 1+x 1+y I+x)(1+y) 1+xy
)2 o AV
-»" , d+xy-x-y . -0  («-Dly-1

>0: dung Vx,y>1.

(1+x)(1+y)? A+x)1+y)A+xy) 1+x’1+y)? A+x)1+y)1+xy)
Dau ddang thifc xay ra khi va'chikhi x =y =1.
. Chung minh: V x; ye[O;l] oy 1 1 2
J1+2 \/1+y \/1+xy
Cauchy—Schwarz
Ta cé: 1.—— ! < NPT ! ~+ ! - (1)
\/1+x \/1+y I+x* 1+y
< , o1 1 2
Mat khac Vx,y €(0;1), thi >+ > < @)
1+x° 1+y~ 1+xy
a2 4,2
Thatvay: Q)| - |+| 1 L Jcoe WX WY
1+x° 1+xy 1+y° 1+xy I+x)A+xy) (I+y")A+xy)
_ _ 2
x(zy ), y(zx Y e W=D . gung vay<1.
(I+x7)1+xy) (1+y )(1+xy) 1+ (1+y*)(1 +xy)
1

Tw (1), (2), suy ra: , VXY e [0;1]. Dau dang thifc xay ra khi: x=y.

\/1+x \/1+y \/1+xy

2
, y=0
. Chung minh: V {x 4 — (1—1J[1—1]2[ 2 _1J .
x+y>1 X Y X+y

2 2
Ta co: BBT@l—l—l> 4 4 N 1 4 21+l— 4 PN -y _ (x-y

xy x y (x+y) x+y xy (x+y) x oy x+y  ay(x+y)  xy(x+y)
S ((x-y)(1-x—y)>0: ddng véimoi x+y <1 vadau "=" khiva chi khi: x=y.
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PATPANG THUC VA CUC TDI
TDONG CACDE THI THU NAM 2016

Cau 1: Cho a,b,c 1a cac sd thuc thoa man a,b,c€[L2]. Tim gid tri 16n nhat ctia biéu thic sau:
_ 2(ab+bc+ca) N 8 _b+c+4
2(2a+b+c)+abc 2a(b+c)+bc+4 Joc+1

Treong THPT Anh Son 2 - Lan 2

Loi giai tham khao
Vi a,b,c€[1;2] nénta cé (a—1)(b-2)(c-2)>0
<abc+2(2a+b+c)>2(b+c)a+bc+4
D&u “=" xay ra khia=1hodcb =2hodcc=2

Do d6 vado a>1 nén ta co

_ 2(ab+bc+ca) N 8 _b+c+4
2(2a+b+c)+abc 2a(b+c)+bc+4 Joc+1
< 2(ab+bc+ca) N 8 _b+c+4 _2a(b+c)+bc+4+bc+4 b+c+4
~2a(b+c)+bc+4 2a(b+c)+bc+4  Jbe+1 2a(b+c)+bc+4 Jbe +1
bc+4 b+c+4 bc+4 b+c+4 bc+4 2/bc + 4
=1+ - <1+ - <1+ -
2a(b+c)+bc+4  Joc+1 2(b+c)+bc+4  Joc+1 bc+4/oc+4  <Jbc+1
t?+4  2t+4

Dit t =+bc e[L:2]. Xét ham s& f(t) =1+ trén [1;2]

(t+2)° t+1

4t -8 2 4 2
= >+ > 2——+—->0
(t+2)° (t+1) 27 9

f(t)
nén f(t) lién tuc va dong bién trén [1;2] Suyra P< f(t) < f(2) = —%

Vay, gia tri 16n nhat caa P = —% khia=1,b=c=2.

Cau 2: Cho cac sd thuc a, b, ¢ khdong am thoa man a’+b’+c? =1 .Chttng minh r@fmg

1 1 132

+ + .
l-ab 1-bc 1-ca 2

Trueong THPT Bac Yén Thanh — Lan 1

Loi giai tham khao
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1 1 1 9 ab bc ca 3

+ + <o + + <=
l-ab 1-bc 1-ca 2 1-ab 1-bc 1l-ca 2
Ta co =— 22ab 5 <— Z?b 5 -

l-ab 2a“+2b“+2c°-2ab a“+b“+2c

L a’ b? (a+b)’ 4ab
Theo bat dang thirc Bunhiacopxki + > > }
& P a’+c® b*+c? a’+b*+2c? a’+b*+2c?

ab _1( a’ b’
Va <= + :
Y1 ab 2[a2+c2 b2+02]

Tuwong tu be <1 b* + ¢ ac <1 a’ + ¢
B I he 2\ b%ra2 Fra)1-ac 2\ at4b:  Fabt )

| &

Cong lai ta c6 diéu phai chiing minh. Dau bang khi a=b=c=

Cau 3: Cho x, y, z la cac s0 thuc duwong thoa man di€u kién zyz =8 .

%
JX+y+z+3

Truong THPT S& 3 - Bao Thang — Lao Cai-Lan 1

Tim gia tri nho nhat cua biéu thic : P = (x+ y)(y + 2)(z +X) +

Loi giai tham khao
(+y)(y+2)(z+2)=(@+y+z2) zy+yz+2c —8
Taco: a—b2+(b—c)2—|—(c—a)220
Sa+P+ >ab+bectcas atbtc >3 ab+be+ca * . Thay

2
a=uxy;b =yz;c=zr vao ()= zy+yz+2X >3ayz x+y—+2

= zy +yz + 2X 22«,6 r+y+z
48
Do d6: P22(x+y+2),/6(x+y+2)+——=-8
Jx+y+z+3

48
bat:t=x+ +zz33xz:6=>P22t\/§+ -8,(t=x+y+2z,t>6
: y y \/m ( y )
, 48 3,/6t(t+3)° —24
Xét ham s8 f (t) = 2t/6t + ——=—8,(t > 6) = f (t) = —=> f'(t)>0,vt>6
J3+t /(t+3)
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=> f(t) dong bién trén [6;+w0). Vay [Ié(lin) f(t)=f(6)=80

Suy ra P >80 d&ubang xay rakhi x=y=2z=2

Két luan : Gia tri nho nhat cua P 1a 80 dat duwockhi x=y=2=2

Cau 4: Cho cé4c s6 thuc duong a, b, ¢ théamin a +b +c = 1.

7 n 121
a2 +v2+¢2 14(ab+be + ca)

Tim gia tri nho nhét cua biéu thic A =

Trueong THPT Binh Minh - Ninh Binh - Lan 1

Loi giai tham khao

5 Lo (g 4b? 4 &
Taco 1=(a+b+c) =a® +b*+c +2ab+be+ca)= ab+bc+ca = (az +C).

Do do A= 7 — 121

a +05+ 71— (a* +0+P))

Pit t = a® +b° + &
Viabc>0vaa+b+c=1nn0<a<1,0<b<,0<c<1
Suyrat=a*+b0+  <a+b+c=1

Mit khac 1= (a + b+ ¢)* = a® +b* +¢* +2(ab + be + ca) < 3(a® +b* + )

Suyrat:a2+b2+022%.vayte %;1]
Xét ham s6 f(t):z+&,te 1;1
t T(1—1) 3
f'(t):_1+i:0<:>t:1
2 T1—t)? 18
BBT
t
1 7 1
3 18
f'(t) - 0 *
ft)
7
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Suyra f(t) > 37 Vi e ég VayA> 3_34 V6i Moi a,b,c thoa didu kien dé bai. Hon nira, voi

7
2 42, 2 [
;c=lthi o+ e 18 vaA:—3§4 VayminA:—3§4

1
3 6 a+b+c=1

Cau 5: Cho céc sb thuc X, Y,z thoamin x>2,y>1z2>0.

1 1

Tim gi4 tri 16n nhat cua biéu thac: P = —
2x2+y?+22—2(2x+y-3) Y(X-D(z+1)

Treong THPT B6 Ha - Lan 2

Loi giai tham khao:
bat a=x-2,b=y-1,c=z=ab,c>0

1 1

P = _
2Ja?+b’+c2+1  (@+1)(b+1)(c+D)

Tacod a®+b*>+c?+1>

(a+b)? . (c+1)?
2

21(a+b+c+1)2
2 4

Dau “=" xay rakhi a=b=c=1

(a+b+c+3)°

Mat khac (a+1)(b+1)(c+1) < T

1 27

Khidé P< - -
a+b+c+l (a+b+c+3)

. Déu “=" xay rakhi a=b=c=1

1 27

batt=a+b+c+1>1.Khi d6 P<-— 5.0>1
t (t+2)

2 _ 4
f=2 2 opggo_t, 8L 8 -(t+2)
t (t+2) € (t+2)"  t(t+2)

Xét f'(t)=0<81t* —(t+2)* =0 t*-5t+4=0<t=4(do t>1) lim f(t)=0

t 1 4 +00
(1) + 0 -
) 1
/ 8 \
0 0
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Tu BBT Taco maxf(x):f(4):%

1 a=b=c=1
o a=b=c=1=x=3y=2z=1

Vay ma xP =f(4) :§<: b 1-4
a+b+c+1l=

Cau 6: Cho X,y,z#0thoa man x+y+z=0.

x®+y* +162°

Tim gia tri nho nhat cta biéu thiee P = -
(xry+2)

Treong THPT Cam Ranh —- Khdnh Hoa- Lan 1

Loi giai tham khao

3
4 A/ 7 . X+
Trudc hét ta ching minh dugc: x° +y32%
3 3 3 3
. as X+y) +64z a-z) +64z .
bat x+y+z =a.Khido 4P2( y)3 - )3 =(1-t)’ +64t° (Véit=2;0<t<1)
a a a

Xét ham s0 f(t) = (1 — t)> + 64t> vdi te[0;1].
Co: f'(t)= 3[64t2 -(1- t)z]f'(t) =0ot= % €[0;1]. Lap bang bién thién

= Minf(t)=2"= GTNN cta Pla = dat dugc khix =y = 4z >0

[0:1]

Cau 7: Cho x, y, z la cac s thiee dwong 16n hon 1 va thoa man diéu kién: 1.1,1 >2
Xy z

. Tim gia trj 16n nhat cta biéu thite: A =(x-1)(y-1)(z-1)

Truong THPT Cam Ranh - Khianh Hoa — Lan 2

Loi giai tham khao

Ta c6 1+1+122,nén: 12(1_£)+(1_1)=(y-1)+(z-1)22 /(y'l)(z-l) )
Xy z X y 7 y 5 yz
12(1_1)+(1_1)=(X_-1)+(z_-1)22 /(x-l)(z-l) )
y X z X Z XZ
l2(1-1)+(1_1):(X-:I').|.(y-1)22 (X-l)(y'l) (3)
Z X y X y \’ Xy

Nhan vé' véi vé caa (1), (2), (3) ta dwoc (x-1)(y-1)(z-1) s%
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N 1 3
Vay Amnax= =< Xx=y=z==
ay 3 y 5

Cau 8: Gid st 4,b, ¢ la cac s6 thuc duwong thoa man a+b+c=1.

2 2
. AR

Tim gia tri nho nhat cua biéu thic: P = . + >
(b+c)"+5bc (c+a) +5ca 4

Trueong THPT Cao Lianh 2 - Pong Thap —Lan 1

Loi giai tham khao
2 2 2
a S a 4a

Ap dung bat dang thite Cosi > -
b aung 8 (b+c)* +5bc 9(b+c)’

(b+c¢)? +Z(b+c)2

b* S 4b*
(c+a)*+5ca  9(c+a)

Twong tue:

az + bz >é [12 + b2 >g L+L ’
(b+c)* +5bc (c+a)*+5ca 9\ (b+c)* (c+a)’ ) 9\b+c c+a

i (a-+D)’ ’ i
=3(512+bz+c(a+b)J 22 > +c(a+b) _z( 2(a+b)* +4c(a+b) J
9

9\ ab+c(a+b)+c (a+Db)> "9\ (a+b)? +4c(a+b)+4c?

+c(a+b)+c

Via+b+c=1<a+b=1-c néntaco

Pzg[ 2(1;c)2+4c(1—c) ZJ —§(1—c)2=§[1—ij Bl
9\ (1-c)” +4c(1-c)+4c 4 9 +1 4
: i(l_ij_é 1-ofce (i1
Xéthémsé’f() 916 C+; 4(2 )3 oy )
f(c)_?(1—Ejm—z(c—l),f(c)—0<:>0—5
Bang bién thién
c 0 1 1
3
f(c) - 0 +
f(©) \ /
1
9

Duwa vao BBT ta co f(c) 2 —%,Vc €(0;1)(2)
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Tt (1) va (2) suy ra PZ—%, dau dang thitc xay ra khi a:bzc:%

Vay gid tri nho nhat cta P 1a —%

Cau 9: V6i x, y, z 1a cac sb thyc d6i mot phan biét. Hay tim gia tri nho nhat cua biéu thuc:

2 2 2
" =(2x—yj +(Zy—zj +(22—x) |
X—y y—12 Z—X

Treong THPT Chuyén KHTN - Lan 2

Loi giai tham khao
B;_ita=$;b=ﬁ;c=ﬁ.5u}rma—1=ﬁ;b—1=ﬁ;c—1=;—x.
=gbc=(a—1)(b—1)(c—1)=a+b+c=(ab+bc+ca) +1.

Tacé: M =(a+1)*+(b+ 1)+ (c+1)=a*+b*+c* +2(a+b+c)+ 3.
=(a+b+c) —2(ab+bc+ca)+2(a+b+c)+3=(a+b+c)*+5=5
VivMin M=35khia+b+c=0, ching hanx=1:vy=2;z=0.

Cau 10: Xét cac sd thuc duong x, y, z thoa man diéu kién x*+y®+2z*>x®+y* +72°, ching minh rang
X +y*+2°<3

Truong THPT Chuyén KHTN- Lan 1

Loi giai tham khao
Xét cac sb thuc duong X, y, z théa man diéu kién x? + y +2* > x*+y*+2° , chimg minh r:?lng
X +y*+2°<3
Gia thiét c6 the viét lai 1a (x® — x?) + (v* — ) + (2° — z%) < 0. Ta sé chimg minh cdc bat ding thirc sau
2% -1 <3(x* = x¥)(1)
y' —1<3(*-y")(2)
2} —-1<3(z°-z%)(3)
Thit vy, cdc bat dang thire (1), (2), (3) ldn lrot twong dwong v&i cac bat dang thire ding dudi diy
(x—-1*2x+1)=20,(y—-10 B +2y+1)=20,(z-1)*(3z*+2z+1) = 0.
Céng timg vé cdc bat dang thire (1), (2), (3) v sir dung gia thiét duoc viét lai, ta ¢6 ngay didu phai chimg minh.

thirc :
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Cau 11: Cho x, y, z 1a cdc s6 thuc dwong va thoa man diéu kién a* +ab+b* =c a+b+c .Tim

gia tri 16n nhat cua bi€u thuc:

(a+c)’ (b+c)’ ab ab
" 2a?+2ac+c? 2b2+2bc+a2+( 27 2
a+b) a‘+4bc+b

Treong THPT Chuyén KHTN - Lan 3

Loi giai tham khao
1 1 2

B6 dé: Cho z,y > 0;zy <1 khidé: + < (*)
1+2° 1+9y° 14+ay

(zy —1)(z — y)*

That vay (*) & ; . <0 (Ludn dung)
1+27)A+y )1+ ay)
(a+c)’ . (b+c)’ ~ 1 .\ 1 - 2
2a’ +2ac+c®  2b% +2bc +a? . a Y . b V¥ 1. ab
late loxe (a+c)(b+c)
a+b)’
Datt:(a”;éb”):ab”(:;b”):( 4) 24th‘1P£f(t),f(t)=%+%+$
Tacod: f'(t) = 22—12— 12<0d012+ 122 2 > 22
(1+t)° U (t+2) t (t+2)° Ht+2) (t+1)
Suy ra: f(t)sf(4)=%01 Déhbéngxéyrakhit:4:>a:b:c . Vay: Pmaxz%

Cau 12:Cho X, y, z la ba s thuc duong thoa: x* + y? + z2 = 3. Tim gia tri nho nhat cta bi€u thiec :

P=3x+y+2)+2(3y Ty +7)

Truong THPT Chuyén Lé Quy Pon — Khanh Hoa - Lan 1

Loi giai tham khao

Truéc hét ta co: (x — 1)%(x — 4) <0,¥x < /3 (ddu “=" xay ra tai x = 1)

Hay:x2+9§6x+§<:>1/2(X2+9)S3X+% 0
Twong tu ta ciing ¢c6 % (y* +9) <3y + % @
B(@+9<3zt (g

Cong (1),(2) va (3) vé theo vé cudi cing ta co: ¥ (X* + y* + 22 + 27) <P

VayminP =15 x=y=z=1
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. , N 3
Cau 13:Cho x, y, z la cac s6 khong am thoa man X+ y+z = E .

Tim gid tri nho nhat ctia: P = x>+ y° + 2° + x°y?z°.

Truong THPT Chuyén Nguyén Hué — Lan 1

Loi giai tham khao
»Gia sk X= min{X; Y; Z} suy ra X e{

Tacs: X +y +7° —3xyz =(X+y+2 (x2+y +22—xy- yz—zx)

= x+y 478 =3Xyz +(X+Yy+2)| (X+y+2) —3(xy+yz+zx)}

27 9(xy+yz+2x)
8 2

=3Xyz+—
Ta co:
3

P=x3+y3+z +x2y222:x2y222+3xyz+%7—§(xy+yz+zx)

( 1)2 1 13 27 9
=| xyz-= __+_xyz+——§(xy+yz+zx)

8 64 4 8
§—g(xy+zx) yz g—Ex
64 2 2 4

2
Vi 0;1 :g—EXZO:—yz g—Ex P y+z E—Ex
2 2 4 2 4 2 2 4
215 9 (3 13 V(9 13
Suyra P>——-=x| ==X |-=| ==X Z_x
64 2 \2 4\ 2 2 4
2
xét £(x) =222 953 )13 (218, x| ot
64 2 \2 412 2 4 2
1

Ham s8 f (X) nghich bién trén [0;1] = f(x)>f (lj _2
2 2) 64

2

+

Cau 14:Cho x, y, z>0 va 5(x2+y2+22):9(xy 2yz+12X).

\%

Vay GTLN ctia P bang g datkhi x=y=2z=

N .7 . 7 A7, 2 o« A? ’ X 1
Tim gia tri 16n nhat cta biéu thitc P=——— - 3
y +2° (x+y+z)

Truong THPT Chuyén Nguyén Hué — Lan 2
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Loi giai tham khao
s o 1 2
Dat y+z=t(t>0);y" +z ZE;yZSZ

5(x2 +y? +22)=9(xy+2yz+xz)<:>5x2+5(y+2)2—9X(y+ z)=28yz

= 5x? +5t% —9xt < 7t* <> (5x+1)(x—2t) <0 > X < 2t

PSZ—;(—L3 voi t>0
tc 27t
4 1
f'(t)=—5+—
(1) t2 ot
f'(t)y=0 1
t>0 6
Lap bang bién thién suy ra GTLN cﬁanéng 16 dat duoc tai x:%;y:z:é

Cau 15: Cho cac s6 duong x, y, z thoa man x> y; (x+2z)(y+2z)=1.

Tim gia tri nho nhat cua biéu thic: p - 1 " 4 " 4
(x=y)" (x+2)" (y+2)

Trueong THPT Chuyén Son La-Lan 1

Loi giai tham khao
1
a=X+I=>y+z2=—.
a
1
X>Yy=>X+2>y+Z=a>—=a>1
a

a’-1

X—y=X+z—-(y+2)=
Thay vao P duoc:

4
P:W+¥+4az

P—ﬁ+3a2+%+a2 2ﬁ+3a2+4
a -1 a -1

Xét f(t)= +3t+4;t=a’>1

2
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. _1 3 2 _4
Fit)=— = 13 fit)=0e L N FOTA g vo2 (151)
(t-1) (t-1)
T 1 2 +00
’ - 0 +
12
'\t/|>|1n f(t)=12Véy Mln P:12 khl X + Z:\/z,y+ Z:X—y:%'
. o 2y=x
Cau 16: Cho Xx,yeR thoa man . Tim gid tri nho nhat cta biéu thac:
y < —2x% +3x
P=x"+y*+
Y (x+y)’

Treong THPT Chuyén Vinh Phiic - Lan 1

Loi giai tham khao
2
Tl gia thiét ta c6 y>0 va %g—2x2+3x:>03xsg va X2 +y? Sx2+(—2x2+3x)2 = 2x* (2x* —6x+5)

Xét ham so f (x) = 2x? (2x2 —6x+5); Xe {0;2} ta dwgc Max flx)=2 = x*+y* <2

!
5

2 2)2
22(X2+y2)2_(x +Y) 2

P=(x+y?) —2x2y? +
(x*+y?) -2xy oY) 2y

2
Détt:x2+y2:>P2%+% ,0<t<?2

Xét ham so:
2
g(t) =%+% te(0;2]

1 t°-2
g'(t)=t—t—2=t—2;g'(t)=0<:>t=€/§
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Lap bang bién thién ta c6 MinP =

khix=y=

34 816
2 2

Cau 17:Cho a,b,c la d6 dai ba canh ctia mét tam giac c6 chu vi béng 1. Tim gia tri 16n nhat cua

bieuthte: T=—+ 4, 4,4 1 11
a+b b+c c+a a b c

Treong THPT Chuyén Vinh Phiic - Lan 2

Loi giai tham khao

4 4 4 1 1 1 5a-1 5b—l+5c—1

= + + = +
l1-a 1-b 1-¢c a b ¢ a-a* b-b* c-c?

Vi a,b,c la d¢ dai ba canh ctia mét tam gidc ¢é chu vi b.:ng l1=a,b,ce (0; %j

2
Ta cd ca-1 (18a-3)= (32-1) (ia—l) <0 ,Vae(o;%j

a—a’ a-a

T ddsuy ra: 5a—1 £18a—3,Vae(0;lj
a—a 2

Ta ciing c6 2 bat dang thitc twong tu:

5b_3318b—3,Vbe(0;lj\é-50_3518C‘3'VC€(0?EJ
b-b 2) ¢ ?

Cong cac bat dang thiic nay lai véi nhau ta cd :

T

_sal 81 50l jp o) o,
a-a~ b-b° c-c

D&u dang thiec x4y ra khi azb:c:%:Tmax =9 dat duoc <:>a:b:C=%

Vay Cho a,b,c 1a d6 dai ba canh ctia mt tam giac c6 chu vi béng 1, thi gia tri 16n nhat ctia biéu
4 4 4 1 1 1 1

thiee: T = + t————=== bang 9 va dat duoc khi va chi khi a=b=c==
a+b b+c c+a a b c 3

a4

Chu y: D€ c6 duoc bat ding thixc

Y <18a-3,Va e(O;%j ta da st dung phuong phép tiép

tuyén

Cau 18: Cho cac s0 thyc duong X,y thoa man diéu kién X+ Yy =2016.Tim gia tri nho nhat ctua

biéu thikc : P =\/5x2 + Xy +3y? +\/3x2 + Xy +5Yy? +\/x2 +Xy+2y° +\/2x2 + Xy +Yy?
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Treong THPT Chuyén Vinh Phac - Lan 3

Loi giai tham khao

P=A+B . Trong dé A:\/Sx‘°'+xy+3y2+\/3x2+xy+5y2 va B:\/x2+xy+2y2+\/2x2+xy+y2

= A>3(x+Y)=3-2016 =6048 (*) dau dang thirc xdy ra khi va chi khi x =y =1008

6A = /180x? +36xy +108y? ++/108x? +36xy +180y>

=\/(11x+7y)2 +59(x— y)2 +\/(11y+7X)2 +59(y—x)2 >(11x+7y)+(11ly +7x) =18(x+Y)

= B>2(x+y)=2-2016 =4032 (**) ddu déng thirc xay ra khi va chi khi x =y =1008

4B = \/16x2 +16xy +32y? +\/32x2 +16xy +16Yy°

:\/(3x+5y)2+7(x—y)2 +\/(3y+5x)2+7(y—x)2 >(3x+5y)+(3y+5x)=8(x+y)

Tt (*) va (**) ta dwoc P = A+B>6048+4032=10080 , ddu déng thirc xy ra khi va chi khi
x=y=1008. Vay P, =10080 < x= y=1008

a+b+c
2016

Vo e

Tim gia tri I6n nhat cua biéu thic P = +
a+\Nbc b+~ca c++ab

Truong THPT Chuyén Ha Long - Lan 2

2
Cau 19: Cho a,b,c la cac so thec duong thoa man ( j <4abc.

Loi giai tham khao

Theo bat dang thirc Co-si, ta c6

\/;+\/E+\/E:1[1+1+1j
Wavbe 20ea e 2\ Vab Yoc Yea)

Vi cdc s thue x,v,z,tacd (x—y)’ +(y—2)°+(z—x)* 20 xy+yz+zx < x> +y° +z°.

P<

s (\/_ \/1_ \/1_) 1(\/1_ \/1_ j_j \/_b;g*/a, uyraPsaz“:/%c.

T gia thiét, ta c6 a+b+c<4032+/abc. Do d6 P <2016

Véia=b=c= 1&%' tacd P=2016. Vay gia tri 16n nhat ctia P bang 2016.
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Cau 20:Cho hai s6 dwong x, y phan biét thoa man: x* +2y =12.

Tim gia tri nho nhat cua biéu thic P = i 4 + >

X4 y4 8(X—y)2 °

Truong THPT Chuyén Long An - Lan 1

Loi giai tham khao

Ttr diéu kién, dung bat dang thiic cosi suy ra: 0< xy <8.

2 2
Pénhgid P> |~ 42 | > 1
16y’

2
yoox 64 XY _,
y x
Dat 1=+ (t>2) Khi d6 P>i(z —2) 2
y 16 64 t-2
1 5 1 1
Xéthamsd f(f)=— . +—.——— (Voit>2
S 16 64 -2 8( )

Tinh dao ham, vé bang bién thién, tim dwoc:

mlnf(t) f[zj ZL

(2 +oo

Tim duoc gid trj nhé nhat cta P 1a 2771 Khix=2vay=4

Cau 21: Cho 3 s8 thuc khong am a, b, ¢ thoa 5(3.2 +b? + Cz) = 6(ab +bc + ca)
Tim gi4 trj 16n nhét ctia bidu thie P =,/2(a+b+c) - (bz + CZ)

Truong THPT Chuyén Nguyén T4t Thanh-Lan 1

Loi giai tham khao
Tt di€u kién suy ra a+b+c<2(b+c)

Ps2t—%t4,t=\/b+c maxP=g,a=1,c:b=%

Cau 22: Cho a, b, cla cac so thye khong am théa man 8(a> + b? + ¢2) =3(a + b + ¢)2.
Tim gia tri lon nhat ctia bi€u thic P =a(1 —a%) + b(1 - 1°) +c.

Truwong THPT Da Phac - Ha N§i —Lan 1

Loi giai tham khao

+) Tlr gia thiét ta cd: 5¢2 - 6 (a+b)c + (a+h)* <0 < %(a+b)£c£a+b.
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+) Ta cé a* +b* 2%(a+b)4Va,b =P 32(a+b)—%(a+b)4

4 3
+) Xét f(t)=2t—% (t>0), (1) = z_t_ () =0ot=4

+) BBT:...
T 0 a4 +00
£ (t)
+ 0 -
£(t) / \
+)MxP—% 4= b‘?.
c=34

Cau 23:Cho ba s6 thyc duwong @,b,C thoa man a’+b?+c*=4.

J/3a J_b NEL

b? + ¢? c+a a+b2

Tim gia tri nho nhat cta biéu thie P =

Truong THPT Da Phtc - Ha N§i - Lan 2

Loi giai tham khao
a’+b*+c’ =4

=a,b,ce(0;2) va a’+b*+c’ =4 b’ +c* =4-a°...
a,b,c>0

Tir gia thiét {

J3a «/_b V3 «/§a «/_b V3 3 J_bz \/_c

2

DOdéP: > = 2 3
b? +¢c? c+a a+b 4-3a° 4b 4-c* 4a—a 4bb 4c-c?

Vi a,b,c>0.
Xét ham s§ f (x)=4x—x° véi x(0;2). Co

+2./3

f'(x):4—3x2:>f'(x):0<:>x:— f(0)=0, f(2)=0.

Ta c6 bang bién thién cua ham s6 f (x) trén (0;2) 1a
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23 2v3
i 3 0 3 2 | too

NV

f(zﬁj:42\/§_(2\/§J3’:16\/§
3 3

3 9

Tt bang bién thién ta ¢ 0< f(x) <

,Vx €(0;2).

1643
9

Tic 0<4x—x3<

16\/§:> ! => J = J3x’ - > 9\/_)( vxe(0;2).
9 4x—x° 1643  4x-x* 1643
Dau “=” khi X =

23
3

Ap dung ta c6

J3a? 9J_a 9a?  /3b? 9\/_b2 9b2_ J3c? 9\/§c 9

da—a 1643 16’4b—b3_16\/_ 16 "4c—c® 16J_ 16

.(a,b,ce(0;2))

Cong theo vé& 3 bat dang thiic trén ta duoc

2
P> %’ +£+gc 9( +b2+c)
16 16 16 16
23

Va dau “=" xayra < a=b=c= 3

243

Vay minP:% dat duoc, khi va chi khi a:b:C:T.

Cau 24: Cho a,b,c la do dai ba canh ctia m¢t tam giac théa man 2c+b = abc.

3 4 5
+ +
b+c—-a a+c-b a+b-c

Tim gia tri nho nhat cua biéu thic S =

Treong THPT Phwdc Binh- Binh Phwéc — Lan 1

Loi giai tham khao
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Apdungbé’tdéngthﬁ’c£+£2 ,x>0,y>0.
X Yy X+y
S= 1 + L +2 L + L +3 L + L
b+c—-a a+c-b b+c—-a a+b-c a+c—-b a+b-c

suy ra 323+ﬂ+§_
c b a

Tl‘rgiéthié'ttacél+g:a,nénE+ﬂ+§:2(£+g+§j:2(a+§j24\/§.
c b c b a c b a a

Vay gia tri nho nhat ctia S bing 4+/3. Dau bing xay ra khia=b=c=+/3.

Cau 25: Cho a,b,c la cac sé thuc khéng am thoa man a’b? +cb? +1<3b. Tim gia tri nho nhat cua biéu

1 4b? 8
thic P= 5+ =+ >
(a+1)" (1+2b)" (c+3)

Trueong THPT Phwéc Binh- Binh Phwéc — Lan 2

Loi giai tham khao

2
-Tacé: P= 1 4b + 8 = 1 1 8

(a+1)  (1+2b)  (c+3) (a+1)2+( 1 +1)2+(c+3)2

-Pat d =%, khi d6 ta co: a’b® +c¢’b? +1<3b tré thanh a® +c?+d? <3d

64 256

_( d Jz (2a+d +2c+10)
a+5+c+5

2

-Ma: 2a+4d+2c<a’+1+d*+4+c’+1=a’+d*+c’>+6<3d+6

Suyra: 2a+d+2c<6

- Do d6: P>1 nén GTNN cua P bang 1 khi a=1,c=1b=

Cau 26: Cho a, b, ¢ la cac s thuc duong.

1 4 1
- + .
4a+2b+4J2bc 8+a+2b+3c 4+b+2c

Tim gia tri nho nhat cua biéu thic P =
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Truwong THPT Phuéc Binh- Binh Phuéc - Lan 3

Ta cd 24/2bc <b+2c=

Loi giai tham khao
1 S 1
4a+2b+42bc 4da+4b+4c

4 -1 -1
> +
8+a+2b+3c 4+a+b+c 4+b+2c

Suy ra P> + -1 , batt=a+b+c, t>0
4(a+b+c) 4+(a+c+b)

Xét ft)=—t L 150, f)=-—t+ T f()=0ct=4.
4t 4+t 4t (4+t)

T 0 4 +00

F’ - 0 +

f

16

b=2c

N a=c=1
Suy ra gid tri nho nhat Cﬁanéng-% khi a+b+c=b+2c<:>{ .

b=2
a+b+c=4

Cau 27: Cho a,b,c la cac s6 thuc duwong.

Tim gia tri nho nhat cta biéu thire: P =

a+3c N i} B 8c
a+2b+c a+b+2c a+b+3c

Truong THPT Phuéc Binh- Binh Phuéc - Lan 4

Loi giai tham khao:

x=a+2b+c a=—-Xx+5y-3z
batJy=a+b+2c < <b=x-2y+z
z=a+b+3c C=-y+12

Do d6 ta can tim gia tri nho nhat cua

P

X

_-X+2y 4x-8y+4z —8y+82 _(ﬂJrZ_y}r(S_erﬂJ_l?

y z y X zZ Yy

Pzz\/ﬂ.ﬂu

y X

\/8—3’.3 17 =122 -17:
zy
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Déng thire xay ra khi b=(1++2)a,c=(4+32)a

Vay GTNN cua P 1a 124/2 -17.

Cau 28:Cho céc s6 thye dwong a, b, ¢ théa man ab>1; c(a +b+ C) >3.

, ) +2 +2
Tim gia tri nho nhat ctia bidu thire P = 2721 3%2C | 610 b1 2c).
l+a 1+b

Treong THPT Phwdc Binh - Binh Phwdc - Lan 5

Loi giai tham khao

a+b+2c+1 a+b+2c+1
P+2= +

+6In(a+b+2c)

l+a 1+Db
=(a+b+2c+ﬂ(—£—+—£—j+6hﬂa+b+2@
1+a 1+D

Ta chitng minh dwoc cac BDT quen thudc sau:
) 1 N 1 S 2
1+a 1+b 1++/ab

+)\/£Sab2+1(2)

(1)

That vay,
) 1 N 1 S 2
1+a 1+b 1++/ab

& (2+a+b)(1++/ab)>2(1+a)(1+b)

= (JE— \/5)2 (\/% —1) >0 luon dung vi ab >1. Dau “=" khi a=b hodc ab=1

)ab < ab2+1 & (ab —1)2 > 0. Dau “=” khi ab=1.

1 1 2 2 4
>

Do d0, + > > =
1+a 1+b 1++/ab l+ab+1 3+ab
2

S 4 _ 4 S 16
~ab+bct+ca+c® (a+c)(b+c) (a+b+2c)

pbatt=a+b+2c,t >0 ta co:
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16(t+1
P4+2> f(t)= 6(t2+ ) ointt>0:

£ _6 16(t+2) 6t*-16t-32 (t—4)(6t+8)
t

t2 t3 t
BBT
t|0 4 400
£ (t) - 0 +
5+6In4

Vay, GTNN ctia P 1a +6In4 khi a=b=c=1.

Cau 29: Cho a,b>0 thoa man 2(a2 +b2) =a%b?.

a b 1
+ + .
b+1 a+1 Ja?+p?+1

Treong THPT Hung Vuong — Binh Phudc- Lan 1

Tim Min P, véi P =

Loi giai tham khao
Tacé a’h’ =2(a’+b*)=(a+b) = ab>a+b

a2+b2+1:(a+b)2—2ab+1£(a+b)2—2(a+b)+1=(a+b—1)2
=+a*+b’*+1<la+b-1

P—(i+1)+(i+lj—2+;—(a+b+1)( ! - ! j+ ! -2
b+1 a+l JaZ+b%+1 a+1l b+1 «,a2+b2 +1
>(a+b+1) 4 L

+ -2
a+b+2 |a+b-1

4
Ditt=a+b, tacd (a+b)’ 32(a2+b2)=(ab)2 Sﬂ:a+b24
at+1) 1

Xét f(t)= - +ﬁ—2;t24taduoc MinP:Minf(x):gkhix:y:Z
+ J—
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Céu 30: Cho a,b,c >0 théaman a +2b > c va a® +b” + ¢ —2 = ab + bc + ca. Tim gid tri I6n nhat
a+c+2 _ a+0b+1
abt+c +a+b+1 a+c a+2b—c

cua biéu thtc P =

Truong THPT Hung Vuong — Binh Phuéc — Lan 2

Loi giai tham khao
24+ab+bc+ca=a’+b+c >a +2bc
=2ab+ac+1 >a*+ab+bc+ca =2ab+ac+1 > a+b a+c

a+b a+tec a+b a+ec
:>ab+ac+12f =>ab+c +a+b+12#+ a+b
a+b at+c+2
=ab+c +ta+b+1> = atct? < 2
2 ab+c +a+b+1 a+b

at+c a+2b—c Si a+c+a+2b—c2: a+b2

atb+l  _atbtl 1 1

= = 2 2
at+c a+2b—c a+b at+b 54

2 1 1 1 1 1

Khidé P < _ _ _ = _ it = -0
a+b a/+b a+b a/+b a+b

Ca+b

s 1
Xéthamsd ft =t—t5t>0,f't =1-2t,f't =0<:>t=5

f'(t) + 0 -
1
o | \
0 —0
Két luan: Ma:xPzi,khi a= 2*“2*/5,1) —e— 2—2*/5

CAu 31: Cho a, b 14 cac s8 thuc thoa man: a+b=2Va+2+3Vb-2014 + 2012. Tim gia tri 16n nhat

2015+ 2aba+b+1

va nho nhét ctia biéu thire : T =(a-1)" +(b-1)"+ o
a+b+

Truong THPT Dong Xoai — Binh Phwéc - Lan 1
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Loi giai tham khao

2015
T=(a+b+1)-4(a+b+1)+5+——o_
( ) -4 ) Ja+b+1

2015
202

Max =T =4096577 +

N
o
[
ol
»

Min = T = 4044122 +

2013

Cau 32: Cho a, b, c1a ba s& duwong. Tim gia tri 16n nhat cua biéu thic:
1 2

P = _
Ja2+b2+c2+1 (a+1)(b+1)(c+1)
Trueong THPT Dong Xoai — Binh Phwdc— Lan 2
Loi giai tham khao
2 2
a2+b2+cz+12(a+b) +(C+1) =1[(a+ )2+(c+1)2]21(a+b+c+1)2
2 2 2 4
3 3
(a+1)(b+1)(c+1)s(a+l+b+1+c+1j :(a+b+c+3j
3 3
Vay P < - >4 3
a+b+c+l (a+b+c+3)
_2__ oA -=f(t) véit=a+b+c+1l t>1
t (t+2)
t=4
f/(t)z—%+L24; f/(t)=0<:> .
t (t+2) t =1(loai)
t 1 4 +00
f'(1) + 0

1/4
. / \
0 0
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. a+b+c=3
Vay gia tri lon nhat caa P == khi fa=b=c << a=b=c=1
c=1

Cau 33: Cho cdc s6 thye dwong a,b,C. Tim gia tri nhd nhat cta biéu thiic sau:

. 2 3
a+ab+3abc Ja+b+c

Truong THPT Dong Xoai — Binh Phwéc - Lan 3

Ap dung bat dang thic Cosi ta c6

a+\/£+\3/abcSa+%.a+4b+£.a+4b+16c:%(a+b+c).

2 4 3
Déng thtic xay ra khi va chi khi a =4b =16c.
3 3
Suyra P> —
Y 2(a+b+c) Ja+b+c
3 o 3 3
batt=a+b+c,t>0 . Khidétacd): P>— ——
2t A\t
Xéthémsé’f(t)zi—ivo’it>0tacéf'(t):i—iz.
2t 4t otft 2t
f'(t):0<:>i—iz:0<:>t:1
2tt 2t
Bang bién thién
t —00 0 1 -0
f'(t) / — 0 +
f('[) oo
\ /0'
3
2
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: 3
Do d6 ta c6 mMinf (t)=—= khiva chikhi t=1
t>0 2

3 a+b+c=1
Vay ta c6 P > ——, dang thirc xay ra khi va chi khi <:>a:E, =i, =i.
2 a=4b=16¢ 21 21 21
3
Vay gid tri nho nhat ctia P 1a —— khi va chi khi (a,b,c) = w41
2 21 21 21

Cau 34: Cho cac s6 khong am a,b,c théa man a+b+c=3.
Tim gid tri 16n nhat ctia biéu thie P =(a—b)*+(b-c)*+(c—a)°®

Treong THPT Chuyén Quang Trung — Binh Phuéc — Lan 2

Loi giai tham khao

Gia thict cho 2(a* +b*)+8c* =9(a* +b2)c<:>|cSa2 +b’ S8c‘

Ta co:

2 B 2 B 2 2
Ps(b+c) (a+c 2c)+(a+c) (b+c ZC)+16 651 = (b+c)?—2c (b+c) +(a+c) 16Tl
a+c b+c a+c b+c

BCS
< (b+c)®+(a+c)*—2c(a+b+2c)+164/c+1 <8c—2c*+16+/c+1
Xét ham f(c)=8c- 2c* +16+/c+1 véi ¢l (0;+¥) c6 f(c)=0<c=3.

Duya vao bang bién thién ta c6 P, =38 khi ¢=3p a=b=2+/3.

Cau 35: Cho a,b,c thudc doan [12]. Tim gia tri nhd nhat ctia biéu thic:
_a +(b+c)2+2bc
4b + 4c ¢ +4bc

Truong THPT Quang Trung - Binh Phuéc - Lan 1

Loi giai tham khao

, a b? a? b? (a+b)’
Taco: P= +— +1= +— +1>— +1
4b+4c ¢ +4hc 4ba+4ac ¢’ +4bc c’+4ab+4c(a+h)
2 2
> (a+b) =t ), 1= g
c’+(a+b) +4c(a+b) t°+4t+1 C
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2
Khidd f(t) =22
(t°+4t+1)
1 A M > . C
P> f(l):g.Daubangxayrakhl azbzi.

Cau 36: Cho x, y, z la cac s8 thye dwong théa man x>y >z va X+Y+2z =3. Tim gid tri nho nhat

) . X Z
cta biéu thttc: P =—+—+3y.
zZy

Trwong THPT Nguyén Hitu Canh - Binh Phwéc - Lan 1

Loi giai tham khao

/4 X Z
Taco —+xz=>2x, —+Yyz2>22
z

Ttr d6 suy ra P=§+£+3y22x—xz+22—yz+3y
Zy

=2(X+2)+Yy(X+y+2)—x2—yz=2(X+2)+ y* +x(y—2)

Do x>0 va y>z nén X(y-z)>0. Tu day két hop voi trén ta duoc

P=24+243y>2(x+2)+y’ =23-y)+y’ = (y-1* +525.
zZy

Vay gid tri nho nhat ctia P bang 5 dat khi x=y=z=1

Cau 37: Cho ba s6 thyee X,y,z thoa man: x* +y?+2><2x—4y—1. Tim gia tri 16n nhat va gia tri
nho nhat cta biéu thiee T =2(X+2) - .

Truong THPT Nguyén Hitu Canh - Binh Phwéc - Lan 2

Loi giai tham khao
x2+y2+22st—4y—1<:>(x—1)2+(y+2)2+2234 (1)
Trong khong gian voi hé toa do Oxyz . Xét mat cau:
(S):(x=1)" +(y+2)° +2* =4. C6 tam 1(L-2;0),bén kinh R=2.
Xét mp (a):2x—y+2z-T =0

G/s M(X;y;z). Tt (1) c6 diém M ndm bén trong (S)va k& ca trén mat cu (S)

=d(l,(a))<R @@32@—25 <10
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e V6iT=-2thi M la giao diém cta mp(f): 2x—y+2z+2=0
Va duong thang A diqua | va L(B).

X=1+2t

Aqy=-2-t :M(_l;_f;_ﬂj
3 3 3
z=2t
V6i T =10. Tuong tu M[Z;—g;f]
3 33
7
X=—
1 3
X=-= g
Vay minT =-2 khi 3 . maxT =10 khi {y-—2
y=Z=——
3 z=ﬂ
3

Cau 38: Cho ba s0 thuwe duwong x,y,z . Hay tim gia tri lon nhat cta bi€u thirc:

o_ 4 B 9

Sy w22 +4  (x+ y)|J(x+22)(y +2z)

Trwong THPT Nguyén Hitu Canh - Binh Phwéc - Lan 3

Loi giai tham khao
*x2+y2+zz+4:£ Xy )+ (X2 +y? )+ (22 +4)+ (22 +4 1 X2y )+ 2xy +(22 +2%)+ 22
2 2

=1[(x+ y)’ +(z+2)2} 2£[(x+ y) +(z+2)" +2(x+ y)(z+2)} Zl(x+y+z+2)2
2 4 4

*(x+ y)\/(x+22)(y+22) <(x+ y)%(x+ y+4z) =%(3x+3y)(x+ y+4z) (1)

Vi \/(3x+3y)(x+y+4z) s%(3x+3y+x+ y+4z) =2(x+y+z) nén

(x+y+z)

ol

(1)< (x+y)y(x+22)(y+22) <

Vayps_ 8 A
X+y+z+2 2(x+y+z)

/4 \ AL 27 s .
Dt t=x+y+z, xét ham so f(t)=——T véi t>0

8 27 f'( )_ -8t° +2t* +108t +108

+— , f'(t)=0=t=6= f(6)=
(t+2)" ¢ t*(t+2)° (1) (6)

o | ol

Taco f'(t)=-
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t 0 6 400

f'(t) + 0 -

5
f(t) / 8 \

X 2=6
Vay P£§.Suyra maxP=§ khi Ty SX=y=2=2.
8 8 X=y=12

Cau 39: Cho x, y, z la' cac s& thuc dwong thoa: xyz = 1. Tim gia tri nho nhat cua biéu thiee :

Ao XOFD L yEHx)  Z(x+y)
A2V +2Z\/2 Z\/;+2xx/; xvx +2y\/;'
Treong THPT Ha Huy Tap — Lan 1
Loi giai tham khao
x*(y+72) ¥ (z+x) Z(x+y)

A= + + .
y y+2z\/2 Z z+2x\/; by x+2y\/;

1
Tu giai thiét X (y+z)> 2x2\/yz =2x%.,|—= 2x\/;
X

Tuong tu: y°(z+x) > 2y\/7; Z(x+y)= 2z\/;

2x4/x 29y 224z

Khido A > + +
y y+21\/2 z z+2x\/; X x+2y\/;

x\/;:4c+a—2b

a=x x+2y\/; 9
4 -2
bat b:y\/;+2z\/;:> y y=$
c=z+2xx 4b+c-2a
N =—"T—"—"

9

2(4c+a-2b 4da+b—-2c 4b+c-2
Bat dang thiéc tro’ thanh: Azg( < Z b+ atb ‘s btc aj
c a

:% 4 £+ﬁ+é + ﬁ+2+£ -6|>2
9 b ¢ a b ¢ a

Kétluan Min A =2 khix=y=2z=1.
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Cau 40: Cho ba s thye duong a, b, ¢ théa man a €[0;1],b €[0;2],c €[0;3]. Tim gia tri 16n nhat cua biéu
2(2ab +ac +bc) N 8-b b

thiec P = + :
1+2a+b+3c b+c+b@+cH 8 12a2+3b%+27c% +8

Truong THPT Anh Son 2 - Nghé An-Lan 1

Loi giai tham khao
@-a)b+c)=>0 - b+c>ab+ac
(2-b)(a+c)>0 2a+2c>ab+bc

Ta cé a€[0;1],be[0;2],c[0;3] :{ = 2a+b+3c>2ab+bc+ac

(1)
2(2ab+ac+hc) < 2(2ab+ac+hbc)
1+2a+b+3c 1+2ab+ac+bc

Mat khac b+c>a(b+c) vi a[0;1], suy ra
8-b . 8-b . 8-b
b+c+b(a+c)+8 a(b+c)+b(a+c)+8 2ab+bc+ac+8

Vé&i moi s6 thuc x, y, zta cd (X—y)? +(y—2)° +(z—X)? 20 2(X> + y* +2°) > 2Xy + 2yz + 22X

&30 +y*+2%) > (x+y+2)° (2). Apdung (2) va(1)tacd
\12a% +3b? +27¢? = \(3[(2a)? +b? +(3c)?] > \/(2a+b +3c)? =2a+b+3c> 2ab+bc +ac

= b < b
J12a® +3b2 +27c? +8 2ab+bc+ac+8
Suy ra PS2(2ab+bc+ac)+ 8-Db N b
1+2ab+bc+ac 2ab+bc+ac+8 2ab+bc+ac+8
p < 2(28b+be+ac) 8 . Dit t=2ab+bc+ac véi t €[0:13].
1+2ab+bc+ac 2ab+bc+ac+8
Xét ham sO f(t)=£+i;te[0;l3] co f(t)= 2 = — 8 ~ f(t)=0=1t=6.
t+1 t+8 (t+D)° (t+8)
Tinh f(O):l;f(6)=?; f(13)=%:> f(t)s?,we[o;lS] va f(t)=? khi t=6. Do do Ps?.

Khi a:1;b:2;C:§ thi Pz?.Véy gia tri 16n nhat cua P la ?

Cau 42: Cho x, y, z 1a c4c s6 thye dwong thdéa man X* + y? +z° = 2X.

X+z 7 4%°
X+2y+1 y+1 (x+y)2

Tim gia tri l6n nhat cta biéu thic P =

Truong THPT Thyc Hanh Cao Nguyén - Ty Nguyén- Lan 1
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Loi giai tham khao
GT = 2x+2xy =22 +(x+Yy) > 2z(x+y) = x+xy > xz+yz (1)
Dau bang khi x+y =12
X X+2 X
< , <
y+1 y+1 x+2y+1 x+y

Tt (1) va x, y, z duwong suy ra

2
L p< 2 —4[ X j
X+y X+y

Dit t=——>0—P<2t—4t’. Xét ham s& f (t)=2t-4t,0<t<1
X+Yy

Lap BBT cho ta f(t)<f (%) :%

Két luan: MaxP:1c>(X; y;z)=(i;i;i)
4 13'13'13

CAau 43: Cho cdc so thuc a, b, c thoa man a>b>c va a? +b? +¢? =5.
Chung minh rang: (a—b)(b—c)(c—a)(ab+bc+ca) >4

Trueong THPT- Doan Thi Diém — Khanh Hoa - Lan 1

Loi giai tham khao
Ap dung BDT Cauchy cho 3 s6 duong ta cé: 3=ab+bc+ca > 33/(abc)® = abc <1.

L Lo

S :1+a’(b+c)>abc+a’(b+c)=a(ab+bc+ca)=3a=>————<
wyra (b=c) (b=rc)=a( ) 1+a’(b+c) 3a

L 14

Tuwong tw ta co: ;<i (2, ———=<<
l+c“(a+b) 3c

1+b’(c+a) 3b
Cong (1), (2) va (3) theo v€ véi vé'ta co:
1 1 1

N N ab+bc+ca 1
1+a’(b+c) 1+b*(c+a) 1+c’(a+b)

O.
3abc abc

+=)=

1
c

1 1
<=(F+=+=
3 o

1
b

Dau “=" xay ra khi va chi khi abc=1,ab+bc+ca=3=a=b=c=1 (a,b,c>0).

Cau 44: Cho X,Y,Z 1a cac s0 thuc dwong thoa man Xy + Yz +zx =3. Tim gia tri nhé nhat caa biéu

XZ y2 22

+ +
\/y3+8 J8+8 Jx+8

thiec S =

+\/x2+y2+22+1

Truong THPT Doan Thuong — Hai Dwong - Lan 1

Loi giai tham khao

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 33




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

Tacod (X+y+2)°23(Xy+yz+2X)=9=>X+Yy+2>3
Mait khac (x+y+z+1)2s4(x2+y2+22+1):>«/x2+y2+zz+12%(x+y+z+1)22

Déng thitcc xay ra X=y=2=1

y?—2y+4) y*—y+6
2 2

0<\Y? +8 = (y+2)(y’—2y+4) < y+2)+(

~ NG . 2x?
Jy:+8 Yy -y+6

. Twong tu cong lai ta dugc

X2 y2 Z2 X2 yZ ZZ
+ + 22| — +— +—
Jy+8 J2+8 X +8 y'—y+6 z°-z+6 X" -Xx+6

Déng thitc xdy ra Xx=y=2z=1

2 y? z° . (X+Yy+2)°

+ + >
Yo —y+6 2°-z+6 X°—X+6 Yy’ -y+6+2°—-72+6+Xx"—Xx+6

Ta lai co

B (X+y+2)°
(X+y+2)°—(X+y+2)+12

t2

batt=x+y+z,t>3 vaxéthamsd f(t)= ———,t>3
t°—-t+12
. 2
Taco Fi(t)= 2% fit)=0e>t=0,t=24
(t°—t+12)
t 3 24 oo
£(t) + 0 _
f(t) ﬁ \
/ 47
1 1

:>[r;1in)f(t)=%2>823, S=3o x=y=1z=1.Vay minS=3

Cau 45: Cho a, b, € la cac s6 thye dwong théa man a?+b*+c*=3.Tim gia tri I6n nhat cta biéu
ab bc  a’nd+b3ct

thirc P = -
e 3+c? 3+a? 24a°c®
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Treong THPT DPoan Thuwong — Hai Dwong - Lan 2

Loi giai tham khao

- Ap dung bat dang thirc Cosi ta c6 :

ab N bc _ ab N bc

3+c¢* 3+a’ (c2+a2)+(c2+b2) (a2+b2)+(a2+cz)
- ab N bc 1 a’ N b? . b? N c?
_2\/(c2+a2)(02+b2) 2\/(a2+b2)(a2+02)_4 c2+a’® c?+b?> a?+b?> a?+c?

1 b? b? 1 b>  b? 1 b b 1 1(b b
==|1+ + Sl —+— =21+ —+— ==+ =+—|.
4 c2+b® a?+b? | 4 2bc 2ab| 4 2c 2a) 4 8lc a

- Xét bat dang thiec: x°®+y° > %(x+ Y)® (phdi chitng minh bdt nay)

) a®0® +b3%® _ (ab+bc)® 1(b b’ 1 1(b bY) 1(b bY
Ap dung : > =224+ P+ 242 - 242
p avhg cia’ 4c3a’ 4(c+aJ - 4+8(c+aj 96(c+aJ
Patt=212 Khidot>0vaP<—testesl
c a 96 8 4
Xét ham s& f (t) :—9—16t3 +%t+% v6i t >0,
10 2 + 00
f'(t) - 0 -
Tacd Fit)=——t2+2: f'()=0<>t=2, vi t >0, 5
32 '8 /12
f(t \
Suy ra bang bién thién: ©

Dua vao bang bién thién ta c6 P < %, dau dang thitc xay ra khi va chi khi t =2.

Vay gia tri 1on nhat cua P 1a % dat dwockhi a=b=c=1

Cau 46: Cho ba s6 duong X, y, z thdoa man: x+y+z=1

X+y y+12 Z+X
SXY+z Jyz+x (Jzx+y
Truong THPT Dong Du - DakLak- Lan 1

Tim gia tri nho nhat cua: P =

Loi giai tham khao
Ta co

X+y+z=1=x+y=1-z
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X+y 1-z B 1-z
J+z o xy+l-x-y J@d-x)1-vY)
y+z 1-x B 1-x
Jyz+x o (Jyz+l-y-z  Jld-y)1-z2)
Z+X 1-y B 1-y
Jox+y  Nzx+l-x—z J1-x)(1-z)
Khi d6
X+Y y+2 Z+X
pP=
WXY+z o Jyz+x (Jzx+y
B 1-z 1-x 1-y

Ja 0@y Ji-nad-2 Jana2

23# 1-7 | 1-x | 1-y _3
1-x-y) A-y)d-2) I-x)1-2)

VéyMinP=3khix=y=z=%

Cau 47: Cho X, Y,z la ba s6 dwong c6 tdng bang 1. Tim gid tri 16n nhat cta biéu thiec sau:

P=vl-x+\1-y++1-z.

Treong THPT Dong Du — Dik-1ak- Lan 2

Loi giai tham khao
+ Ap dung BDT AM-GM, ta c6

1—x+g
1-x).2<— '3 5%
3 2 6

+ Tuwong tu, ta thu duoc

2 2 2 5-3x 5-3y 5-3z
1-x).— 1-y).— 1-z).=< =2
\/( X) 3+\/( y) 3+\/( Z) 3 6 i 6 i 6

+Suy ra PS«/E

+ Dau bang xay ra khi X=y=2=%.
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Cau 48: Cho a,b,c la cic s6 duong va a+b+c=3. Tim gid tri 16n nhat cta biéu thtc:
bc ca ab

P= + +
J3a+bc +/3b+ca +/3c+ab
Truong THPT Déng Du - Dik - Lik - Lan 3
Loi giai tham khao
Véia+b+c=3taco be _ _ be = be SE(—l +—:L j
J3a+bc Ja(@a+b+c)+bc ((a+b)a+c) 2\a+b a+c
P § 1 2 A 3l o
Theo BDT Co-Si: + > , dau dang thitc xdy ra<>b =c

a+b a+c /(a+b)(a+c)

Tuong tu Lsﬁ[iJri) va a—bga_b(iJrij

J3b+ca b+a b+c J3c+ab 2\ c+a c+b

bc+ca ab+bc ab+ca _a+b+c 3
SuyraP< -

2(a+b) 2(c +a) 2(b +c) 2 2

Déngtht’rcxéyrakhiVéchikhia=b=c=1.VéymaxP=gkhia=b=c=1.

Cau 49: Cho cdc s0 thue X,y thoa man x+y—-1=+/2x—4+/y+1. Tim gid tri 16n nhat va gid tri nho

nhét ciia bidu thite: S = (X+Y)? 0 Xy + ———.
«/X—f-y

Truong THPT Dong Gia - Hai Duong — Lan 1

Loi giai tham khao
Diéu kién: x>2;y>-10<x+y<9;

1 = — — — 2 —
Ta cg 05X Y1 V2Ax=2+1\y+1<\Bx+y-1) = (x+ y-1)? <3(x+y-1)
=0<Xx+y-1<3<1<x+y<4,

batt=x+y,te[L4],taco S =t?—9-t +%
1
S't)=2t+ — >0,Vte[L;4]. Vay S(t) dong bién trén [1;4].
2\/ ot
Suy ra

1 33-2V5
Spex =S(4) =4 —9-4+ == < x=4y=0;

S, =SM)=2-22 = x=2y=-1
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Cau 50: Cho a, b, ¢ la cac s6 thyc duong thoa méan a+b+c=3. Tim gia tri I6n nhat cua biéu thirc
2 abc

P= +3 .

3+ab+bc+ca | (1+a)(1+b)(1+c)

Truong THPT Dong Xoai — Binh Phwéc - Lan 2

Ap dung Bat déng thirc (x+y+2) > 3(xy+yz+2x),Vx,y,2 € R tacé:
(ab+bc+ca)’ >3abc(a+b+c)=9abc>0
= ab+bc+ca>3/abc
Taco: (1+a)(1+b)(1+c)> (L+ ¥abe) ,Va,b,c > 0. That vay:

(1+a)(1+b)(1+c)=1+(a+b+c)+(ab+bc+ca)+abc >

1+ 33/abc + 3,3/(abc)2 +abc = (1+ 3/abc )3

Khi d6 P<3(1+3ﬁ>+1i/;_%:Q (1)
Pat abc =t. Vi a,b,c>0nénO<abc£(a+b+cj3:1
Xétham s& Q = 2, tzz, te(0;1]
3(1+t3) 1+t
= Q'(t)= Ay >0, Vte(0]

(1+t3)2 (1+t2)2
Do ham s6 dong bién trén(O;l] nén Q = Q(t) < Q(l) :g (2)
\ . 5
T (1) va(2)suyra P < 5

Vay maXP:%,dat duwoc khi va chi khi: a=b=c=1.
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Cau 51: Cho c4c sd thuc duwong a, b théa man a’+2b=12. Tim gid tri nhd nhat cta bi€u thic:

b 4 4 5

a’ F+8(a—b)2

Treong THPT Dong P4u - Vinh Phiic - Lan 2

Loi giai tham khao
Ttir gia thiét va bat dang thirc CaSi ta co:
a’+2b=12<a*+4+2b=16 < 4a+2b<16 < 2\/4a2b <16 < 0<abh<8
2182 2 2
DOdéPZ&GZ(i“JFij ab 5 1(a b_] 5 1

I e e S e Sl I A
a® b') 8 ga-b)’ 16(b* a’) 64 2+2_2

Dat t=§+9(t>2),tacé p>tp, >t 1
b a 16 64 t-2 8

Xt ham 6 f(t) = =2+~ —2 _ 1 tran (2:40)
16 64 t—-2 8
Tacs fit)=st-—.— = - fi(t)=0est=2
8 64 (t—2) 2
BBT:
t 2 = + oo
F(t) — 0+
oo oo
Fit e "
&
N VTP , 5 27
Tt bang bién thién ta co min f(t)=f| - |=—
(2+0) 2 64

Suy ra PZ%, dé’ubéng xay rakhi a=2,b=4.

Vay P dat gid tri nho nhat bang g khi a=2,b=4.

Cau 52: Cho a,b,c la nhitng s6 duong thoa man: a’+b?+c? =3. Chtiing minh bat dang thiic
1 1 1 4 4 4
+ + >t —t—
a+b b+c c+a a"+7 b°+7 c°+7

Treong GDTX Cam Lam — Khanh Hoa - Lan 1
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Loi giai tham khao

Apdungbé’tdéngthﬁ’clJrlz 4 (x>0,y>0)
X Yy X+y
, 1 1 4 1 1 4 1 1 4
Ta co: + > : + > ; + >
a+b b+c a+2b+c b+c c+a a+b+2c c+a a+b 2atb+c
Ta lai co:
1 2

> =—" o2’ +b*+c’+4-4a-2b-2c>0
2a+b+c 2a“+b°+c°+4 a“+7

o 2(6—1)2 +(b—1)2 +(c—l)2 >0
1 S 2 ; 1 S 2
2b+c+a b®’+7 2c+a+b c*+7

N 1 1 1 4 4 4
Ttr d6 suy ra + + 2ttt
a+b b+c c+a a“+7 b°+7 c°+7

Twong tuye:

Déng thtic xay ra khi va chikhia=b=c=1.

Cau 53: Cho cac sO x, y, z la nhitng s thuce dwong thoa man: (/xy +./yz ++/zx =1. Tim gid tri nho
X2 y2 22
nhat ctia biéu thitc: A= + +
X+Y Y+X Z4X

Treong GDTX Cam Lam _ Khanh Hoa - Lan 2

Loi giai tham khao

Ap dung bat dang thiec C5 Si, ta co:

2
X+Yy X+Yy 2\/@ 2
2
I S (1)
X+Yy 2

Déng thtec xay ra khi va chi khi x =y

2
Z :
Chttng minh twong tu ta co: > y— \/z (2) Bang thiic xay ra khi va chikhi y =z
y+12

2
L >z- g (3) Dang thtic xay ra khi va chi khi x =z
X+Z

Tt (1); (2); B) suyra A>X+Yy+ Z—% Déng thttc xay ra khi va chi khix=y =z
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Chi ra duoc: x+y+zz\/ﬁ+\/ﬁ+\/§:>x+y+221

Déng thitc xay ra khi va chikhi x=y=1z= %

Khi do: AZl—%:%;Déngtht’rcxéyra khi va chi khi x = y:Z:%

1 1
y min 2 y 3

Cau 54: Cho g, b, c la cac s6 thye duong thay doi thdéa man: a+b+c=3.

ab+bc+ca

Chiing minh rang:  a° +b* +¢* +— 2
ah+b°c+ca

:Trwong GDTX Nha Trang — Khanh Hoa - Lan 1

Loi giai tham khao
Taco: 3(@+V?+c?)=(a+b+c)a’+b>+c?) =a>+ b+ +a’b +b’c + c?a +ab? + bc> + ca?
ma @ +ab?>2a%
b3+ bc? >2b’c
¢ +ca’ 22c%a
Suyra 3(a*>+b?+c?) > 3(a’b + b*c+ c?a) > 0

(a2 h2 ., 2
—ak3+b(2:+c? =VT 2a2+b2+c2+9 (? +E’ +(2:)
a“+b“+c 2(a“+b”+c%)

Suy ra VT >a*+b*+c¢* +

bat t=a?+ b’ + ¢?, ta chitng minh dwoc t >3.

2t 2 2t 2 2 2 2

D&u bang xay ra khi va chikhia=b=c=1

Cau 55: Cho cac so thie duong a,b,c. Tim gia tri nhé nhat ctia biéu thikc:

42 +3p° +2¢® - 3p%c
(a+b+c)’

Truong GDTX Nha Trang — Khanh Hoa - Lan 2

Loi giai tham khao
+ Theo bdt Co-si:3b’c <2b°+c® (*). D&u = xay ra khi b=c
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3
Ta sé cm :b* +¢3 2@(**);Vb,c>0. That vay :

()< 4(b*+c®) > b +c® +3b*c +3bc” < b*+c* —b’c—bc* >0 <> (b+c)(b—c)* >0
Diéu nay dung vb,c >0 ; ddu = xay ra khi b=c

3
PRCAR)

+ Ap dung(*), (**) ta dwoc P > = 4t* +1(1—t)3; Voit=—2 vate ;1)
4 a+b+c

(a+b+c)’
4 3 1 3 . 4 [ 2 3 2. ] 1
+ Xét f(t)=4t +Z(1—t) ;te(0;]). Taco f'(t)=12t —Z(l—t)  f (t)=0<:>t=g

BBT t 0 1/5 1
f(t) - +
f(t) giam  4/25 tang

b=c
SuyraPZZiS; D&u = xay ra khi a 1 <2a=b=c

at+b+c 5

Cau 56: Xét cac sO thuc x, y thdéa man diéu kién : x — 3Jx+1= 3\/ y+2 —y. Tim gid tri I6n nhat va

nho nhat cta biéu thitc : P=x +y.

Trueong THPT Hoang Hoa Tham — Lan 1

Loi giai tham khao

3@?:1+Jy:§}ﬂn

X+y=m

Gia st T la tap gia tri cta P, khi d6 ta di tim m dé hé { (I)

c6 nghiém.

u+v)=m
batu=+vx+1>0,v=,y+2>0,taco: (2 2) o ) (IT)
us+v:=m+3 ~1(m
U.V—E ?—m—B

Hé (I) c6 nghiém khi va chi khi hé¢ (II) c6 nghiém (u; v) véi u>0,v=>0
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3
PR LU SN c»gi%éismsg+3iﬁ

Vay tap gid tri T ctia P la doan {%\/2_1 9+ SJE}, suy ra minP va maxP

Cau 57: Cho cac sb thuc duong a, b, ¢ thoaman a+b+c=1

7 N 121
a’+b*+c® 14(ab+bc+ca)

Tim gia tri nho nhét caa biéu thic A =

Truong THPT Yén My - Hung yén — Lan 1

Loi giai tham khao

5 1—(a® +b2 + &2
Taco 1=(a+b+c) =a’>+b° +c” +2(ab+bc+ca) = ab+bc+ca = (a_; +C).

Do do A = ’ - 121
> +b0° +c& 71— (a® +b° + 7))

Pit t = a® +b° + &
Viabc>0vaa+b+c=1nn0<a<10<b<l0<c<1
Suyrat=a’+b*+c* <a+b+c=1

B.C.S

Mitkhic 1=(a+b+c)? =a® +b” +¢* +2ab+bc+ca) < 3(a® +b° +¢°)

Suyra t =a® +b° +022%.Vayte[%;lj

Xét ham sd f(t):%+il);teE;lj

7(1-t
7121
f'(t)y=—=+
0=+ 0y
, 7
flt)=0=t=—
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BBT
vl 7 ,
3 18
a0 -0+
ol TS~
324
7

Suy ra f(t)z% Vit e %;1) . Vay Az% véi moi a;b;c thoa didu kién dé bai. Hon nita, voi
1 1 1 a2+b2+c2=1 324

a:-;b:—;c:—thi 18 vaA=—
2 3 6 a+b+c=1 7

Vay minAzg—i4

Cau 58: Cho a, b, c1a ba s0 thudc doan [0; 1]. Chitng minh:

a b c

+ + +(1-a)1-b)1-c)<1
b+c+1 a+c+1 a+b+1 ( ) ) )

Truong THPT Hong Linh — Ha Tinh - Lan 1

Loi giai tham khao

Do vai tro a, b, c nhu nhau nén giad stta < b < ¢, khi do:
batS=a+b+c+1=>b+c+l1=S-a>S-c

a+tc+1=>2S-¢

a+b+1>S-c.
Taco(1-a)(l-b)(1+a+b) <1 O
<=>(l-a-b+ab)(l+a+b)-1<0
<=>-a’-b’-ab+a’b+ab2<0
<=>Db(a+b)(a-1)-a?< 0dungdoa b €[0; 1]. Vay (*) dung.
Ma(*)<=>(1-a)(1-b)(S-¢)<1

l1-c

<=>(1-a)(1-b)< - <= (1-a)l - b)(l_C)STC

Do d6:
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a b c
+ + +(1-a)1-b)A-c
b+c+1 a+c+1 a+b+1 ( X X )
< a N b N C +1_C£S_C=1
S-¢c S-¢ S-¢ S-¢c S-c
dpcm.
Cau 59: Cho a,b,c >0 théaman a +2b > c va a® +b° + ¢ —2 = ab + bec + ca. Tim gia tri 16n nhat
a-+c+2 a-+b+1

cua biéu thttc P = — )
ab+c +a+b+1 a+c a+2b—c

Truong THPT Hung Vwong — Binh Phuéc - Lan 3

Loi giai tham khao
24 ab+bc+ca=a’+b*+c>a’ + 2

=2ab+ac+1 >a’ +ab+bc+ca =2ab+ac+1 > a+b a+tc

a+b a+t+c a+b a+t+c
éab—i—ac—}—lZf =>ab+c —i—a—l—b—l—lzf—}— a+b

a+b atc+2 at+ct+?2 2
= <
abt+c+a+b+1l a+bd

2abt+c +a+b+1>

at+c a+2b—c Si a+c—|—a+2b—02: a—i—b2

atb+l  _atb4l_ 1 1
atc a+2b—c  Lap® atb a7

=

Khidop<_2 L 1 _ 1 1 1
a+b a+b a+b2 a_|_b a+b2 (l—"b
Xéthamsd f ¢ =t —t5t>0,f't =124 f"¢ =0@t=%
1
t 0 N +00
2
f'(t) + 0 -
1
w | \
0 —00
Két luan: Ma:pP:i,khi a = 24_2\/5’() — = 2_2\/5

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 45



TAI LIEU LUYEN THI THPT QUOC GIA | 2016

Cau 60: Cho x, y, z la cac s6 thye dwong théa man x>y >z va X+Y+2z=3. Tim gid tri nho nhat

) . X Z
ctia biéu thttc: P =—+—+3y.
zZy

Truwong THPT Ké Siat - Hai Dwong- Lan 1

Loi giai tham khao

4 X Z
Tacd —+x2>22X, —+yz2>22
z y

P=§+£+3y22x—xz+22—yz+3y
Zy

=2(X+2)+y(X+y+2)—x2—yz=2(Xx+2)+ y* +x(y—2)

Tt do6 suy ra

Do x>0 va y>z nén x(y—z)>0. Tk day két hgp vdi trén ta duoc

P=§+E+3y22(x+z)+y2:2(3—y)+y2 =(y-1°+5>5.
zy
Vay gid tri nho nhat ctia P bang 5 dat khi x=y=z=1

Cau 61: Cho cac s6 thuc dwong X, Y sao cho X+Y <1. Tim gia tri nho nhat cta biéu thic

1 4 9
P=S4=t——
X Yy 1l-x-y
Truong THPT Khanh Son - Khanh Hoa- Lan 2
Loi giai tham khao
I:):a+b+c+4.a+b+c+9.a+b+c
a b C
_1+b+c+@+4 4 9_a+@+9
a a b b ¢ ¢
:(9+@j+(£+9—aj+(£+@j+l4 (1)
a b a ¢ b ¢
batl-x—-y=z=x+y+z=1
Vi x+y+z=1.Tadat
x=—2& _ y= b L= ¢ (a,b,c>0)
a+b+c a+b+c a+b+c

Ap dung bat dang thic c6- si, ta c6
b, 2.4
a

46
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€. %6 3
a ¢
£+9—b212 4)
b c
Tt (1), (2), 3), (4) suyra P>36.
, 1 1
Dau “=" xay ra Xx== ==
Y 6 773

Vay min P =36.

Cau 62: Cho cac s6 thuc duong a, b, c.

3a* +3b* +25¢% +2
(a+b+c)3

Tim gid tri nhé nhat cua biéu thite M =

Treong THPT Khoai Chau - Hung Yén- Lan 2

Loi giai tham khao
- Ap dung BDT C6 - Si ta co: 24" +(a* +1) 224" +2a’ > 4a’ hay 3a*+1>4a’.

4a’ +4b° +25¢°

- Tuong tu 30" +1>40° => M > :
<a+b+c)

Ma (a-b) (a+b)20=>4(a’+b")2(a+b)

3 3 3
+b) +25¢° ’ ’
:Mz(a ) ¢ = atb +25 ¢ =|1- ¢ +25 ¢
(a+b+c)3 a+b+c a+b+c a+b+c a+b+c

(0<t<1)

batt=
a+b+c

Xéthams§ f(r)=(1-1) +25¢ (0<r<1)

=

i f(1)==3| (11 ~(51) |, 7'(r) =0 t_al
~a

Bang bién thién
t

T -
it \25 /
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1) 25 1 o5 2
Vay Minf(1)=f| 2 |=2 khi t=— hay MinM =22 a=b=1,c==.
y Minf (1) f[6] 36 6 36 75

Cau 63:Cho hai s6 dwong x, y phan biét thoa man: x* +2y =12.

N\ .7 . 2 A/ 2 .« A? 7 4 4 5
Tim gia tri nho nhat cua biéu thttc P=—+—

X'y 8(x—y)2 '

Trueong THPT Kinh Mén - Hai Duwong — Lan 1

Loi giai tham khao

Tt diéu kién, dung bat dang thiic Cosi suy ra: 0< xy <8.

2 2
Dénh gi4 PZ%.(x—z+y—2J+6i4,;
yoox XY,
y x

Pt r=2+2(1>2). Knids P2 (1 -2)+> L Xétham's§ f()=— +—~———L (véit>
v 16 64 1-2 16" Tea -2 3

2) Tinh dao ham, vé bang bién thién, tim dugc:

27
. _+[3)_27 Suyragiitrinhd nhatcuaPla == khix=2vay=4
min f(¢) f{zj o yrag o4 y

()

Cau 64: Cho hai s6 thirc dwwong x,y thoa man 4 X +8y =1,

) 3
X+ 2y° +2

Tim GTLN ctia bidu thic: = 5 _|_y2 5 x4y +3

Truong THPT Lac Long Quéin - Khanh Hoa - Lan 1

Loi gidi tham khdo
db=omwda’ b’ > a+b (1)
That vay:
(1) &4 a’ +b® >a’+b’+3ab(a+b) & 3 a’ + b’ > 3ab(a+b)
< a+b a’t—ab+Db’ >ab(a+b)< a+b a’—2ab+b* >0

< a+b a—b220 @)
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Vi a,b>0 nén (2) luén dung . Dau “=" xay ra khia=b.
Suy ra (1) dugc chitng minh.
Ap dung bdt (1) véia=x, b=2y? taco:

1=4x"+8y° =4

23 23 2
X+ 2y |> x+2y7 =x+2y° <1

2
1] 1 1 1 11
=5|x’ —x+—|+5|y  —y+— ——O+3:5 X——| +5ly—=| +==>—=
4 2 2 2
2 3 3
b X +2y° +2 142 ‘1
. - S ju—
Podo:™ 5 4y’ —5x+y +3 1
2
4 x* +8y° =1
— o2 — _1
TacéP=54khi |~ <Y TX=Y =
1
X = - —
Y 2

Vay Gia tri 16n nhat cta bi€u thirc 1a Pmax = 54 ,dat duockhi x =y = %

Cau 65: Cho cac s6 duong x, y, z thoa min diéu kién xy + yz + zx = xyz.

Ching minh rang : X+ yz + [y +X2 +/z+xy > fxyz + Vx +.Jy +/z.

Truong THPT Lac Long Quin - Khanh Hoa - Lan 2

Loi giai tham khao
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Data—— b= ;— c—-z-—>abc>0 viat+thbte=1

Bit dang thuc can chimg minh twong dvong:

Va+bc+Vb+ac+Ve+ab=Vab+Vbc+ac+1
That vay,
Va+bc= Jala+b+c)+bc=Ja’?+a(b+c)+bc=

Ja? + 2avbe + be

=a+ bc = ’(a+\/ﬁ 2 =g ++bc

Twong te. Vb + ac = b ++/ac.
Ve+ab =c++Vab

Céng theo vé cdc bat dz:mg thizc trén ta dwoc:
Va+bc+Vb+ac+Vec+abz=Vab+Vbc+ac+a+b+c

a\/a+bc+\/b+ac+\/c+ab>\/_+\/_c+\/_+1 =>dpcm

Daudangthu'cxayrawa—b—c=gﬂ=x—y—z—3

Cau 66: Cho a,b,c la d§ dai ba canh cua mot tam giac thoa man 2c+b=abc. Tim gia tri nho nhat
3 4 5
+ +
b+c—a a+c-b a+b-c

cua biéu thtc S =

Truwong THPT Lam Kinh - Lan 1

Loi giai tham khao

Ap dung bat dang thic 1+£2 ,x>0,y>0.
X Yy X+y
1 1 1 1 1 1

= + +2 + +3 +

b+c—-a a+c-b [b+c—a a+b—cJ (a+c—b a+b—cj
suy ra 322+ﬂ+§_

c b a

Tt gia thiét ta cd l+g—a nen2+4+§—2(1 g EJ ( j>4\/_

c b c b a c b a

Vay gi4 tri nho nhat ctia S bing 4+/3. Dau bang xay ra khia=b=c=+/3.

Cau 67: Cho X,Y,Zla cic s6 thuc thudc doan [0;1]. Tim gid tri 16n nhat cua bidu thic
P=20C+y3+23) - (X%y+ Y22+ 7%X)

Truwong THPT Lé Loi — Thanh Hoa - Lan 1

Loi giai tham khao
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Dat f(X)=2x>—yx®—z°x+2(y* +2°) - y*z.Ta cb:
f'(X)=6x*-2yx-1z% f'(X):O<:>X:X1:%(y—\/y2+622);X=Xz:%(y+,/y2+622)Nhanxét:
x, #(0;1), 1ap bang bién thién ta thay khi x, €(0;1) hay x, ¢(0;1) thi M[% f(x) =Max {f(0); f(1)}.
Ma f(0)=2(y +2}) -y z<2(y’+2})-y’z+(2-y-2°) =T (1)
= (X< TQ)=2y’-zy*y+22°-2"+2 (1)
Lai dit g(y) =2y’ —zy*-y+2z°-2°+2,
. . 1 1
g(y)=6y"-22y-L g (Y) =0 Y=Y, = (22" +6);y =¥, =2 (242" +6)

Nhan xét twong tw suy ra yl\/Eg)iJ g(y) =Max{g(0);9(®)}.

Lai c6 g(0)=22°+2-2*<272°+2-72*+(1-2)=0() . Suyra
g(y)<g@®=22+2-2"+(1-2)=22"-7"-z+3 (2)

Cuodi cuing dat h(z) =2z°-2*-z+3 v6i z€[0;1], h'(z) =62 -2z -1.

17,
6 1

h(z2)=0 2z =

2

- 1+E;/7 . Lap bang bién thién suy ra: I\/E(E)i)l(} h(z)=h@®)=3 (3)
26| 0;

D&u bang xay ra & (1), (2), (3) khix=y=z=1.
Vay gia tri 1on nhat cta P la 3 dat duockhix=y=z=1.

Cau 68: Cho ba s0 thuce duong x, y, z théa manx >2,y>1,z2>0 . Tim gia tri I6n nhat cua bi€u thirc

1 1
: P= - .
2\/x2+y2+22—2(2x+y—3) y(x-1)(z+1)

Truong THPT Chuyén Lé Quy Pon — Khanh Hoa - Lan 1

Loi giai tham khao
bata=x-2,b=y-1c=z=a,b,c>0 . Khi do:

P= L — 1 Taco:

2Ja?+b2+c2+1 (a+1)(b+1)(c+1)

(a+ b)2 .\ (c +1)2
2

a?+b?+ct+1> 2%(a+b+c+1)2

Ddu “=" xay rakhi a=b=c=1.Mait khéc
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(a+b+c+3)3 L
(a+1)(b+l)(c+1)ST.Khldo:
P< L - 21 = .Dau“=" xayrakhi a=b=c=1.
a+b+c+l (a+b+c+3)

. el 1 27 ,

Patt=a+b+c+l=t>1.Khidé P<=- -=f(t),t>1.Taco:
t (t+2)
1 81

flt)=——t——— t>1;

() t2 (t+2)4

f'(t)=0e (t+2)" =81t° & (t+2)° =9t(t > 1)
StP-5t+4=0t=4(t>1)

Lap bang bién thién ham f trén khoang (1;+) . Ta c6 f c6 gié tri 16n nhat bing f(4)=

ocl i

X=3

. 1 a=b=c=1
Vay maxP=f(4)=-< Sa=b=c=1ciy=2
8 a+b+c+1l=4 S 1

Cau 69: Cho ba s8 thuc dwong x,y,z thoa méan diéu kién x+y+z=3. Tim gid trj 1on nht cta bi€u
thie P = (x+y)(y+2)(z+x)-Yx =3y -3z

Truong THPT Luwong Thé Vinh — Lan 1

Loi giai tham khao
Ap dung BDT Cosi: ¥’ +3’/;+§/;+§/;24x hay x° +33/;24x
Twong tw: y° +32/§ >4y; 22 +33Yz >4z
Cong ting vé BDT ta dugc x° +y° +2° +3(3/;+3/;+3/;) >4(x+y+2z)=12, (1)
Tacod: ¥ +y° +2° =(x+y+2)° -3(x+y)(y +2)(z+x)
Thay vao (1) ta dwoc: 27 —3(x +y)(y +2)(z +x) + 3(€/Z+ v+ %/Z) >12

Suy ra: P<5 . Dang thtic xay ra khi: x=y=z=1

Cau 70: Cho cac s6 thire duong X, Y, Z. Tim gia tri nho nhat cta biéu thic

P

= J +£(x+y+z)2+2
X+ y+4\/W+18.3 Xyz 2
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Truong THPT Luong Tai 2 — Bac Ninh — Lan 3

Loi giai tham khao

Ta c6: 4[xy = 2\/x4y <x+4y; 183xyz =33x.4y.92 < x+4y +9z
Dau “=" xay ra khi x=4y =9z

+1(x+ y+ z)2 +2

Suyra P>
X+y+z 2

Dat t=x+y+2z,(t>0), xét ham s6 f(t):%t2+%+2 (t>0)

Lap bang bién thién tim dwoc min f (t)= g ot=1

Vay minP:Z<:>x=§;y:i;z:i
2 49 49

Cau 71: Cho x, y, z la ba s6 thyc duwong thoa man: x+y+z>3. Tim gia tri nho nhat cta biéu thac:
2 2 2
P= X + Y + z
yz+\/8+x3 ZX+\/8+y3

xy+\/8+23 .

Truong THPT Ly Thai T6 - Bac Ninh — Lan 1

Loi giai tham khao
a’ b’ §> (a+b+c)

Ta c6 BDT: —+—+
X y z X+y+z

(*) véi a,b,c,Xx,y,z >0 va chitng minh.
(Hoc sinh khong chirng minh (*) trir 0.25)

2
Ap dung (*) ta co: P> (X+y+7)

xy+yz+zx+\/8+x3 +\/8+y3 +\/8+z3

2+ X +4-2x +x° _ 6—x+x>
2 2

Ta c6: V8+x° =\/(2+x)(4—2x+xz) <

2+y+4-2y+y° _ 6-y+y’

JB+y’ =\(2+y)4-2y +y") < > >

2+72+4-27+7° _ 6—z+27°

3 _ _ 2
\/8+z —\/(2+Z)(4 22+7°) < > 5

2(X+y+z)2

Suy ra: P> —
2xy+2yz+27x+18—(x+y+2z2)+xX " +y“ +z

B 2(x+y+z)°
(x+y+z)’ —(x+y+2z)+18
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2 2

bdt t=x+y+z (t>3). Khi do: P>2; Xét ham s0: f(t)zzL voi t>3.
t*—t+18 t°—t+18
_ 42
£ =203 1 6 p =0t =36
(t°—t+18)
BBT:
X |3 36 +00
y' + 0 —
44/71
y
3/4

Tt BBT ta c4: GTNN cua P la: % khi t=3.

Vay GTNN cua P la: 3/4 khi x=y=z=1.

Cau 72: Cho ba sd thuc khong am a,b,c thoa man di€u kién a* +b” +c¢* <3. Tim gid tri nho nhat

cua biéu thic A:2(a+b+c)—(1+%+1J
a c

Truwong THPT Ly Thuong Kiét — Binh Thuin — Lan 1

Loi giai tham khao

Xét ham sd f(x)= 2x—1 %—— (\/_0)
X

f(x)——x—l+3i 3x—l>2+3(X+1) -2>0=>2x —1>1—3i ;Vxe(— \/_0)
x 2 2 2 x 2

2 2

a 2 2 b 2 2 c 2 2

= A=2(a+b+c)— 111 _é—é(a2+b2+c2)2—3
a b c) 2 2

Vay: minA=-3khi a=b=c=-1
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2 2
+
3x+2y+z+1 3x+2z+y+1

Cau 73: Cho x, y, z la ba s6 duwong thdéa man: =(X+y)(X+2).

2x+3)° +y° +7° —16.
2x°+y° +7°

Tim gia tri 16n nhat cua biéu thac: P=

Truong THPT Ly Théi T6 - Bac Ninh — Lan 2

Loi giai tham khao

(x+y+x+z)2 B (2)(+y+z)2
4 4

Ta co: (x+y)(x+2)<

) 1 N 1 S 8
3x+2y+z+1 3x+2z+y+1) 32x+y+z)+2

8 <(2x+y+z)2
32x+y+z)+2 4

Tt gia thiét suy ra:

2

Stz<:>(t—2)(3t2+8t+16)20

8
bat:2x+y+z=t (t>0) =
' Y >0=37"3
St22=2x+y+z22>2

Ma: 4<(2x+y+2)° < (2 +1P+1)X* +y° +7°) & x> +y +7° Z%-

, 2x° +y* +7° +12x +2 12x +2 12x +2 36x+6
Taco: P= a1 s =lt—-————— <1+ > =1+ >
X" +y +z X +X+y“+z 24 Z 3x°+2
3

36x +6

3x%+2

Xét ham so: f(x) =1+ voi x >0.

36(3¢° 2 x=-1 (loai)

— X" +X—

Ta co: f'(x) = , f'x)=0<

2 cotto (3x% +2)* ) x=g :f(gjzlo

Lap BBT Suy ra: f(x)<10=P<10.

Vay gid tri lon nhat ctia P 1a 10. Dau “=" xay ra khi: x = %,y =z==-

3

Cau 74: Cho a, b, ¢ 1a 3 s6 thuc duwong va thoa 21ab+2bc+8ca<12. Tim gia tri nho nhat cua
bicu thirc: S =~ 4243,
a b c

Trueong THPT Marie Curie - Ha N§i- Lan 1
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Loi giai tham khao

e Dat x=§, yzé, z:% = X,Y,2>0,2x+8y+212<12xyz va S=X+2y+3z.
2
2 12xy -21

72—
o 2X+8y+212<12xyz = z(12xy —21) > 2x+8y = 12xy -21 = .
12xy -21>0 X>—
4y
2X+8y
axy -7

eTaco: S>x+2y+

e Xét ham sO f(x):x+2y+§r

14+ 32y? 0 x

(4xy—7)2 - 4y

X+8y trén l;+oo
Xy —7 4y
7
f'(x)=1- =—+
(X) 2y €

2
J32y2 +14 (l;mj

4y

e Lap bang bién thién cho ham s6 y = f (x) ta co:

2 2
Szf(x)Zf[7 +@J=2y+i+@

4y 4y 4y 4y

’ 2
e Xét ham s6 g(y) =2y+4i+M trén (0;+0)
y

4y
’ 8y’ —9)y32y* +14 - 28 5
g(y)=( 2) - =0 y==¢&(0;+»)
4y?[32y* +14 A
A Tk A g1in S . 5) 15
e Lap bang bién thién cho ham s6 z=g(y) taco: S=g(y)= Q(Z):?
e Vay minS=E khi azl, bzﬂ, c=§.
2 3 5 2

Cau 75: Cho X, Y 1a cdc s8 thuc thoa man didu kién X+ y = 264 x —3 + 3\/y —2013 + 2016

Tim gia tri nho nhat va gid tri 16n nhat cua biéu thiec \ = (x _1)2 +(y- 1)2 n 2016 T/ZXY\/XJF y+1.
X+y+1

Truong THPT Minh Ch4u - Hung Yén -Léan 3

Loi giai tham khao
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2016 2 2016
M=xX*+y>+2Xy —2X -2y + 2+ ———==(X+y+1) —4(X+y+1)+5+ ——
S ¢ X+y+1 (x+y+1) —4(cry+d) X+y+1

Dit t =X+ y+1 thi ta dugc M :t4—4t2+5+%

Diéu kién cua t:

Dat a:\/x—S;b:«/y—2013 ta duoc x=a2+3;y:b2+2013 va

a’+3+h? +2013 = 26a+3b + 2016 < a* +b? =26a+3b£\/(262+32)(a2+b2)
Hay 0<a®+b* <685
Tir 6 ta duoe X+y+1=a’ +b* +2017 €[2017,2072] nén te D =|/2017;4/2072 |

Xét ham sd f(t)=t4—4t2+5+¥;te D

5 g 40y _o\_
f(t)=4t> -8t - 2?216 _ 40802016 A(1=2)-2016 o | V/2017;/2072 |

t? t?

Suyra f(t) dongbiéntrén D

maxM = f (\/2072) = 4284901+ % khi t=+/2072taduoc? a b o
26 3 -

2 12 _
a“+b° =685 {3226
& hay

X=679;y =2022

minM = f (\/2017) — 4060226 + % khi t =+/2017 hay x =3y = 2013

Cau 76: Cho ba s6 thee duong X;y;z thoa man: Xyz =3. Tim gia tri nho nhat cta bi€u thirc:
P= \/Iogg x+1+\/log§ y+1+\/log§ z+1

Truong THPT Nam Duyén Ha - Théi Binh- Lan 1

.....

Trong mp(Oxy), goi a = (log, X;1), b =(log . Y1), € =(log ,z1)

van=a+b+c=n=(3)

Ta c6: |é|+‘5‘+|6| 2‘é+5+6‘:>\/log§ x+1+\/log§ y+1+\/log§ Z+1>V12+3
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— P >4/10, dau = xay ra khi ba vecto &, b, € ciing huéng va két hop diéu kién dé bai ta duoc

Vay minP =+/10 khi x=y=2z=%3

Cau 77: Cho cacsd X, Y,z thoaman 0< x <y <z.Tim gid tri I6n nhat cta biéu thirc

2
(x*+y*+2°)
5 :
Truong THPT Thanh Chwong 3 — Thanh Hod - Lan 1

P=xy’ +yz° +2x* —xyz —

Loi giai tham khao
Vi O<x<y<z

nén
X(X—=y)(y—2)20< (X2 =xy)(y—2) 20 < X*y = X’Z—xy* + Xyz > 0 < X°y + Xyz > X°Z + Xy?

Xy? +y2* + 2 —xyz = (X°z+ xy° )+ y2* = xyz < (X°y + xyz) + yz* - xyz = y (x* + 2°)

Theo bat dang thitc C9 si ta c6:

y(x*+12°)= %\/Zyz(x2 +23)(x% +22)

1 [ 2y*+(X* +2°)+ (X* + 2%) ’ X* +y?+17° ’
< _o [ XY T
J2 3 3
Do dé

X +y +7° ’ 2 2, 2\ s 2 _2\2
P:xy2+yzz+zx2—xyz_( y ) gz\/(uJ _§(M]

6 3

2 2 2
Détt:\/(%} (t>0).Taco P< f(t)=2t3—gt4.

f '(t) = 6t* —6t° =6t°(1—t) =0 <>t =1. Lap bang bién thién ctia ham f (t) suy ra dwoc
3 1 1

f)<f)=2-===P<=,

O<f@ 2" 5 >

1 1
Ta thay PZE khi x=Yy =2z =1. Vay gia tri l6n nhat can tim la MaXP:E khi x=y=z=1.
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Cau 78: Chox,y,z>0.Tim GTNN cua biéu thic: P= % + . 52
y+z z+X  X+y

Truong Cao Dang Nghé Nha Trang — Lan 2

Loi giai tham khao

P:(sx +3J+( 4y +4j+[ > +5J-12
y+2z Z+X X+y

:(x+y+z)( 3 + 4 + S )-12
y+z z+X Xty

:awwvf+ww«f%ﬁ+ﬂﬂﬂyfﬂiﬂJﬁxT+Nﬁif]”

> %(\/§+«/Z+\/§)2—12

y+z _z+X _ X+y

i = 1 2 _ = =
MinP = 2(J§+2+J§) 12@\/5 ; NG

Cau 79: Cho x, y, z la cac sO thuc duwong thoa: x + y + z = 2. Tim gid tri nho nhat cta
2 2

X N y
(y+2)°+5yz (x+2)”+5xz

M =8 )—%@+yf

Truwong Trung cidp Nghé Ninh Hoa - Lan 1

Loi giai tham khao
Ap dung bat dang thiic Cauchy cho y; z va x, z:
X X 4 x

(y+z)2+5yz_(y+z)2+i(y+z)2 9 (y+2)°

2

2 2 2
y . y Ay
> . .

(x+2) % +5xz (X+Z)2+Z(x+z)2 9 (x+2)

Dau“="khiy=z=x.Khido:

2 2 2 2
X y 4 X y
2 T 2 =0 2 T 2
(y+2)"+5yz (x+2)"+5xz 9| (y+z)° (x+2)
Ap dung bat dang thiic Cauchy — Schwarz:

2{ ¥ Ly }(12_’_12)2%{ x_, y}

9 (yrz)? (x+2)° 9| y+z x+z
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Z{L+LT:E{(X“YZ)H(XW)T

Oly+z x+z 9 xy+z(x+y)+z°

(x+y)’ 2

X+Yy
>g 2 +2(x+Yy) _2[ 2(x+Y) 2 +4z(x+Y) Y
= 2 ~a 2 2
9 (x+4y) +z(x+y)+22 9| (x+y) +4z(x+y)+4z

Dox+y+z=2 =x+y=2-znén

MZE{ 2(2—22)2+4Z(2—z) 2:|2_§(2—Z)2
9((2-2)"+4z2(2-2)+4z 2

X;y;z>0 _2)\?
Do d Y = 2 €(0;2). Xét ham s F(z):%(z—zj —E(Z—Z)Ztrén(O;Z)Cé:
X+y+2=2 9\z+2) 2

oy 128(z7-2 4 L
F'(z) = 9( j(z+2)2 3(z-2)

_(,_ o512 g2 (2=2) reqn 3
(2 2){ 0 12 3} 9(Z+2)3[512 27(z+2)}

Trén (0,2), F'(z)=0=1z= % . Ta lap bang bién thién:

Z 0 g 2 400
3

F'(z) - 0 +

F(2) —

-8 2
Tk bang bién thién suy ra M 2 F(Z)Zg.Dé'u”f’ xay rakhix=y=z=—

-8 2
Vay gid tri nho nhat chtaMlaminM= — khix=y=z= —

3
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1 2
Cau 80: Cho x, y, z la ba s6 thyc dwong théa man: —+—=—.
X y z

2 2
X+ 22
y+

z? X+ Y

Tim gia tri nho nhat caa biéu thiee P =

Truong Trung Cip Nghé Ninh Hoa - Lan 2

Loi giai tham khao
.11 2 2Xy X+Yy
Tkt —+—=—suyra2xy=(x+y)z & — =——

X y z 2?2

Ap dung bat dang thitc Cauchy cho x, y ta lai cé:

1+1:x+y24(x+y2
Xy xy  (x+y)
2 4
-2

z (X+Y)

. : : Xty
Dau “ =" xay rakhi x =y . Suy ra >2 (%

x>4y’ 22 Xx+y]° 2x 27
Khids P=2—Y 4 :[ y} =
Z X+Yy Z Z X+Yy

2
:[u} Xty 22
Z Z  X+y

y X+y . .
Patt=——,tex(*)tacot =22
YA

2
Xét ham 8 f(t) =t ° —t+?, £>2

2% —t? -2

Ta c6 : f’(t)=t—2>0, Vi >2

Suy ra f(t) d6ng bién trén [2;+00)nén f(t) 2£(2) =3, V't 22
Dau “ =" xayrakhit=2 < X+Yy=22

Vay gia tri nho nhat cia Plamin P= 3khix=y=z2
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2

Cau 81: Cho X,Y,7 1a ba s6 thuc duong thoa man: x> + y? + 2% < %. Tim gi4 tri nhé nhat cta biéu

thic: P=8xyz+i+i+i
Xy yz X

Truong THPT Ngob S§ Lién — Bac Giang — Lan 2

Loi giai tham khao

1 1 1 1
- T ’:—+—+—233’—,d“tt=,3/ z>0
Ty N2 Xy

2, 2, .2
Ma 3x%y?z? Xy w2t 1o gl

3 4 2
3 3 ’ \ A 3 3
= P>8t +—2.Xethamso f(t)=8t +—
t t
4 ! 2 6 " 1
Tacd Vt =0, f (t)=24t —t—3, f (t):O<:>t:5Z

» Lap bang xét dau ta co: f (t) >13 v6i moi gia tri t théa man 0<t < %

Suy ra P213.Dé'ub5ngxéyrakhit:% hay x = y:Z:%.

Két luan.

Cau 82: Cho x>0, y >0 thoa man x?y + xy?=x+y + 3xy. Tim GTNN ctia biéu thtrc
(1+2xy)’ =3

P=x"+y"+
2xy

Truong THPT Nguyén Tri Thanh - Lan 1

Loi giai tham khao
+Ta cod
Xy+xt =x+y+3xy < xp(x+y)=x+y+3xy (1)

dox>0;y>0nénx+y>0

=’x+y=l+l+3z +3=’(x+y)2—3(x+y)—420

(1) X y X+Yy
- [(x+y)+1][(x+y)—4]z0=>x+yz4

1 3 3 1

< l=—+ 1- =—
(1) Xy X+ X+y xy
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NénP=(x+y)?+2- i:(x+y)2+1+i
Xy X+Yy

+Datx+y=t(t=4) :>P:t2+%+1:f(t)

3
+Taco '(t)= 2t—t§=2t -3

>0Vt >4. Nén f(t) dong bién trén nira khoang [4;+x) =>

P=fW=/H=1

Hay gi tri nho nhat ctia P bang % khi x=y=2

Cau 83: Cho ba s6 thuc duong X,y,z thudc doan [1;4] va thoa man x+y+z=6 . Tim gid tri nho
z X +y*-1

nhat ctia biéu thitc: T=————-+
8(x°+Yy°) Xyz

Treong THPT Han Thuyén - Bic Ninh —Lan 2

Loi giai tham khao

X2 +y? 1 -1
>2,(x=1)(y-1)=xy—x—-y+1>0 >5- -2
X (x-1)(y-1)=xy—x-y+ = Xy 7= v 5-7)2
X2 +y?=(x+ ) —2xy <7°-10z+26
1
bs: T_E x=y=Lz=4

A A 2 ~ 3 Y . 7/ . 2 A/, 2 - A? Vs
Cau 84: Cho ba s6 thuc duong x,y,z théa man x+y+z< 5 . Tim gia tri nho nhat cua biéu thirc

z(xy+1)2 x(yz+1)2 y(zx+1)2
= + + :
y (yz+1)  z%(zx+1) x*(xy+1)

Truong THPT Chuyén Nguyén Quang Diéu - Lan 2

Loi giai tham khao

(] e (=

v Bién d6i biéu thttc P,taco: P= 1 + 1 1
y+- 2+ X+ =
z X y

2 2 2

VChl’rngminhbé'tdéngthﬁc:%+—+C—2a+b+c (a.b.c>0) (1)
C a
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Theo bat dang thitc Cauchy ta co:

aZ b2 C2 aZ 2 C2
?+b22a,—+022b,—+a22c: —+—+—>a+b+c.

c a b ¢ a

St dung (1) ta suy ra: P2[x+lj+(y+lj+(z+lj=x+y+z+l+l+1:Q
y Z X X y z

3

Yz

v Tiép tuc danh gia Q, ta c6: Q>33xyz +

Dit 1=3/xyz , ta co: O<t=\3/xyzéx+;}+zsé
v Khi d¢: Q23t+§:12t+§—9t22\/3_—%=§
t t

D&u dang thiic xay ra khi va chikhi x=y=z =%

K&t lugn: Gié tri nho nhat cta P 13 g datkhi x=y=z =% .

Cau 85: Cho a,b,c 1a cac s6 thuc thoa man 0<a<b<c. Tim gid tri nho nhat ctia bi€u thtc
_ 2a’+b*+cC? +a+b+c
(@ +b*)(@’+c?) (a+b)c

+20(a+b+c).

Truong THPT Nguyé Siéu — Hung Yén— Lan 1

Loi giai tham khao

1 1 1 1
+ +=

Taco P= +
a’+b*> a*+c* a+b ¢

+20(a+b+c)

O<a<b<c a2+b23ab+bzs(§+b)2 X
Vi nén 2 dau bang xay ra khi a=0

a2+czs(§+c)2 X
Twong tw 2 dau bang xay ra khi a=0

P> ! ! + L +1+20(a+b+c)

2 +
Do d6 (2+b)z (;+C)z a+b c dau bang xay ra khi a=0

Ap dung cc bat dang thiec sau:
1 1

X2 y2

> owr D&u bang xay ra khi x=y (phai chitng minh)
+
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1+12i D4u bang xay ra khi x=y
X y X+y
Suy ra P> 8 4 +20(a+b+c)

+
(a+b+c)> a+b+c

Dat t=a+b+c voi t>0
4 \ A 8 4
Xét ham so f (t) :t—2+?+20t, t>0

3_ —
Ta 6 f'(t)z—stz—}—tiz+20=—20t tft 10

f'(t)=0< 20t° -4t -16 = (t—1)(20t°* + 20t +16) =0 =t =1

Bang bién thién

T 0 1 +00
f'(t) - 0 +
+00 /oo
f(® \
32
a=0,b=c a=0
Suy ra P>32 dau bf?mg dat dwockhi fa+b=c & 1

b =
t=a+b+c=1 2

Vay gia tri nho nhat cua P bf?mg 32.

Cau 86: Cho ba s6 thuc khong am x, y, z thda diéu kién 4(xz+ y) > y* +4. Tim gia tri nhd nhat cua

bidu thic: P = %(m+ Jf + =@ 4y)+2

(X+Yy+12)°

Truong THPT Nguyén Trdi - KonTum - Lan 1

Loi giai tham khao
*Tacod: 4(xz+Y) >y  +4 = 4xz>(2-y)? = 2/xz 2| 2—y|22-y

:>2£2\/E+y§x+y+z. @)
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* P =%(\/2x2 +22% + y)2 + (y=2)2x+4y) +2 +1-1

(X+Yy+12)°

2 2
:%(M+y)z+ (x+2y)” , _(@=y) 2

(X+y+2)* (x+y+2)* (X+y+12)° -

Vi V2x% +22% > X+12, VX,z2>0 (dau “=" xay ra khi x = z)

2
nén: %(\/ZXZ +27° +y)2 2%(X+y+z)z =2(X+y+ Zj

4
2 2 2
PZZ(X+y+ZJ . (x+2y) _+ (z-y) _+ 2 1 )
4 (X+y+2)" (X+y+2)° (X+y+2)

*Ta cd: (a—b)*+(a-c)® >0« 2a® +b* +c® >2a(b+c), vVa,b,c (3)

(Dau “=" xay rakhia=b =¢)

Ap dung (3), ttt (2) ta co :
I:)22.x+y+z.x+y+zJr 2 . :x+y+z+ 2 1
4 X+y+z (X+y+12) 2 (X+y+12)

*Pat t=x+y+z, t>2 (te (1))
TS A 1. 2
Xét ham s6 : f(t):§t+t—2—l, t>2

3_
Tacs: )= 2 U850 vi>2
2 ¢

=>ham s0 {(t) dOng bién trén [2;+00) =>minf(t) =£(2) =

N |

Vay minP =1/2, dat dwgc khix=z=1vay=0.

Cau 87: Cho x, y la cac s0 thuc duwong thoa man Xy +x+Yy=3. Tim gia tri 1on nhat ctia biéu thirc

— 3x + 3y + Xy —(x2+y2)
y+1 x+1 x+vy

Truong THPT — Nguyén Viét Xuan - Phu Yén- Lan 1

Loi giai tham khao

Pt t =x+y= Xy =3-t; x2+y2:(x+y)2—2xy:t2—2(3—t):t2+ 2—6

2
Ta c6 xys(%] :>3—t£%t2<:>t22
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3(x%+y?)+3(x
Suy ra P= ( +y)+ ( +y)+ Xy _( 2 2): 2 12 5
Xy+XxX+y+1 X+Yy

Xét ham s6 f(t):—t2+t+g—g voi t>2
Taco f '(t):—2t+1—t£2<0, Vt>2.Suy raham s6 f (t) nghich bién véi t>2

=>P<f(t)<f(2)=

N W

Vay gia trji 1on nhat ctia P bang g khi x=y=1.

Cau 88: Cho x, y, z 14 cac s6 thue duong va thoa man diéu kién z” + 4 +2° = 3 .Tim gid trj 16n

X +y +7° 3
+

nhat ctia bidu thiee : P = (X+Yy+2)* -
Oxyz Xy + yZ + zX

Truong THPT Nguyén Van Tréi - Lan 1

Loi giai tham khao
Tacod: (x+y+z) =2° +y° +2° +2xy+yz+zX)=>2" +y° +2° =3 +2xy+ yz+2zX)

laico: 2° +¢° +2° = (x+ y+ z)[ac2 +y’ + 72— (xy+yz+tz X)] + 3Xyz

3 3 3
:(x+y+z)[3—(xy+yz+zx)]+3Xyznén u:l+l i+i+i [3— (xy+yz+2X)]
Oxyz 3 9\xy yz xz
Xy + Yz + xz > 3[x2.y? .2
< . 1 1 1 9
Matkhac: 1 1 1 1 ==t
ST Xy VI XZ  Xy+YyZ+XZ
Xy yz xz ‘\sz.yz.zz
1 1 3
Suy ra: P <3+2(xy+yz+zX)—=—| ————— |[3=(Xy+yz+ZX) |+ ————
3 \xy+yz+xz Xy + YZ + Xz

2 2 2 2 2 2
:1—31+2(xy+yz+zx)sl—31+2(x Yy £z 4z X ng

2 3

4y 4+ =3
Véy:Pmaxz%datdu’Qckhi: xy = yz = 2X Sr=y=z=1
Ty +yz+2X=3
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Cau 89: Cho a, b, c la cac s thuc duwong. Tim gia tri nho nhat ctia biéu thiee
1 4 1
P= - + .
da+2b+4J2bc 8+a+2b+3c 4+b+2c

Treong THPT Nhw Xuin — Thanh Ho4 - Lan 1

Loi giai tham khao
1 1 . —4 -1 -1
2> va > +
4a+2b+42bc  da+4b+4c 8+a+2b+3c 4+a+b+c 4+b+2c

Ta cd 24/2bc <b+2c =

-1

+ , batt=a+b+c, t>0
4(a+b+c) 4+(a+c+b)

Suyra P>

ét f)=sr 1 150, f)=-— T i f()=0ct=4.
4 4+t 4t (4+t)
t 0 4 +00
T
f \ /v
L
16
b=2c
. , N > 1 . a=c=1
Suyrag1atr1nhonhatcuanang-Ekh1 a+b+c=b+2c<:>{ P
a+b+c=4 -

Cau 90: Cho ba s6 duwong x,y,z thoa man x+y+l=z. Tim gia tri nhd nhat cta bi€u thuic

X3 y3 73 14

P= + + +
X+yz y+zx z+Xy (z+1)/(x+1)(y+1)

Truong THPT Pham Vin Dong - Phti Yén - Lan 1

Loi giai tham khao

(x+y+2)° (z+1)
= Tir gia thist X+ y+z=1taco: (X+1)(y+1)=z+xy< =

4 4
3 3 3
Nén P > X + y +42 +228
X+yZ  y+2X  (z+1)
= M3t khac theo bat dang thirc Cauchy — Schwarzt ta cé:
2
2 2 2 2
S SR S AN (X +y?) Xyt (xry) (221
X+YZ Y+2X X2 +xyz Vi4xyz X2 +yi+2xyz 1+ 2(1+z) 2(1+z)
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923 7% _7457
2(z+1)°

=P>

= f ().

(32—5)[32 +5132+37z+23J

5
)

bit g(z)=2f(z)=9'(z)=

z+1)

- Lap bang bién thién ta c6: f (

Vay minP —% khi (X Y Z):(

OOII—‘
OOII—‘

Cau 91: Cho x 1a so thuc thudc doan

L
£

} .Tim gia tri nho nhat, gia tri 16n nhat cua biéu thic

_ A5—4x—+1+x
J5—4X + 241+ X +6

Trueong THPT Phan B6i Chau - Lan 2

Loi giai tham khao

Pit a=v5-4x , b=+1+x =a’+4b*=9 (a,b>0)
zﬂae{o;g} :a=3sino , 2b=3cosa

Khido: p=_2-0 _ _ 2sino—cosa
a+2b+6 2sino+ 2coso+ 4

Xethamsof( ) 2sina.—cosa vOi o € 0;E
2sina+2cosa +4

(o) = 4SIn0L+SCOSoc—22 50 véi ae{O;E}
(2sina.+2cosa+4) 2

f(x) dong bién trén o e {0; g}

Vay minP 2—% khi x =

A
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Cau 92: Cho x, y la hai s6 thyc duwong thoa man 2x+3y <7.Tim gia tri nho nhat cua biéu thirc

P=2xy+ y+\/5(x2 +y%) —24%/8(x+ y)— (¢ +y* +3)
Treong THPT Phan Thic Truc - Nghé An -Lan 1

Loi giai tham khao

<36=x+y+xy<h.

2x+2+3y+3)
Ta c6 6(x+1)(y+1) = (2x+2)(3y +3) < (fyj

Taco 5(x* +y*) = (2x+ y)2 =50 +y°) = 2x+yva
(X+y=3)"=x"+y* +9+2xy—6Xx—6y >0 2(X+ Y+ Xy +3) > 8(x+y)— (X’ + y*+3)

Suy ra P> 2(xy+X+Y) - 2432(x+ y +xy +3)

bat t=x+y+xy, te(0;5], P> f(t) =2t 2432t +6

o o242 3eteey -8 _
Tacéd f'(t)=2 =2 <0,Vte(0;5]
sfetie? ety

= ham s6 f(t) nghich bién trén nita khoang (0;5].

Suyra min f (t) = f (5) =10—48%/2
X=2
y=1

Vay min P =10 —48 3, khi {

X o ) _ N %2, 3h c 6(a +b+ c)
Cau 93: Cho cac so thiee duong a,b,c. Chitng minh rang: + + <
a+2 b+3 c+1 a+b+c+6

Truong THPT Phu Cir - Hung Yén-Lan 1

Loi giai tham khao

Bat dang thitc twong duong véi
(a+2 2a J [b+3 3b J (c+1 c J a+b+c+6 6(a+b+0>
+ - + - > -

4 a+2 4 b+3 4 c+1 4 a+b+c+6

(a—2)2 . (b—3)2 s (0—1)2 . (a+b+c—6)2
4(a+2) 4(b+3) 4(c+1)_4(a+b+c+6)

<~

(a—2)2 (b—3)2 (c—l)2 (a+b+c—6)2
a+?2 i b+3 " c+1 - a+b+c+6 (2)

<~

Ap dung bat dang thitc Cauchy — Schwarz ta c6
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2
N [(a—2)+(b—3)+(c—1)] _ (a+b+c—6)2 :VP(Q)
(a+2)+(b+3)+(c+1) a+b+c+6
DA&u bang xay ra khi va chi khi a =2;b = 3;¢ =1.
Vay bat dang thtic (2) ding. Do d6 bat dang thic (1) dwoc chirng minh.

VT (2)

Cau 94: Tim gia tri nho nhat cua biéu thic :

4(x* +y* ?
p_ (2 {)_(”y) + 211 trong d6 a, b 1a hai s thyc duong,
X +y 2 Xy

Truwong THPT Pha Riéng - Binh Phudc—Lan 1

Loi giai tham khao

4(x2+y2)2 1 _(2 2)+

) 2
> .X2+y2 =X"+y + 2

X2 +y° X2 +y°

Taco: P>

Xét ham s& f(t):t+%,vc’yi t=x2+y? te(0;4o0).

Ta cd: f(t):l—tiz; fi(t) =0 =t =42

Lap bang bién thién ham s f(t) trén khoang (0;+), ta tim dwoc:
min f(t) =4, dat duoc khi t=2.

Tir &6 tim dwoc GTNN cta biéu thiec P b.%mg 4, dat duogc khi x=y=1.

Cau 95: Cho x, y, z 1a cac s6 thue dwong théa man x>y>z va X+Y+2z=3. Tim gid tri nho nhat

’ . X 7
ctua biéu thttc: P=—+—+3y.
zZy

Truwong THPT Pha Riéng - Binh Phudc — Lan 2

Loi giai tham khao

/4 X Z
Taco —+xz=2x, —+Yyz2>22
z y

Tt d6 suy ra P:§+£+3y22x—xz+22—yz+3y
zZ Yy

=2(X+2)+Yy(X+y+2)—x2—yz=2(X+2)+ Y’ + X(y—2)

Do x>0 va y>z nén x(y—z)>0. T day két hop vodi trén ta duoc
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P:§+5+3y22(x+ 2)+y =2(3-y)+y’ =(y-1)*+5>5.
z Y

Vay gia trj nhé nhat ctia P bang 5 dat khi x=y=z=1

’ 2 ~ 1 N .7 . 2 A ? - A2 7
Cau 96: Cho cac sO thuwc a,b thoa man a,be[z;l}. Tim gid tri nho nhat cua biéu thtc

P=a’h+ab’ +

22+ b2 _3(a+b)

Truwong THPT Pha Riéng - Binh Phudc - Lan 3

Loi giai tham khao
Do a,b<1nén (a-1)(b-1)>0<ab>a+b-1>0
Suy ra: a®+b* =(a+b)’ —2ab<(a+b) —2(a+b-1)
Ma a%h+ab® =ab(a‘ +b*),a* +b* > 2 (a? +b7)’ > = (a+b)’
2 8

6
(a+b)’—2(a+b-1)

Suy ra: Pz%(a+b—l)(a+b)4+ ~3(a+h)

Ditt=(a+b) thi 1<t<2, xét ham s& f(t):%(t—l)t4+ﬁ—3t
t-1)"+

1

Véi te[L2] 6 f'(t)=§<5t4_4t3_24)_ 12(t-1)

T 2)2 <0vte[12]

Nén f(t) nghich bién trén [1;2]. Do d¢: f(t)> f(2)=-1

Vay MinP =—1 khia=b=1

Cau 97: Cho a, b, ¢ 1a ba sb thuc duong thoa min: a + b + ¢ = % Tim gia tri nho nhat cua biéu thic

1 1 1
= - -
Ya+3b Yb+3c Yc+3a

Truong THPT Pht Xuyén B -Lan 1

Loi giai tham khao

4p dung Bat dang thirc Cosi cho ba s duong ta c6

xX+y+2z) l+l+l > 33/xyz 3 :9:l+l+12 2 (*)
X y z AXyz X y z X+y+z
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1 1 1 9
+ + >
Ya+3b Yb+3c 3Yc+3a Va+3b+ib+3c+3ic+3a

ap dung (*)taco: P=

ap dung BAt ding thirc Cosi cho ba sb duong ta c6:

3f(a+3b)L1 Sa+3b3+1+1=;(a+3b+2)
(b +3c)1.1 31”3?1“:;(1)%%2)
3(c+3aﬁulsc+3i:1+l:;(c+3a+2)

1,3
Suy ra 3/a+3b +3/b+3c+3/c+3a S;[4(a+b+c)+6]:§{4.z+6}:3

Do dé P>3

3
Dau = xay ra & a+b+C=Z @azbzczl
4

a+3b=b+3c=c+3a=1

Vay P dat gia tri nho nhat bang 3 khi a=b=c=1/4

Cau 98: Cho X, y, z la cac sO thuc khong am thoa man: xy+yz+zx=1. Tim gia tri nhé nhat ctua

. , 1 1 1 5
biéu thiec: P = Ty + V7 t +§(x+l)(y+l)(z +1).

Treong THPT Qudc Oai — Ha N§i —Lan 1

Loi giai tham khao
Gidsa z=min{x;y;z}. Dat x+g:u;y+%:v:>u,v>0
z) 3
Ta c6: x2+zzs(x+§j <:>Zzz—xz£0<:> z(3z—-4x)<0 ludn dung.

2
. z
Vay x2+zzs(x+§) U Y+ SV X+ Y S0P 4V

. , 1 1 4 .11 8
Mavoi u,v>0,tacod: —+—=2——va —+—52 >
u v u+v u \Y (u+v)
Vay
1 + 1 + 1 > 1 +i+i— 1 +1 i+i +§ i+i
X2+y? yi+z? 2P4xE ut+vdour viour+v 4l Vi) 4\t Ve
S 1 N 1 N 6 S 4 N 6 _ 10 _ 10

u?+v?  2uv (u+v)2_(u+v)2 (u+v)2 (u+v)2 (x+y+z)2
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Ma (x+1)(y+1)(z+1)=XyZ+Xy+YZ+2X+X+Y+Z+1=XyZ+X+Yy+Z+2>X+y+2+2Vay

PZLZ+§(x+y+Z)+5.Dét X+y+z=t;t>+/3
(x+y+z) 2
Xét f(t):1—9+gt+5 véi t2 /3. Ta co: f'(t)z_t—230+g:0<:>t3:8<:>t=2
10 5 5 2

Ttr dd, tacd: P> f(2)==+=.2+45=10+=-=—.
2° 2 2 2

Khi x=y=%2=0 thi P:%.Véygiétrinhé nhat ctia P Ia %

Cau 99: Cho a,b,c thuoc doan [1;2] .

(a+b)2
c’+4(ab+bc+ca)’

Tim gia tri nho nhat cta biéu thic P =

Treong THPT — Quynh Luvu 1 - Nghé An-Lan 1

Loi giai tham khao

(a+b)2
c’+4(ab+bc+ca)’

Cho a,b,c thuéc doan [1;2] . Tim GTNN caa P =

po (a+b)2 ~ (a+b)2
c’+4(ab+bc+ca)  c*+4(a+b)c+4ab
)
a+b
Tacé4ab<(a+b)* nén P 2> — (a+b) 5= c ¢ >
c’+4(a+b)c+(a+b) 1+4(a+bj+(a+bj
cC ¢ cC c
Ditt=2+2 via b, c thuoe [1;2] nén t thude [1:4]
cC c
2 2
Ta c6 f(t)=t—2,f’(t)=4t—+2tz>0véi moi t thude [1;4]
4+4t+t (1+4t+t%)

Ham s6 f(t) dong biéh trén [1;4] nén f(t) dat GTNN bang % khit=1

Dau béng xay rakhia=b; atb_ 1,ab,cthudc[1;2] <a=b=1vac=2
C

Vay MinP = % khia=b=1vac=2
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Cau 100: Cho cac sd duong x,y. Tim gia tri 16n nhat cta biéu thic:
1 1 2
= + —~ -
JXE+3y2 3t +y? 3(x+y)

Truwong THPT Quynh Luu 3 - Nghé An-Lan 1

P

-----

1 1 2
2 2 + 2 2 3
JX2+3y2 3t +y? 3(x+y)
1 N 1 < 2
\/xz +3y? \/3x2 +y?  X+Yy

2 2 2
Thatvay,£ 1 1 ]sz( 1 1 j:( 8(x* +y?)

Xét biéu thirc P =

Trudce hét ta chirtng minh

JX +3y? +\/3x2+y2 43y Ky X +3y°) (3" +y?)
8(x2+y2) 4 4|:2(X2+y2)(x+y)2_(x2 +3y2)(3X2+y2):|
ot (x2+3y2)(3x2+y2)_(x+ yy (x*+3y*)(3x* +y?) (x+y)’
—4(x—y)4 1 1 2

= <0 <
(x*+3y°)(3x° +y*)(x+y)’ == Jx2 +3y° Jr\/3x2+y2 . X+Yy

Dau “=" xay ra khi x=y

Nhu vay, P < 2 __ 2

X+y 3(x+ y)3

Dit, t=—— .t >0. Xét ham s8 f (t) PV S (t)=2-2t%f'(t) =0 = t==+1
X+Yy 3
Ta c6 bang bién thién
t -0 -1 1 +00
£(t) -0 N 0 -
4/3

. /' \
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Tir BBT ta thay GTLN ctia f(t) la 4/3 khi t=1.

1
Vay, GTLN ctaPla 4/3khi Xx=y = E

Cau 101: Cho ba s6 thyc duwong X, y,z théa man xy+ yz+zx+xyz =4.

2
Chitng minh rang: 3£i+i+ij > (x+2)(y+2)(z+2).
Yy z

Nz

S6 GD & DT Bac Giang - Lan 1

Loi giai tham khao
Tt gia thiét suy ra 0< Xy, yz,zx<4
bat \/5 = ZCOSA,\/QZ 2cos B, \/W =2cosC, trong do A, B, Cla cac géc nhon.
Tt gia thiét suy ra
cos® A+cos’ B +cos’ C +2cos Acos BcosC =1 <> (cosC +cos(A— B))(cosC +cos(A+B)) =0
< cosC+cos(A+B)=0

Suy ra A, B, Claba gdc nhon cia mot tam gidc.

Ta co:

2cos AcosB 2cos AcosC 2cosCcosB
cosC cosB COSA

2 H Y] HY HY
YCBT<:>3(COSA+COSB+COSC) >85|n Asin“Bsin“C

2cos AcosBcosC cos AcosBcosC
<:>\/§(1+4sinésinEsing)24sinAsinBsinC<:>_ _1 —+ ! zi
22 2 SiNASINBSINC 5. A s BoosC V3
2 2 2
1 1 1 1 8 4 4
nASINBSINC ' - A _B__C - lunAreinBrancy | 2353 3 B
SINASINBSING 5\ A0 B o™ (smA+smB+sij cosP rcosBicesC | 33 33 3
3 2 2 2 2
3
, L 2y=x
Cau 102: Cho x,yeR thdéa man . Tim gid tri nho nhat cta biéu thuec:
y < —2x* +3x
P=x"+y*+ .
(x+Y)

S6 GD & PT Vinh Phtic- Lan 1
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Loi giai tham khao
\ .2 N/ 4 \ X2 2 6 \
Tt gia thiét taco y>0 va ?S—ZX +3X:>0£X£g va

X° +y? <x? +(—2x2 +3x)2 =2x° (2x2 —6x+5)

Xét ham so f (x) = 2x? (2x2 —6x+5); Xe {0;2} ta duoc Max flx)=2 = x> +y? <2
6

o)

2
2 2)2 (X2+y2) 2
(x+y)22(x *¥) - 2y

P :(x2 + y2)2 —2x%y* +

2
Détt=x2+y2:>P2%+% ,0<t<2

Xét ham so:

2

2 2 _
g(t)=5+?,te(0,2]

, 1 t2-2 s
g(t)=t—t—2=t—2;g(t)=0<:>t:ﬁ
3 6
Lap bang bién thién ta c6 MinP=3\2/Z khix=y:\/;_6
A ;o , - 1 1 1 16 . ey e 1 N
Cau 103: Cho céc s6 thuc duong x,y,z thoa man: —+—+== . Tim gia tri 16n nhat caa
X Yy Z X+y+z

bicy thae: p= X=N=2)(Z-X)
Xyz

S6 GD & DT Ha Tinh - Lan 1

Loi giai tham khao

g;bzg;c:i. Ta c6: a,b,c>0;abc=1va P=(a-1)(b-1)(c-1)

Gia thiét tro thanh: a+b+c+ab+bc+ca=13 (1)

bat a=

Vi a,b,c>0;abc =1 nén trong ba s6 a, b, ¢ 6 ton tai 1 s6, gia skt a c6 tinh chat 0<a<1.

13—a—1
Tt (1) va abc=1.Ta cé: b+c= a
1+a
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Suy ra:
_ 2a°-13a’ +13a-2
a’+a '

P=a+b+c—ab—bc—ca=2(a+b+c)-13

_2a°-13a’+13a-2

Xét ham s6: f (a) - trén (0;1].
a’+a
Ta co:
2(a*+2a®-13a°+2a+1) 2(a’-3a+1)(a®*+5a+1
(a) ( + 2+ +)= ( +)( 2+ +)=0<:>a=3i\/§
a’(a+1) a’(a+1) 2

Lap bang bién thién cua f(a) trén (0;1] thu dugc f(a)< f (%) =5.

Do d6, P <+/5. Khi x:ﬁ;yzl;z:&;\/g thi P=+/5.

Vay, gié tri 1én nhat caa P1a /5.

CAu 104: Cho a, b, ¢ 1a cac sb thuc duong thoa man a+b+c=1. Tim gia tri nho nhét cta biéu thiec

B S . PO
(b+c)>+5bc (c+a)*+5ca 4 '

S6 GD & DT Lao Cai-Lan 1

Loi giai tham khao
Ap dung bét dang thuc Cbsi, ta co
2 2 2 2 2
a2 > a = 4a > Tuong tu, ta co b2 > 4b >
(b+c)* +5bc (b+c)’ +§(b+c)2 9(b+c) (c+a)*+5ca 9(c+a)
4

a’ b? 4( a’ b’ 2( a b Y
Suyra 5 + > > — >+ 2= —t——
(b+c)*+5bc (c+a)*+5ca 9\ (b+c)° (c+a) 9\b+c c+a

(a-+b)’ i )
+2 te@rbh) 1 or pa+b)?+4c(a+h)
(a+h)? 9l (a+b)? +4c(a+b)+4c?

_g[a2+b2+c(a+b)j2>g
9

~ 9l ab+c(a+b)+c?

+c(a+b)+c?

Vi a+b+c=1<a+b=1-c nén

p>z( 2(1-c)* +4c(1-c) j_§(1_c)2=§(1—ij2—§a—c>2. (1)

"9 (1-c)’ +4c(l-c)+4c* ) 4 9l c+1
Xét ham sé f (C) —§[1—ij2 “3—cy véi ce(0;1)
ol c+1) 4 4

16 2 2 3
Tacod f'(c)=—|1-—— |.—————(c-1);
© 9( c+1j (c+1)° 2( )

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 78




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

vy 3 3 3\ _ _1
fi(c)=0<(c-1)(64—(3c+3)°) =0 3

a
[e)

O Wk
—_

Bang bién thién: f'(c)

4+

f(c) \ 1 /
9

Duya vao bang bién thién ta c6 f(c) > —% voi moi € € (0;1). (2)

T (1) va (2) suyra P> —%, dau dang thirc xay rakhi a=b=c==.

Vay gia tri nho nhat cua P 14 —%, dat khi a:b:C:%.

Cau 105: Cho ba s6 thyc dwong a, b, ¢ thdéa man diéu kién 4—;(1+ %j + g[l+ %j =6.
bc 2ca 2ab

Tim gia tri nho nhat ctia biéu thie: P = + + :
a(b+2c) b(c+a) c(2a+b)

S6 GD & DT Quang Nam - Lan 1

Loi giai tham khao

3 3
Pidu kién da cho tro thanh: 2 4 2(5 + Xj —6 (%)
Xyz y X

3
Ta cé: x3+y32¥ va (x+y)224xy

3,.3 3
Do d6: X7 +y >(x+y) >4xy(x+y):x+y

Xyz 4xyz 4xyz z

3.3
Mat khac §+X22 nén 6=2>"Y +2(§+XJ2X+y+4 :>O<ﬂ£2.

y X Xyz y X z z

2 2
Taco: P=—> 4+ Y iz __X TR S 4z
Y+2Z 2Z+X X+Y Xy+2ZX 2YZ+Xy X+Y

2 2
(xX+Yy) N 4z (X+Yy) N 4z 2(x+y) N 4z

22Xy +2Z(X +Y) X+y_(x+y)2+22(x+y) X+Y X+y+4z X+y
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X+y
2= 4
Sllyra:PZ)(+Z SRvvE
Y.a y
z z
Déttzw, 0<t<2.Taco P2£+ﬂ.
z t+4 t
Xét ham s& f(t) =—2— + 2 (0<t<2).
t+4 t
2_ —
f'(t):W<0, vt € (0;2] = £(t) nghich bién trén (0 ; 2].
t°(t+4)
8
Suy ra: PZf(t)Zf(Z):é.
X=y
p:§<:> X+Yy 2<:>x=y:z<:>2a=b=4c
z

Vay gia tri nho nhat cta P la 2, khi 2a =b =4c.

Cau 106: Xét cac s thuc duong a, b, ¢ thoa man diéu kién: a+b+ c=1. Tim gia tri nho nhat caa biéu
2 2 2
a (b+c)+b (c+a)+c (a+b)

thac: P =
bc ca ab

Truwong THPT Tran Cao Van - Khanh Hoa-Lan 1

Loi giai tham khao

a’+b’-ab=(a—b)*+ab>ab=a’+b’®=(a+h).(a’ +b*—ab)>(a+b).ab (1)
b?+c*—bc =(b—c)* +bc>bc=b®+c® = (b+c).(b* +c* —bc) > (b+c).bc (2)
c’+a’-ca=(c-a)*+caxca=c’+a’=(c+a).(c*+a’—ca)>(c+a)ca (3)

3 3 2 2

(Va,b,c>0), 1) < 250 2a+b<:>%+E2a+b

b®+c? b? ¢?
2b+c<:>—+32b+c
c

(P R=>

PP 2 2
2C+a —+—2=2C+a
a c

=

Suyra P>2(a+b+c)=P>2
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. a=b=c 1
Vay P, =2< <a=b=c==
a+b+c=1 3

Cau 107: Cho a, b, ¢ 1a d6 dai ba canh ctia mét tam gidc. Tim gid tri 16n nhat ctia biéu thirc

P:(a+b+c)( 3a—-b 3b-c 30—aj.

2 +2 +2
a“+ab b°+bc c +ca

S GD & PT Thanh Hoa - Lan 1

Loi giai tham khao

Giast a+b+c=k>0, dat a=kxb=ky,c=kz=x,y,z>0 va Xx+y+z=1.

i d6 P:k{ k(Bx-y) , k@y-2)  kEBz-x) }_ 3x-y  3y-z 3z-x

kK2(x2+xy) k2(y2+yz) K (Z22+2X)| XP+xy Vy2+yz z2+1x

:4x—(x+y)+4y—(y+z)+4z—(z+x): 4 —1+ 4 1 4 1

X(X+Y) y(y+2) z2(z+Xx) X+Yy X Y+Z Yy Z+X Z

4 1 4 1 4 1 5x-1 5y-1 5z-1
= + = 2+ 2+ 2
l1-z x 1-x y 1-y z X-X" y-y° z-1Z

Do g, b, c la ba canh cia mot tam gidcnén b+c>a=y+z>x=1-x>x

= X<%, tec la XE(O;%j . Twong tw ta cling c6 Y,z E(O;%j.

Ta sé chitng minh t5t

-1 <18t—3(*) dung véi moi t e (0;%}.

t2

_ 3 _ 2 _ _ _1\2
5t 21_18”%0@1& 21t 2+8t 1o @-DE-)
t—t t—t t(1-t)

That vay: (*) < <0(*)

(**) hién nhién dung véimoi t e (0; %j Do d6 (*) ding véimoi t e (0; %)
Ap dung (*) ta dwgc P<18x—3+18y—3+182-3=18(x+y+2)—9=9
Dau “=" xay ra khi x:y:z:%<:>a=b=c.

Vay P dat gia tri 16n nhat be‘“mg 9khi a=b=c.

Cau 108: Cho X,Y,z la cac s thuc duong thoa man diéu kién

J5X? +2xy +2y? + \Bx % +4xz +52 2 =4x + y+22, xe P;5 |. Tim gi4 tri nho nhat va gi4 trj 16n nhat
ctia bidu thire: P =4/2z—xy +21—/x+2z-xy+10.

S6 GD & DT Quang Ninh - Lan 1
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Loi giai tham khao

T di€u kién suy ra x=y;z=2x . Khao satham P ...

bS: MaxP:4;x:y:5,z:10:MinP:\/E;x:y: JZ=

Wl
wlN

Cau 109: xét cac sO thyc duong X, Y, Z thdéa man X% + y2 +2% = Xy + Xz +10yz, tim gia tri nhé nhat

3x°

2

ctia biéu thiee P =8xyz — 5
V- +12Z

S6 GD & DT Ha Ngi—-Lan 1

Loi giai tham khao

2 2
Tacd x* +y* +2° =xy+xz+10yz<:>(%—(y+z)] =12yz—3%

Suy ra 16yz > x* = 16xyz > x°

x* 3x°

Mat khacta cé y* +2° >2yz>— = -————>-24x
yi+z
3 x3
Khi d6 P =8xyz————>—-24x
Yy +z 2

3
Xét ham s& f(x) = %—249( vOi x €(0;+0)

Suy ra r%in)f(x)z—64 khi x=4=y=z=1

Vay min P=-64 khi x=4,y=z=1

Cau 110: Xét x,y,z la cac s6 thuc duong thoa man xy+xz+1=x. Tim gia tri 16n nhat caa biéu

thirc P:(xy+xz+2)(1+l](1—i] .
y 3z

Sé GD & PT Nam Dinh -Lan1

Loi giai tham khao

Tt gia thiét da cho ta co: P = (1+x)(1+lj[l—3ij
y z

Ma xy+xz+1:x<:>l+y+z=1 .Dbat l:u,(u>0)
x x

Taco u+y+z=1va P:(1+lj[l+lj[l—ij
u y 3z
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Do u+y+z=1 suyra u,y,ze(O;l):(l—?)ij<O
b4

oot
e 0o

Xéthémsé’f(z)=[ %M %j:ijijf‘zf ,v6i ze(0;1)

Tacod f'(z)= Az- 33)((22,2 1)31 (2z-1) = fl(z)=0=2z= % .
Lap bang bién thién
z 0 1 1
2
f(2) + 0 -
EN
3 \
125 125

Ta co P<f(z)<—? P<—7 dangthucxayrakhl x=4; y—i
Vay maxP——%

Cau 111: Cho c4c s§ thuc duong x, y, z théa man xyz =1. Chting minh rang:
X*(y +2) y2(X+2) 2’ (x+Y) -
\/_+22\/_ Z z+2x\/_ xJ_+2y '

Truwong THPT Song L6 — Lan 2

2
Tacod X*(y+12)= x2.2\/ﬁ=2%= 2xJX
X

twong tw Y2 (x+2) > 2y\[y; 22 (y+X) > 2242

2x/x 2y.Jy 2247
y y+22J_ zJ_+2xJ_ X x+2y\/_

bat a:x\/;+2y\/§; b:y\/§+22\/;;c:z\/z_+2x\/>7

P>
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LR Aeras,  dashode, fp dbrola

Do dé Pzg() 2(4c+a 2b 4a+b— 20 4b +c— Za)
9 c a
_2 4(E+E+E)+(E+E+Ej—6 >2(43+3-6)=2
9] \b ¢ a b c a 9
DoE+a+b>3 EEE 3,E+b+c>3 EE3:3
c a bc b ¢ a bca

‘ Il

Dau =" xayrakhix=y=z=1.

CAau 112: Cho hai sd thuc a,be (0;1) va thdéa man: (a3 +b3)(a+b) = ab(l—a)(l—b). Tim gia tri

16n nhAt ctia biéu thire: P = 1 + ! +3ab-a%-b?
Ji+a?  1+b?

Treong THPT Hong Quang — Hai Duong - Lan 1

Loi giai tham khao
MaxP=i+£ khi a=b=1
9 3

J10

Cau 113: Cho hai s8 thuc X,Y,Zva théa man: X+Y+2=4; X’ +y*+2z°=6 . Tim gia tri nho nhat

ctia biéu thic: P:[l+1+1}(x3+y3+z3)
X Yy z

Truong THPT Hong Quang — Hai Duong — Lan 2

Loi giai tham khao
MinP =25 khi X=2;y =2 =1 hodc cac hoan vi.

Cau 114: Cho a,b,c la ba s6 thue dwong théa man: a+b+c=2 Tim gia tri 16n nhat cua biéu thic:

\/ ab \/ bc \/ ca
S= + +
ab+2c bc + 2a ca+2b

Truong THPT Tam Péo - Vinh Phiic - Lan 1

Loi giai tham khao

MaxS = S khi a=b=c=2
2 3
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, 9 7, o« A2 7
Cau 115: Cho a,b la cac s6 thuc thoa man (2+a)(1+b) = > Tim gid tri nhd nhat cua biéu thic

Q=+16+a" +41+b".

Trueong THPT Thach Thanh 1 - Thanh Hod- Lan 2

Loi giai tham khao

JaZ +b% +4c? +d? > /(a+c)? + (b+d)? (*)vab,c,d

Chttng minh dwoc :
{ad:bc
DA&u bang xay ra khi va chi khi ac+bd >0
Ap dung (*) ta 6
2\? 2 2 2 2\2
Q_ hil& Lebt > fae]| &y :\/4+w
4 4 4 16
(1)
9 5
2+a)l+b)y== a+2b+ab=—<2a+4b+2ab=5
Mt khac: 2 & 2
a’+1>2a o
40% +1> 4b :>3(a;24b)+222a+4b+2ab=5:>a2+4b222
2 2
a“+4b > 2ab
Ma: 2 )

1
Vay minQ =217 dat duwoc khi b 1 .
2

Cau 116: Cho céc s0 thuc duong a,b,c thdéa man di€u kién a+b+c=1. Tim gia tri nho nhat cta

bidu thiee: P=f| 21| L 1| L1
ab bc ca

Truong THPT Yén Lac — Vinh Phiic — Lan1

Loi gigi tham khado
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bat A°=P

Tacod: A= (l _1j[l _ 1j(l _ 1} _ (A-ab)(A-bc)d—ca)
ab be ca (abc)?

Ap dung bat dang thikc Cauchy ta co:

1—ab>1—(a+b)2 _[d+a)+A+0)Id+c)  A+0) (1+a)(1+Db)
> 1 7 > _

(1+a)\/(1+b)(1+c) A—ca> 1+b)A+o)1+a)
2 ’ - 2

Tuong tw: 1-bc >

2
Dodé: A>~|[141][14 1142
8 a b c
1 1 1 1Y
Lai co: (1+—J[1+—][1+_j2[1+ j > 43
a b c Jabe

Vay minP=8 khi a:b:c:%

Cau 117: Cho céc sd thye X,y thoa man (x—4)2 +(y—4)2 +2xy <32. Tim gid tri nho nhat cta bi€u
thire A=x*+y°+3(xy—1)(x+y-2).

Truong THPT Thach Thanh - Thanh Hoa — Lan 1

Loi giai tham khao
Ta c6 (x—4)2+(y—4)2+2xys32<:>(x+ y)2—8(x+ y)<0<=0<x+y<8
A=(x+ y)3—3(x+ y)—6xy+62(x+y)3—g(x+y)2—3(x+ y)+6.

Xét ham so: f ()=t —gtz —3t+6 trén doan [0;8].

Ta co

Taco f(0)=6,f (1+2\/§] U _45\/5, f(8)=398.Suy ra A> 1 _45\/5
146, . . 1-5
hoac t =

f(t)=3t2-3t-3, f (t)=0=t=
(1 (H)=0et="2 :

1+\/§

4

(loai)

Khi x=y= thi ddu bang xay ra. Vay gia tri nho nhat ctia Ala

17-55
4

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 86




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

Cau 118: Cho a,b,c I nhitng sé thuc duong va théa min a+b+c sg . Tim gié tri nho nhét cua biéu thic

P=\/2a2+ 212+E+\/2b2+ 212+2+\/202+ 212+g
a’h® b b°c® ¢ ca” a

Truwong THPT Thiang Long - Hi Ngi - Lan 1

Loi giai tham khao

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 87




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

Ta c6 bat dang thirc sau ludn ding:

\{11: +}'1: +‘\/x§ +.}'§ 2\/(.1'1+x,1j: +I:J"1+J'IJJ: I:U

That vy

(1) +37 +23 + 3+ 2,053 +3203 + 53 + 3233 208+ + 2% + 37 +¥3 +20Y;

T 5 1 3 T 5 1 4
e \I X0 ¥ Ty Ty 2590 W,

S (- x].}'ljl =0

Ap dung (1) hai ldn ta cé: fo +1] +.\(x,11 +33 +\lx§ +1; = J(xl +x, +x_=): +(m+2,+y;)

5 \ s
Dat a+b+c—r 1 rE 0; 3j| |- suyra abc = ;? . Ap dung (2) ta co:
St

L9 \.

h%

3 i 1 H‘] 5 3\ e a+b+c)
P=la"+| a+— b + E:+ ) +, e +| i | [a+£:+cj + a+b+ec+—
! aEJ) be ) ' ea) T ! abe )

.f‘ ’:?“.

#£)

o W 3
Xétham f(¢)= £ +| r+_r =4+ —+— trcn D
¢t 2

(O t

[, ! 2 ! -:_q, A =1
Fo(e)mar- St AT 4254407
L i g r

<0, Yte| D;i}
2

Ham s6 f(t) lién tuc va nghich bién trén 1 0: %} . do d6:

K.h.id‘=:5=c=% thi dau bing xay ra.

3+/82
y

Véy gid tri nho nhat coa P 1a

Cau 119: Cho x, Y, z la cac sd thuc duong thoa man: x+y+ 72 =xy+5. Tim gia tri 1on nhat caa

2x .y Ay
X*+y?+18 x+y+4z 25z

biéu thiec: P =
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Truong THPT Thanh Chwong — Nghé An-Lan 1

Loi giai tham khao
Ap dung bat dang thitc AM — GM ta c6:
X2+ Yy >2xy = 2(x+ y+2° —5)c> X +y*+10> 2(x+ y+ 22)

< x4y +1822(x+ y)+2(zz+4)22(x+ y)+8z=2(x+y+4z)

2X < 2X B X
x> +y?+18  2(x+y+4z) x+y+4z

Tt d6 suy ra:

Khi do:
t 4t

V6i t=""Y 50, xét ham s8: f (t)=————
z t+4 25

fr(t 4 4'f'1’ 0 t>0 t=1
O=(ay 25 V=0 o™
X .y Ax+y)

P<
X+y+4z X+y+4z 252
X+Yy
_ox+y Alxvy) _4(x+y)_f(t)_L_£
CX+y+4z 25z X+Y ., 25z ) t+4 25
z
1 1

Do d¢, cf()<f()===P_ =—
o do, suy ra: f(t)<f(1) og = Prex = o2
. X+y=2,X= =y=1
Ddu dang thitc xay ra khi va chi khi{ J ) d <:>{X y
X+Yy+2°=xy+5

Vay gid tri 16n nhét cta bidu thite P 1 2i5

Cau 120: Cho ba s6 thuec khong am z,y, z. Tim gia tri 16n nhat cta biéu thiee:
B 4 B 4 B 5
Vo' by 2 @22y +22) (AN +20) (5 + 22)

Truong THPT Chuyén Binh Long — Lan 2

P

Loi giai tham khao

Voi moj s6 thuc khong am x, y, z Ta co:

r+y+4z
2

r+y+4z

5 = (m+y)\/(a:+2z)(y+2z) <(z+y)

\/(x +22)(y+22) <
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x+y+4z_$2+y2+2xy+4yz+4zx
2 2

Mat khac ta co: (z + ) <2z” +y° +2°)(1)

Vi 2zy < 2® + o dyz <2(y° +2°); dex <2(2° +27)

y+z+4x

Tuong tu ta co (y + z)\/(y +2x)(z+2x) < (y + 2) <2z’ +y° +2°) (2)

Tu (1) va(2)tasuyra P < 4 4 - 0

Jo+y+2+4 A8+ +2) 22’y + 2

Hay P < 1 — 2 .Détt:\/:v2+y2+z2+4,t>2
24 % 4 2 20z° +y’ +2%)
\/a: +y +z2 +4 ( Y
Khido P<2-_ 2 Xéthamss ft)=2-—2 459
t 2t -4 t 26" -4
4 9t (4 —t)(4t® + Tt* — 4t — 16)
)= ——+ = ) =0=t=4
f'(@) 2 E 1y 27 ) f'@)

(dot>2mnén 4> + 7¢° —4t —16 = 4(t* —4) + (Tt —4) > 0

Lap bang bieén thién cua ham s6 f(t). Dua vao bang bién thién ta co

Ma:vagkhia::y:z:Q

Cau 121: Cho a,b,cla céac s6 thuc dwong thoa man a+b+c=1.

(av2+1)(bv2 +1)(cv2 +1)

abc

Tim gia tri nho nhat cta biéu thiee P =

Truong THPT Chuyén Binh Long - Lan 3

Loi giai tham khao

St dung bat dang thiic trung binh cong va trung binh nhan cho ba s& dwong ta dugc:

1=a+b+c>3%abc :%/abcs%

(av2+1)(bv2 +1)(cv2 +1)

abc

Taco P=
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(-

=2\/§+2(£+%+1j+«/§(i+i+i)+i
a

c ab bc ca/ abc

2 3
1 1 1
> 22 +23.3— ++2.3. 3
" \/abc+ [\/abc] J{i/abcj

il gl is{ g (e (e

3

>| 2+

3 3\
= (V2 +3) . Déu bang xay ra khi va chi khi a=b=c=

Wik~

7, ? N 3
Vay gid tri nho nhat ctia biéu thitc P bang (\/E + 3) .

Cau 122: Cho a,b,c la cac s6 thec duong thoa man di€u kién a+b+1=c. Tim gia tri nho nhat cua
a’ b* c? 14
+ + + .
a+bc b+ca c+ab (c+1)(a+1)(b+1)

biéu thitc P =

Trueong THPT Chuyén Quang Trung — Binh Phuéc - Lan 6

Loi giai tham khao

a’ b* N (a+b+1)° . 14 5 (a+Db)? . 4(a+b+1)° . 28
(a+ b)(b+ 1) (a+b)(a+ 1) (a+ Db+1)  (a+b+2)J@+)(b+1) 2(a+b+2) (a+b+2)* (a+b+2)
bat t=a+b+2 (t>2). P> f () =— % ? -14

Cach 1: S dung xét ham, tim dweoc Min P= %3 Khi a:b:%;c:g

Cach 2: S dung Cauchy: P—14 63t+1§'+g g—14>§
t 32 t° 64 64 8

Cau 123: Cho x, y, z 1a cac s thue duong va théa man: z(z—-x—y)=x+y+1.

X4y4

Tim gia tri I6n nhat cua biéu thic T = .
(X +y2).(y +2x).(z+ xy)®

Truong THPT Hung Vwong — Binh Phudc — Lan 2

Loi giai tham khao:
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Vi z(z-x-y)=x+y+1l = (z+1)(x+y)=22-1 vadoz >0 néntacod: x+y+1=z.

Khi dé: T = xy* IS S & ;
(X+Y).A+y).(x+y).@A+X). [(x +D)(y +1)] (x+y)-. [(X+1)(y +1)]

4
A A oA . s (X X X ) x® . X
Ap dung BDT Cosi cho cac s6 dwong x, y ta co: (x+1)'=[ 2+ 2+ 2 +1| 2|44~ | =4

3 3
4 T\ 3
(y+1)4:[;/+§+;/+1j 2(441/Z7J :44_%, (X+ y)2 > 4xy.

3,,3 9
X
6

6
Do d6 (x+y). [(x+D(y+D)]" > 4xy.4%. 3.y B ;f_G-X“.y4 suyra T < 2_9( )

X_Y

Dau“=" 6 (*)xdyrac )3 3 &Xx=3y=32=7-
Z=X+y+1

6

Vdy GTLN ciia T = 431_9 khix=3,y=3,z=7

Cau 124: Cho a,b,c la ba s0 thyrc thoa man diéu kién abc+a+c=b.

2 2 .3
a®+1 b°+1 c¢*+1

Tim gia tri I6n nhat cua bi€u thiec: P =

Trueong THPT Lé Hong Phong — Lan 1

Loi giai tham khao

Tir gia thiét abc+a+c =b ta co a+c:b(1—ac)>o:>b=1a+a‘(’:
2
Khido P= 22 + 22(a+c2) —2+—— (O<a<l).
a“+1 (a*+1(c"+) c +1 c
NP T . 1 2C 3
Khao sat ham biénala f(a) véi O<a<= suyra f(a)< +——=09(c)
c 1+c? Cc°+1

Khao sat ham g(c) véi 0<c<+oo suy ra g(c) < %

Cau 125: Cho cac so thuc duong a, b, ¢ ludn thoa mana+b +c=1.

a +b*> b +c®* ¢ +a’
+ +
b+c c+a a+b

> 2.

Chttng minh rang :

Truwong THPT Loc Ninh - Binh Phwéc — Lan 3
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Loi giai tham khao:

2

a b C b? c? a
+

+ + + + )=A+B
b+c c+a a+b b+c c+a a+b

Ta cod :VT =(

1 1 1 1 1 1 1 1 9
A+3==|(a+b)+(b+c)+(c+a + + >—33/(a+b)(b+c)(c+a)33 =
2[( )+ ( )+ ( )][a+b b+c c+a} 2 \/( A X ) \/a+bb+cc+a 2
:>A2§
2
) ,_,a b 1
1°=(a+b+c)" <( + + J(@+b+b+c+c+a)=1<B2<B>=
a+b b+c c+a 2

Tir d6 ta 6 Vng%:z:vp

D4u dang thiic xay ra khi a=b=c=1/3

Cau 126: Cho X, Y, z la cac s0 thuc khong am thoa man X+ y2 +2z?=1. Tim gia tri 16n nhat cua
X2 y2
JX+Y.

2 + 2 +
2X°+2yz+1 2y°+2xz+1
Trueong THPT Loc Ninh — Binh Phuéc-Lan 1

biéu thitc P =

Loi giai tham khao
Tacod: 2yz+1=X*+y* +2° +2yz =X’ +(y+z)2 >2x(y+2)

x? 1 X
S 2X2 4+ 2yz+1> 22+ 2x(y+z2)=2X(Xx+y+2) = <=
R y (y+2) (x+y+2) 2X2+2yz+1 2X+y+z

y <E y .Suyrapél(ﬂ)i‘ /X+y:%[1—x#sz+\/x+y
Ty +

2y +2X2+1 2X+y+z 2\ X+y+2

2

Tuwong ty

Ta c6 x+y£\/2(x2+y2) =\/2(l—22) =+2-272

1 z ey
Su ra PS— 1—— +42—222
Y 2( \/2—222+2J

1 Z
Xét ham 53 f (2) = —[1——} +42-22% wen [071]
2 N2-272° +2

1 Z

b2 (\/2—222 +z)2 ) </(2_222)3
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Do ham s0 lién tuc trén [O;l] ,nén f (Z) nghich bién trén [O;l]

Suy ra PSf(Z)Sf(O)=%+{‘/§.Dé’u=xéyrakhiX:y= =0

2
\/51

Vay GTLN ctia P 1a %+U§ dat duoc khi x:yz%,z:o

Cau 127: Cho x>0, y >0 théa man x*y+Xy® = X+ y+3xy. Tim gia tri nhé nhat cta biéu thiic:
2 —
P = X2 + y2 4 M .
2Xy

Trueong THPT Loc Ninh — Binh Phuéc— Lan 2

Loi gidi tham khdo:
+Tacd Xy+Xxy* =X+Yy+3xy
SXY(X+y)=x+y+3xy (1) dox>0;y>0nénx+y>0
(1) :>x+y:§+%+32%y+3:>(x+ y)2—3(x+ y)—4>0
=[(x+y)+1][(x+y)-4]=0=x+y =>4

(1) o1-— -1
X+y Xy

NénP=(x+y)2+2-i =(x+y)2+l+
Xy

X+Yy
y 2 3
+DPatx+y=t(t>4) =P =t +¥+l=f(t)
. g 3 _2t°-3 . s A, : _
+Ta c6 f'(t) =2t - —= ° >0 Vt>4 Nén f(t) dong bién trén ntta khoang [4,+oo) =>
P:f(t)2f(4)=7Z1

Hay gid tri nho nhat ctia P bang %1 khi x=y=2

Cau 128: Cho c4c sd thuc a, b, ¢ théa man: a+b+c=0; a® +b* +c* =6. Tim gia tri 16n nhat cua
biéu thizc F =a’b’c?®.

Trwong THPT Nguyén Du- Lan 2
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Loi giai tham khao
b+c=-a
Tt gt ta co: {bC _a?_3
Hé 6 nghiém khi @° > 4(a? -3)«< a? <4=a’ € [0;4]
F=a’h’c? =a’(a’ —3f =t*—6t* +ot, t=a’ <[0;4]

t=1¢[0:4]

F =3t’-12t+9; F =0 <
t=3¢(0;4]

F(0)=F(3)=0; F(1)=F(4)=4

Suy ra max F =4 khi (a;b;c)=(2-1-1) hodc cac hoan vi hodc (a; b; C) = (— 2;1;1) hodc cac hoan vi.

Cau 129: Tim gia tri nho nhat, gia tri 16n nhat cua ham s6
f (X) = \/5X2 —8x+32 —/—-3x? + 24x ++/3%* —12x+16.

Truong THPT Nguyén Du — Lan 3

Loi giai tham khao

3
X+l Ty +1—58(x>0) (*)

Trudce tién ta chitng minh BDT : >
Xx+2 18

(%) <> 180 +1) = (x + 2)(7x* +5)
< (x-1f(11x+8)>0

“u_rr

luén dung voi moi x>0, d au “=" say ra khi x=1

o |T
oo

Ap dung (*) cho x 14n luot 1a %;

a®+b® _7a* 5b* b*+c® _7b® 5¢® c¢*+a’_ 7¢* 5a’.
> 2 4= > 4= > 4= .

a+2b 18 18 b+2c 18 18 c+2a 18 18

1222 +b? +¢?)
18

Tt cac dang thirc trén suy ra S> =2

Vay MinS =2 khi a=b=c=1

Cau 130: Cho a, b, ¢, d 1a cac s6 dwong. Chiing minh féng:

1 1 1 1 1
+ + + <
at+b* vt vabed b+t vd* vabed H+d* +at vabed d* +at +b* +abed  abed

Truong THPT Nguyén Du - Lan 4
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Loi giai tham khao
a* +b* 224 (1); b* +c* 220%* (2); F+at =224 (3)
= at+p*+ct Zabc(a+b+c):>a4 +b* + +abcd > abc(a+b+c+d)
1 1

= < (4)= dpcm.
a* +b* +c* +abed  abcla+b+c+d)

Cau 131: Cho cac s6 duwong X, Y,z théa man diéu kien XY+ YZ+ZX=XyZ . Chitng minh rang

X+ Yz -y xz +z+xy > Pxyz +x+Jy +4z

Truong THPT Nguyén Du - Lan 5

Loi giai tham khao

,b:1,0=l —=a,b,c>0va a+b+c=1
y Z

bat a=l
X

Bat dang thirc can chiing minh tiong dwong:

Ja+bc ++b+ac++/c+ab >+/ab ++/bc ++/ac +1

That vay, Va+bc = fa(a+b+c)+bc =./a +a(b+c)+bc >/a?+2avbe +bc
Y

— Ja+bc 2,/(a+\/E)2 =a++/bc
vaongtuf,\/b+a02b+\/§, \/c+ab20+\/£

Cong theo v& cac bat dang thiic trén ta duoc:

Ja+bc ++/b+ac++/c+ab 2\/£+\/E+\/£+a+b+c
< Ja+bc ++b+ac++/c+ab >+/ab ++/bc ++/ac +1= dpem

, 1
Dau dang thiic xay ra <:>a:b:c:§<:>x:y:z=3

2 2
+
3x+2y+z+1 3x+2z+y+1

Cau 132: Cho x, y, z la ba s6 duwong thda man: =(X+y)(X+2).

2x+3)° +y° +7° —16.
2x°+y° +7°

Tim gia tri 16n nhat cua bi€u thac: P=

Truong THPT Nguyén Du — Lan 6

Loi giai tham khao
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(x+y+x+z)2 B (2X+y+z)2
4 4

Ta co: (x+y)(x+2)<

) 1 N 1 S 8
3x+2y+z+1 3x+2z+y+1) 32x+y+z)+2

8 <(2x+y+z)2
32x+y+z)+2 4

T gia thiét suy ra:

2

Stz<:>(t—2)(3t2+8t+16)20

8
bat 2x+y+z=t (t>0)=
' Y >0=37"7

St22=2x+y+z22>2

Ma: 4<(2x+y+2)’ <2+ +1)X* +y’ +72) o x* +y +7° Z%-

2 2 2
Tacé:PZZX +y2+zz+122x+2:1+ : 122X+§ :
2X°+y“+z X +X 4y +z
S1+12X+2=1+36X+6

X2+E 3x%+2

3
36x +6

3x%+2

Xét ham so: f(x) =1+ voi x >0.

36(3¢° 2 x=-1 (loai)
-36(3x° +x—

Ta co: f'(x) = , f'x)=0<

2co b0 (3x*+2)° % x=2 :f(gjzlo

Bang bién thién:
Suy ra: f(x)<10=P<10.

2 1
xay ra khi: x=—,y=z==-
Y 37773

“u_r

Vay gia tri lon nhat cua P la 10. Dau

Cau 133: Cho cac sO thuc x,y,z thoa man 0<x<10<y<10<z<1.Ching minh rﬁmg:
1

[1+LJ(X+ y+z)23+1+1+—.
Xyz X y z

Truwong THPT Nguyén Du- Lan 7

Loi giai tham khao
1

-trgtcd x—1 y—1 20:>12x+y_xy:>i21+__1
Xy Xx Yy
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-Do dé i+i+i22 1+1+1]_3
Xy yz IX X 'y z
1 1 1 1
P=1+—| X+y+z =x+y+z+—+—+—.
Xyz Xy yz zx
:>P2x+y+z+2[1+1+l]—3
X y z
1 1 1), 1 1 1
22\/ X+y+z [—+—+—]+—+—+——3
X y z) X y z
1 1 1 1 1 1
>23+—4+—+--3=34+-+—+=
X y z X y z

DA&u bang xay ra khi x=y=z=1

Cau 134: Cho ba s0 thie duwong a,b,c va thoa man di€u kién a” +b* +¢* =3.Tim gia tri nho nhat
a®+b® b*+c® c*+al

+ + .
a+2b b+2c c+2a

cua biéu thtc: S =

Truong THPT Nguyén Du - Lan 8

Loi giai tham khao

3
X+l Ty +1—58(x>0) (*)

Trudce tién ta chitng minh BDT : >
x+2 18

(%) <> 180 +1) = (x + 2)(7x* +5)
< (x-1f(11x+8)>0

“"_rr

luén dung voi moi x>0, d au “=" say ra khi x=1

o |T
oo

Ap dung (*) cho x 1an luot 1a %;
a®+b® _7a* 5b* b*+c® _7b® 5¢® c¢*+a’_ 7¢* 5a’.
> 2 4= > 4= > 4= .

a+2b 18 18 b+2c 18 18 c+2a 18 18

1222 +b? +¢?)
18

Tt cac dang thirc trén suy ra S> =2

Vay MinS =2 khi a=b=c=1

Cau 135: Cho X, Y,z la cac s6 thuc duong théa man y+z = X(y2 + Zz).

1 N 1 N 1 N 4
(1+x)2 (1+y)2 (1+z)2 (1+x)(1+y)(1+2)

Tim gia tri nho nhat cua biéu thic P =

Truong THPT Nguyén Vin Troi — Lan 1
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.....

Taco (y+2) <2(y*+2°) = x(y+2) <2x(y +2°) o x(y+2) <2(y+2)= y+zgg
X

Theo BDT Cosi (1+Yy)(1+2) <

2

NP

(2+y+2) < (L+y)(1+2) S%(ZJFEJZ o (1+y)(1iz)< (14)—(x)

2 2
1 >x 4 >4x

Cai) @ D TR ) ey

Lai c6 theo BDT Cosi ! 5+ ! S22 ! 5 1 5
(1+y)” (1+2) (1+y) (1+2)
1 1 2 1 1 2x?
= + > 3). T (1) va(2) = + > 4
Loy ey @) O O O G L e @
2 2 3 2
Tir (2) va (4)= P > X A py 2 X
(1+x)" (1+x)" (1+x) (1+x)
3 2
Xét ham s6 () = 25O XA (0490). Ta s £ =22 g x=1
(1+x)3 (1+x)4

Lap BBT P> f(x)>f 1 :ﬂ .VéyGTNNCﬁa.P=£<:>X=1;y=2=5.
5) 108 108 5

Cau 136: Cho X, y la cac so thuc dwong théa man: X+ Yy <1. Tim gia tri nho nhét cta biéu thuc:

Pz\/4x2+i2+ 4y2+i2— 2X + 2y .
X y X“+1 y°+1

Sé GD & PT Binh Phudc - Lan 1

.....

Ta co:

1 1
M :\/4X2+—2+\/4y2+—2 22\/5

X y

N = 2X +2y sf.
X“+1 y“+1) 5

:P:M—szf—g
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1 4
—y=——=p=2J5-2
y=5= J_S

Khi = MinP = zf—g

Cau 137: Cho a,b,c thuoc khoang (0;1) thoa man (1—1)(%—1)(1—1) _1. Tim GTNN ciia biéu thic: P =
a C
a’+b*+c?.

Sé GD & PT Binh Phuwéc - Lan 2

Loi giai tham khao
1 1 1
'Mc@(——4xB—DQ——D:1¢3ab+bc+ca:a+b+c—1+2mm
a C

p=(a+b+c)*—2(ab+bc+ca)=(a+b+c)*—2(a+b+c—1)—4abc

a+b+c
Theo Co si abc < (T)3

batt=a+ b +c, taco:
2 4 3 7.
P>t —2t+2—Et voio<t<3

Khao sat ham sé trén tim ra minP =3/4 khi t=3/2 hay a=b=c=1/2

Cau 138: Cho s8 thuc a,b,c khdng am sao cho tdng hai s§ bat ki déu duong. Chiing minh rang

\/ a +\/ b +\/ c +9\/ab+bc+ca26
b+c c+a a+b a+b+c

Truong THPT Chuyén Bién Hoa - Lan 1

Loi giai tham khao

Déth\/ a +\/ b +\/ c +9\/ab+bc+ca
b+c c+a a+b a+b+c

Giaskt a=b>c, kh1do\/ \/ \/ cc =\/
a+b b+c

bat t = b+cth1P>\/7 \/7
a+t

Taco\/:+\/: oat _ ”” 9\/_>6(AM—GM).Dodc’) P>6 (dpem)

a+t a+
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Dfmg thie xay ra khi a+t = 3\/E va Chéng han mot bo (a,b,¢) théamanla (a,b,c) = (

7+3x/§;1;0]

2

Cau 139: Cho s0 thwc m 1on nhat sao cho ton tai cac s6 thwc khong am x,y,z thoa man

X z=4 va x z X z°+zx")=m
+y+z=4 Yy’ +2° +8(xy” +yz’ +2x

Truwong THPT Chuyén Vinh - Lan 2

Loi giai tham khao
Gia st ton tai cac sO thuce x, v,z thoa man yéu ciu bai toan dat ra.
Khong mat tinh tong quét ta gia st y nam gitta x va z. Két hop véi gia thiét ta c6
0<y<2vax(y—x)(y—z)<0
Tt day ta duwoc xy” +yz* +zx° <y(x +z)°
Mit khac do x, zkhong am nén x° +z° < (x+z)’
Do d6 m<(x+z)° +y° +8y(x+z)* =(4-y)’ +y° +8y(4—y)* =8y’ —52y* + 80y + 64 (1)

Xét ham s& f(y) =8y’ —52y° +80y+64, 0<y<2 .Tacd
f'(y)=24y* —104y +80 = 8(3y* — 13y +10)

f'y)=0,0<y<2<y=1

Ta c6 f(0)=64, f(1)=100, f(2)=80. Suy ra f(y)< f(1)=100,vy €[0;2] (2)
Tt (1) va (2) ta dwoc m <100

Khi x=0,y=1,z=3 ta c6 dau dang thttc

Vay s0 m 16n nhat can tim la 100

Cau 140: Cho a,b,c 1a ba s6 thuc duong thoa man: a?+b®+c?=3. Tim gia tri 16n nhét caa biéu thuc:

2 2 2
P_(a+2\/£+c] +(b+2\/a+aJ +[c+2\/a+bJ

a+1l b+1 c+1

Truong THPT Chuyén Thoai Ngoc Hau — Lan 1

Loi giai tham khao
ﬁ(a;\/z;l);\;(];\/g;c):>
2 2 2
(—“2@“] £1+2b+cz;{—b+2b\/§+aj 31+2c+a2;[—c+2*/a+bJ <14 2a+b?
+

a+1 c+1

Suyra: P<3+2(a+b+c)+c’+a’+b*=6+2(a+b+c)<12

Vay : P I6n nhat biang 12 dat dugc khia=b=c=1
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Cau 141: Cho x 2 0 va y 2 0 thoa man diéu kién x + y = 2. Tim gia tri 16n nhat cta biéu thirc

P=xy+
y Xy +1

Truong THPT Chuyén Nguyén Pinh Chiéu - Lan 1

Loi giai tham khao

- 2
Taco DExyE!x—'_}] =1
xlk_ 2 )
bBatr=xy . dicukién 0=¢r =1
Pots b omp g1 _HErd)
t+1 (z+1)°  (+D°
X 0 I
:‘l{’f’,j ,—’f’g + Irlr 'r‘r
PP R
P --'Jr .ff fﬂl1 / if! ;l
A "‘.l" lr".‘ j_ EJJ ;

Viv GTLN P=% Ehi x=1 yv=1

Cau 142: Cho ba s6 thuc duwong X,y,z thudc doan [1;4] va théa man x+y+z=6 . Tim gia tri nho
z X +y*-1
8(x* +y?) Xyz

nhat cta biéu thitc: T =

Trwong THPT Han Thuyén - Bac Ninh— Lan 2

Loi giai tham khao

2 2
s 22,(X—1)(y—1)=xy—x—y+120:> xy25_z:>_i2 (5 _i)z

XyZ
X2 +y?=(x+ y)2 —2xy <7°-10z+26

bs: Tzé,x:y:xz=4

Cau 143: Tim gi tri nho nhét, gié tri 16n nhat caa ham sé
f(x)= \/5)(2 —-8x+32 —\/—3)(2 +24x +\/3X2 -12x +16

Truwong THPT Lé Lgi - Thanh Ho4 — Lan 2

Loi giai tham khao
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£(x) = JBX2 —8X +32 —J=3x2 + 24x +/3x2 12X +16 < \/5x% —8x +32 ++/3x> ~12x +16

<122 + 47 (Khao sat ham 1 bién )

_ 2
f(x) = (x-2) +3x2—12x+16 > 2

J5x% —8x +32 +—3x% + 24x

Vay : P nho nhét bang 2 dat dugc khi x =2 ; P 16n nhat bffmg 12\/§+ 4\/? dat duoc khi x =8

Cau 144: Cho a,b,C 1a cac s6 thuc dwong thdéa man : (bC +1)2 +a’= 2(1+ a) +bc

VI a+l+a’c 4  12Ja
Tim gid tri nho nhat cua biéu thiee P = > + 5~ —
a‘bc (c+1)” a*+1

Trueong THPT Lién Son — Lan 1

.....

p_atl 1 4 12Ja

_azbc+b+(1+c)2 Ca’+l

(bc+1)2+a2 =2(1+a)+bc < b*c’ +bc=1+2a-a’ :2—(a—1)2 <2

:>bcs1:>a2+12aj;1
abc a
ViEZC:>1+ 4220+ 5
b b (1+c) (1+c)
TheoCé-SiC+1+C+l+ 4 >=3=>C+ 4 > =2
2 2 (1+c) (1+c)
DodéPzaj:1+2—1§\/52atl+2—12\/a:i2+£—i+2
a a’+1 a 2a a’ a +a

Détt=i>O:>P2t4+t2—6t+2
Ja

Xéthamss f(t)=t*+t*—6t+2, t>0
Co f(t)=4t+2t-6, f (t)=0=t=1
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Bang bién thién
t 0 1 400
f(t) - 0 +
2 +00
f(t)
Ta duoc P> f (t)>-2
t= 1 =1

Dau = xay ra khi {bc=1 <a=b=c=1

Vay min P =-2 dat duockhi a=b=c=1

Cau 145: Cho a,b,c la cic sd thirc khong am thoa man a”+b”+¢* =2. Tim gia trj 16n nhat cua
a’ b+c  1+bc

biéu thic: P = > + -
a“+bc+a+a a+b+c+1 9

Trueong THPT Nghén — Ha Tinh - Lan 1

Loi giai tham khao

L _ (a+b+cy -t _
Danh gid a(b+c)£1+bc,1+bCZT ....xét ham so f(t)—m—ﬁ,te[o,\/é]

bS: MaxP:g khi a=b=1c=0 hodc a=c=1Lb=0

Cau 146: Cho a,b,c 1a ba s6 thuc duong va thoa man: a+b+c=3. Tim gia tri nho nhat cua biéu thic:
2542 25b? ¢*(a+2)
+ +

P=
J2a2 +7b? +16ab  /2b? +7c? +16ab a

Truong THPT Tran Hung Pao - DacNoéng - Lan 1

Loi giai tham khao

2 2
\/2a2+7b2+16ab=\/(a+4b)(3a+2b)s2a+3b 3¢ oe=?[242]5 2 suyra. ..
a a c¢) 3a+2c

a’ b? c?
P>25 + + +c?—2¢>c*—2c+15
2a+3b 2b+3c 2c+3a
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Vay : P nho nhat bang 14 dat dugc khi a=b=c=1

Cau 147: Cho a,b,c la ba sd thyc duwong va thdéa man: a+b+c= % Tim gia tri 16n nhat cta biéu

e P\/( (a+b)(b+c) +\/ (b+c)(c+a) +\/( (a+c)(a+b)

a+b)(b+c)+a+c (b+c)(c+a)+a+b a+c)(a+b)+b+c

Truong THPT - Nguyén Sy Sach- Lan 1

Loi giai tham khao

bat: x=a+b,y=b+c,z=c+a=>x+y+z=1

2 = xy Sl LS twong tu cac biéu thic con lai suy ra SSE
Xy +z (x+z)(y+z) 2\x+z y+z 2

Vay : P 16n nhat bang g dat duwoc khi a=b=c=%

Cau 148: Cho x,y,z la ba sb thyc khdng am va thoa man: x* +y?+z° =1. Tim gia tri lén nhat cua biéu
1 1

1
thuc: P= + +
\/X+2 \/y+1 \/z+1

Trwong THPT Trung Gia - Lan 2

Loi giai tham khao

2 2
1 N 1 _ytz+2 N 2 |14 1
Jy+1 Nz+1) yzry+z+l (fyzay+z+l | (y+z+l

Suyra: <1+ x+y+z)22x2+y2+z2 =l=>y+z2>1-x

1 1 1 _
\/y+l+\/m Jy+z+1 ’ (

1 1 1
=P<1+ + <2+ —
Vx+2 42-x \/5

Vay : P 16n nhat biang 241 dat duoc khiy=z=0;x=1

3

Cau 149: Cho a, b, c la cac s thuc duwong . Tim gia tri nho nhat cta biéu thirc
a+b N b+c N c+a

P= .
a+b+c b+c+4a c+a+16b

Truong THPT Ischool Nha Trang - Khanh Hoa - Lan 1

Loi giai tham khao
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Datx=a+b+cy=b+c+4a;z=c+a+16b, tacdéxy,z>0va

yoX ,_i=X _2lx-5y-z

a= b= ,C . Khi @6
3 15 15
y-x z-x z—x+21—5y—z 21—5y—z+y—x
p__3 15 , 15 15 N 15 3 :—6x+5y+z+20x—5y+16x—z
X y Z 15x 15y 15z
:_f+lz+i£+if+ﬁizl Z+4£ +i(£+16£j_ﬂ
5 3x 15x 3y 15x 3\«x y) 15\x x) 5

Ap dung bat dang thitc Cauchy ta 6

p>>,8_4_16

4715 5 15

Vay P dat gid tri nho nhat 1a % Khi a =§c,b =%c .

Cau 150:Cho x, y la hai s6 thye dwong, x + y =1. Tim GTNN cuta P = x\/l -y’ +y\/1 -x’.

Truwong THPT Ischool — Nha Trang — Khanh Hoa - Lan 2

Loi giai tham khao
P> =1-2xy—2x>y" +2xy+2xy/x°y" +2xy

Datt=xy, 0<t£%

Xéths f(r)=1-2t—2¢ +2tJi* +2¢ trén (0; i]

Fy=—2—dre2 e 12+ 2D 5 g0 P2 <0 we(o;i]

Vi +2t
(Viptg(t)= -2-41+2vJr’ +2t =0 < 31" + 2 +1=0 v0 nghiém va g(ij:—%<0)
Suy ra hs {(t) nghich bién trén (0, %] = fO=>f (%) = % =P> g . Vay P dat gia tri nho nhat la g

khi va chi khi x=y=%.

Céu 151:Cho céc s6 thue % 2. ¢ thude [4: 6] va thoa man didu kién @ +2 +¢ =15  Tim gia tri 16n

p a*b® + b*c® + c*a® + 30abc + 180 1 ,
= — —abe
nhat cta biéu thitc ab + bc + ca 20

Trwong THPT Thuin Chéu - Son La - Lan 2

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 106




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

Loi giai tham khao
+) Bién d6i cac dai lwong khac cua bai toan theo dai luwong
t=ab + bc +ca
Th nhat:
fa—-db-Dc—N=0ab—-4a—4b+16)c—D=0
& abc — 4ac — 4bc + 16¢ — 4ab + 16a + 16L — 64 = 0
esabc—4t+l6la+b+)-64=20=2abc—4+176=0

oabcz4t—-—176 & —abec= —4t + 176

Suy ra:
(ab + bc + ca¥ + 180 1 t*4+ 180 1 44
= ——abcs ————t+—
ab + bc +ca 20 t 5 5
pt 180 44
SrEsgti by
Thw 2:

(o—6)b—6)c—6)=0=(ab—6a—6b+36c—6)=<0
& abc — 6ac — 6bc + 36c — 6ab + 36a + 360 — 216 =0
eabc—6t+36la+b+)—216=0

e abc—6t+ 32420 o abec < 6t — 324

abc = 4t — 176

— = —_
Két hop: labe < 6t — 324 = 4t —176 = 6t — 324

=>2t=148=>t= 74
Thw 3:
152 ={a+b+* =a®*+b*+c*+ 2(ab + bc + ca)

=%[a’+b’—Zab+b=+c=—2bc+c’+a’—2ca]+ 3{ab + bc + ca)

=%[[a,—b}=+[b—c]=+{c—a]=]+3t:_>3t

Xét ham so
fit) *t 180 4 t e [74; 75]
=—tr+—+—,TE H
5 t 5
. 4 180 4t*-900
fm_ﬁ_ £tz 5tz
fii)=0=t=+15

Suy ra fit)=0,t e[15; 16]
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Do d6 ham f{ nghich bién trén [15; 16]
suy ra f[t] = f[lS], te [15, 15]
Gia tri 16n nhat cua biéu thic P 1a:
s = 4 180 44
A TAETIr

P=35 khia=4b=>5.¢=6 hojc cic hoan vi ctia (4. 5,6)

Cau 152: Cho a, b, c 1a d6 dai ba canh ctia mot tam giac. Chiing minh rang:

1 1 1 9 ( 1 1 1 )
—+—+—4+—2>4 + +
a b ¢ a+b+c a+b b+c c+a

Trawong THPT Thuin Thanh - Bac Ninh - Lan 2

Loi giai tham khao
Khong giam tinh tong quat, gidska+b +c=1.

1
Via, b, cla ba canh cia mot tam gidc nén a, b,ce (O;Ej.

Bit ding thirc cin chirng minh tuong duong vai :

(i—lj+(i—l]+[i-3£9c:~f[a]+f[b]+f[c]£‘:1

l-a a I-b b l=¢
Véi f(x)=— -l=5"f,xe(ﬂ;5

l-x x =x-x

Ta danh gia f(x)=2"1 e_:1ﬂx-aﬁxe[ﬂ;%}a[};-]f[z_w-l}gﬂﬁxe[u;ﬂ

X=X

Bt déing thuc nay ding voi vx e [a; %]

Do do f(a)+f(b)+f(c)<18(a+b+c)-9=9 (dpcm)
Déu héng xay ra khi a=b=c=%? do do dau bﬁng Xdy ra cua bat dang thirc

bandiula a=b=c

Cau 153: Cho x, y, z la cac s6 thuc dwong thoa man x+y+z = 1. Tim gia tri nho nhat cua
14 z° X y®
P= + + +
(z+1)\/(x+1)(y+1) Z+Xy X+yz Yy+IX

Truong THPT T6 Vin On - Lan 1

Loi giai tham khao
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(z +1)2
2

N 14 > 28
1
1

+ (z+1)(x+1)(y+1) <

(z +1)\/(x+1)(y+1)

(z+1)°

2
+ z+xy:(x+1)(y+1)£(zz)
1, 4 2’ Az

z+xy  (z+1)°  z+xy  (z+1)

=

x° 3 (x*+ y2)2 x2+y? _ (z-1)
+ + y > > y >
X+yz y+zx X +y*+2xyz z+1  2(z+1)

ps (-8 27D 47
(z+1) 2(z+1) (z+1)

+ f’(z):0<:>z:§

+ Idp bang bién thién, ta dwgc P > f(z)z%szminP:%B,khi X:yzé,Z:g.

Cau 154: Cho x,y,z la cac s6 duong thdéa man xyz + x + z =y .Tim gia trj 16n nhat cua bi€u thirc P =
2 2 4z 3z

- - +
X4l Y+l 72241 (2 +)NZ2 +1

Truong THPT T6 Van On - Lan 2

Loi giai tham khao

. X+z . 2 2 1 (1—xz)?
+Viy= Men —————=2| ————— 2
1-xz X“+1 y°+1 X“+1 (x“+1)(z°+1)
_ 2 2 1_ 2\2 4 2
_ 22[22(1 X 2+2x] < Z[\J(1—x*)? +4x 1_ 2z Ditt-
(X" +1)(z° +1) (x2+1)\/(zz+l) V22 +1 7’ +1
Ta c6 P <-2t + 23t = 3B +t=f(t) véit €(0;1)
+1
1-t?
+ Khao sat ta c6 két qua Maxf:f(%):édat dwoc khiz=g:%X:%y

(0:1)
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2 . L 1 1 N : g
Cau 155: Cho x,y la cac s6 duong théa man —+—+—=3 .Tim gia tri I6n nhat cta biéu thuc:

Xy X y
3y 3X 1 1 1

M = + + -
X(y+1) y(x+1) x+y x° vy

Truong THPT Tén Ptec Thang - Lan 1

-----

1 1 S
bit a=—>0, b==>0.Theo d¢ bai ta co:
X y

2
3—(a+b)—ab< &P
4
Két hop diéu kien a+b >0 suyraa+b>2

3a 3b ab
+ + —
b+1 a+l1 a+b
2
:3.(a+b) —2ab+a+b+ a

=M= a’—b?

b _ (a’+b?)+2ab

ab+a+b+1 a+b
2_ J— J—
:3.(a+ b)*-2(3—(a+b))+a+b N 3—(a+Db) ~(a+b)? +2.(3— (a+ b))
3—(a+b)+a+b a+b

:i[—(a+b)2+a+b+2+£}
4 a+b
bit;t=a+b>2

Xéthamsé: f () =—t*+t+2 +%
f(t) :—2t+1—t—22<0,w >2
Suy rahamsé f (t) nghich bién trén (2;+00)

, .3
[r?a>§ f (t) =f(2) =6 Suy ra gia tri I6n nhat caa M bang > khia=b=1<x=y=1

Cau 156: Cho x, y 1a hai s6 thiec duwong théa man 2x+3y <7. Tim gia tri nho nhat ctia bi€u thic

P=2xy+ y+\/5(x2 +Y?) —243/8(X+ y)= (¢ + ¥ +3).

Trwong THPT Ton Ditc Thang - Lan 2
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Loi giai tham khao

Ta co 6(x+1D)(y+1) =(2x+2)(3y+3) < <36=X+Yy+xy<5h.

(2x+2+3y+3j2
2
Taco 5(x* +y?) =(2x+ y)2 =50 +y*) > 2x+yva
(X+y—3)2=x*+y*+9+2xy—6x—6y >0
S 2(X+ Y+ Xy +3) > 8(x+y) - (X* +y*+3)
Suy ra P>2(xy+X+Y)—2432(x+y+xy+3)  \

bat t=x+y+xy, te(0;5], P> f(t)=2t—2432t+6
3/ 2 _
Taco f'(t)=2- 24.2 =2 (2t+6) 8<0,Vte(0;5]

3(2t+6)2  §(2t+6)

Vay ham s6 f(t) nghich bién trén nita khoang (0;5].
Suy ra min f (t) = f (5) =10—48%/2 .

X=2

Vay min P =10 —48 3, khi{ )
y:

Cau 157: Cho x, y, z 1a c4c s6 thuc duong thoa . x* +y* +z = 23 +1. Tim GTNN cua
1 1

X 7%

P=—+

1
F'i‘

Truwong THPT Tran Binh Trong - Khanh Hoa - Lan 1

Loi giai tham khao

A= 21 2+2(i+2xy+2008] voi: x>0,y >0,x+y<1.
X“+y Xy
Taco: x>0,y>0

x+y22\/@<:>(x+y)224xy<:>1+12i , Daubang xay ra <> X =Y
X Yy X+y

, 1 2 1 1 1 5
Tacod: 57— +—+4Xy=| ———+ +| AXy+— [+ —
X°+y" Xy X°+y®  2xy 4xy ) 4xy

%4_2 4xy_1+ > 5= 4 > +2+ > > = 112211
X°+2Xy+Yy \} axy  (x+y)  (x+y) (x+y)  (x+y)

Suyra A>2027, MinA=2027 < X = y:%
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Cau 158: Cho 3 sd thuc x;y;z duong thda diéu kién x+y+z=1. Tim GTNN cua
XZ y2 ZZ
P= + +
Y+Z Z+X X+Y

Trwong THPT Tran Cao Van — Khanh Hoa - Lan 1

Loi giai tham khao
bat y+z=a;z+x=b; x+y=csuyraa+b+c=2

2 2
X _(-23) liaow P:1+£+1+(a+b+c)—6:1+1+£—4
y+1z a a a b c a b c

Chttng minh. 1+l+£2 9 :g: pzl
a b ¢ a+b+c 2 2

Min(P)=%<:>x=y=z:%

Cau 159: Cho x, y, z 1a ba s6 thuc duong thdéa man: x+y+z>3. Tim gid tri nho nhat cua biéu thic:
2 2 2
P= X + Y + z
yz+\/8+x3 ZX+\/8+y3

xy+\/8+z3 .

Trwong THPT Tran Quang Khai - Lan 3

Loi giai tham khao

Theo BDT Bunhiacopxki:

P[(yz+\/8+x3)+(zx+\/8+y3 )+(xy+\/8+z3 )} > (x+y+x)2
2

“P> (x+y+2z)

- xy+yz+zx+\/8+x3 +\/8+y3 +\/8+Z3

2

2+ X +4-2x +x° _ 6—x+x
2 2

_ 2 _ 2
Tuong tu: /8+y° SM%; \J8+7° 362%

2(X+y+z)2
2Xy +2yz+2zx +18 - (x +y+2) +x° +y° +7°

Ta c6: \8+x° :\/(2+x)(4—2x+x2) <

Suy ra: P>

B 2(X+y+z)2
(x+y+z)’ —(x+y+2z)+18
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2
bdt t=x+y+z (t>3). Khi do: PZZZ;
t°—t+18
2 2
Xét ham s6: £(t) = — 2 v6i 123, £(0)=2 30 py 0 1=36
t“—t+18 (t°—t+18)

BBT

3
T BBT taco: GINN ctaPla;: — khi t=3.khi|x=y=z=1.
y

Cau 159: Cho cac s6 thuc khdng am x, y théa man x? + y? +(3x—2)(y-1) =0
Tim gié tri 16n nhit cua biéu thac P =x* +y? +x+y+84—x—y

Treong THPT Tran Dai Nghia - Lan 1

Loi giai tham khao
+Tacod X +y +(Bx-2)(y-D =0 (X+y)*=3(X+y)+2=—Xxy—y
Vix,y khéng am nén (x+y)> —3(x+y)+2<0 <1< x+y<2
bat t = x+y khi d6 t €[1;2]

Tacd P=x*+y2+x+y+84—x—y < (x+Yy)? +(x+Yy)+84—(x+Yy)
P<t®+t+8J4—t

+ Xétham f(t)=t* +t+8v4—t véi te[L2]
4 voi te[l;2] = (1) >3—i >0 voi te[1;2]
Ja—t V2

va f(t) lién tuc trén doan [1;2] nén f{(t) dong bién trén doan [1;2]

tacd f'(t)=2t+1-

> maxf (t) = f(2)=6+8V2 = f(t) <6+8y2

[1;2]

vy=0 =2
S>P<6+8J2 ,P=6+82 khi {tx y2 @{X 0
= y:

KL: Gia tri 16n nhit cua P 1a 6+8+2 dat duoc khix=2vay=0

Cau 160: Cho cic sd thuc duwong a,b,c théoa man: Ja? +b?+8+b?+c2+8++c?+a2+8=12
Tim gia tri nho nhat cua biéu thiic P = a®+b*+cd.

Truwong THPT — Tran Phti — Vinh Phic - Lan 1

Loi giai tham khao
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Ta c6 (a®+b* +8)+16>8+a’ +b*+8 (1)
Twong tw (b* +c*+8)+16 >8yb* +¢* +8 (2)

(c* +a?+8)+16>8/c*+a*+8 (3)
Cong (1), (2), (3) v€' véi vé, thu duoc

2(a% +b* +¢%)+3.8+3.16 >8(va2 +b? +8 + b’ +c2 +8 +/c? +a° +8)

Ma a? +b? +8++b? +c? +8++/c* +a> +8 =12 suy ra a>+b*+c? >12
Tacod a®+a*+8>6a%:b*>+b®*+8>6b%:c®*+c®+8>6¢?
Suyra 2(a°+b°+c’)+3.8>6(a*+b*+c?)>6.12

a’+b’+c’>24

D4u dang thtec xay ra khi va chi khi a=b=c=2 . Vay P dat gia nho nhat bang 24

Cau 161: Cho cac s6 thuc duong x, y, z thoa man: 5(z* +1° + 2°) = Y(xy + 2yz + 2z) -

. o 1
Tim gia tri lon nhat cua biéu thiec P = — i - — T
vy +2 (z4+y+z)

Truwong THPT Tran Thi TAm - Lan 1

Loi giai tham khao
Theo gia thiét ta c6
5(2° + 97 +2°) = Ywy +2yz + 22) < 5(x +y + 2)° = Ny + 2z + 22) + 10(zy + y2 + 21)
< 5(x+y+2)° =192(y + 2) + 28yz < 192(y + 2) + T(y + 2)°

1
<:>5( z +1j£ oz +7 o — <2< <2y +2)
y+z y+z y+z

Mt khdctaco (y+2) <20 +2°) o' +2° > %(y +2z)

Vivay P < 2y+2) 1 4 1

l(y+z)2 (2(y+2)+y+z)3 y+z 20(y+z)
2

2
Pittoy+z>0mpet L (O1-DR+D 0 14
t 27t 27
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z =2y +2) x—l
Vay min P :16;dé'ub§ng dattai{y =z = 3 .
1 y=2=—
+z=— 12
Y 6

Cau 162: Cho a,b,c 1a céc sb thuc khong &m thoa man a’b? +c?b? +1<3b. Tim gié tri nho nhat cua biéu

1 4b* 8
thic P= S+ =+ >
(a+1)" (1+2b)" (c+3)

Truwong THPT Triéu Son — Thanh Ho4 - Lan 1

Loi giai tham khao

1 N 4h? N 8 1 N 1 N 8
(a+1)2 (1+2b)2 (c+3)2 (a+1)2 (1 )2 (c+3)2

-Taco: P=

—+1
2b

-Pit d =%, khi d6 ta c6: a’h? +c¢’b?+1<3b tro thanh a? +¢® +d? <3d

Mat khac: P = ! + ! + 8 > 8 + 8

(a+1) (Zﬂf (c+3)2‘(a+3+2j2 (c+3)

64 256

>
( d JZ (2a+d +2c+10)2
a+—+C+5

-Ma: 2a+4d+2c<a’+1+d*+4+c®+1=a’+d*+c®>+6<3d+6

Suyra: 2a+d+2c<6

- Do d6: P >1 nén GTNN cua P bang 1 khi a:1,c=1,b:%

Cau 163: Cho a,b,c thudc khoang (0;1) thoa man (1—1)(%—1)@—1) =1. Tim GTNN cua biéu thirc
a c

P = a’+b’+c?
Truong THPT DL Lé Thanh Tén - Lan 1

Loi giai tham khao
1 1 1
(__1)(6_1)(__1) =l<ab+bc+ca=a+b+c—1+2abc
a c

P=(a+b+c)*—2(ab+bc+ca)=(a+b+c)’—2(a+b+c—1)—4abc
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a+b+c

Theo Co si abc < ( )}

P>t? —2t+2—2i7t3 v &i t=a+b+c (0<t<3)

Khao sat ham sd tr én tim ra minP =3/4 khi t=3/2 hay a=b=c=1/2

Cau 164: Cho céc sd a, b, ¢ khong am sao cho téng 2 s bat ki déu dwong. Chitng minh rang:

\/ a +\/ b +\/ C +9\/ab+bc+ca26.
b+c a+c a+b a+b+c

Truong THPT Chuyén Bién Hoa - Lan 1

Loi giai tham khao

DétP=\/ a +\/ b +\/ C +9\/ab+bc+ca
b+c a+c a+b a+b+c
2 2
Gia st aZch,khidéJ ab +1/ ac 2«/ b +1/ ¢ =+b+c
a+c a+b b+c c+b
\/ b \/ C \/b+c
= + >
b+c a+b a
bat t=b+c thi Pz\/EJr\/EJrg\/E
t a a+t

Ta co: \/g+\/£+9\/§=a+t+9\/§26 (AM-GM). Do d6 P>6 (dpcm).
t a a+t \/;

a+t

Déng thtec xay ra khi a+t= 3\at va chang han mot by (a,b, c) thoa man:

(a,b,c):(7+3\/g;1;0j.

2

Cau 165: Cho a,b,c la ba sé thuc khéng &m va thoa mén: ab+bc+ca=1. Tim gié tri nho nhat cua biéu

a

thic:  P= + b +a2 +1(l+ij
16(b+c)(a2 +bc) 16(c+a)(b2 +ac) 4 \a ab

Truong THPT Dak-Mil DakNong - Lan 1

Loi giai tham khao
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a2+bc a’+bc ab+ac 23 b+C a S 2a
ab+ac \/ab+ac \/a +bc a +bc (b+c)(a2+bc)_(a+b)(a+c)

>P>%[( 2a 2b } a2+1(l LJ>P>1[( dab + 2ac+2bc } (a*+1)(b+c)

a+b)(a+c)+(a+b)(b+c) i 4 \a ab 4 a+b)(a+c)(b+c) 4ab

(a2 +1)(b+c) _ (a+b)(b+c)(c+a) . (a+b)(b+c)(c+a)

4ab 4ab " dab+ 2c(a+b)

Laico: ab+bc+ca=1=>

Suyra: P>1khi a=b=1%c=0

Cau 166: Cho 3 s6 thwc dwong a, b, ¢ thdéa man: (a+c)(b+c) =4¢”. Tim gia tri nho nhét ctia biéu
4a  4b 2ab +a’+b’
+ -+

b+c a+c ¢ C

thétc sau: P=

Trwong THPT Chuyén Bién Hoa — Pha Tho - Lan 2

.....

Tir gia thiét ta co: (3+ 1)(9 +1j =4.

C C

a b
[2 12 4= 44— 2 2
P 4a N 4b _2ab+ a+b” "¢ L_c _23.2_‘_ al ., b -
b+c a+c c b a cc c C
—+1 —+1
C C
X,y >0 0 <1
Dét3=x; E=y = Y =>X+y+xy=3= e .
C C (x+1)(y+1):4 X+y<2
4x 4y 2
P= NoS -8xy+9
y+1 x+1 \/(xy) Y

=7-5t—t"—8t+9 =f(t) véi t=xy (0<t<1).

Ta co: f'(t):—5+L<0 voi 0<t<T.

V2 —8t+9

= Ham s6 f(t) nghich bién trén (0; 1].
PMin :f(t)Min =f(1)=2—\/§.

Ddu “=" xay rakhi a=b=c.

Vi CONG PONG - THAY TAI - 0977.413.341 — MINH CHAU — YEN MY - HUNG YEN 117




TAI LIEU LUYEN THI THPT QUOC GIA | 2016

A Y A \ 5 ~x 1 N 4 <1z A 5 =X J
Cau 167: Cho a,b,c la ba so thuc duong va thoa mén: a+b+c:E. Tim gida tri 16n nhat caa biéu thuc:

PJ (a+b)(b+c) +J (b+c)(cra) +\/( (a+<)(a+D)

(a+b)(b+c)+a+c (b+c)(c+a)+a+b a+c)(a+b)+b+c

Truong THPT Nguyén Sy Sach - Lan 2

Loi giai tham khao

bat: x=a+b,y=b+c,z=c+a=>x+y+z=1

Y - Xy sl A tuwong tu cac biéu thirc con lai suy ra Ss§
Xy +z (x+z)(y+z) 2\x+z y+z 2

Vay : P 16n nhat bang g dat dugc khi a=b=c :%

Cau 168: Tim gid tri 16n nhit, gia tri nho nhit cua biéu thac P =5 + 5’ biétring 0<x;y va x+y=1

Trwong THPT Quynh Luu 2 - Nghé An- Lan 1

Loi giai tham khao
Tir gia thiét va diéu kién cia x,y taco: y=1-x va 0<x<1
Taco P =5 +5 =5 45

biat t=5" 1<t<5.Taco P:t2+%; P':2t—i PI:O@t:i/g

t2
P(1)=6, P(5)=26, P(; g) - (s g] +5£

5
, (-1 = 2 x_Iogsi/;
Taco P, =26< P..=|3=| +5)= <

y=0 2 5 5
y:l—logs35

Cau 169: Cho a,b,c 1a cac s6 thie khong am thoa man a’b” +c¢’b® +1<3b. Tim gid tri nho nhat cua
2
biéu thirtc P = L =+ 4 =+ 8 >
(a+1)" (1+2b)" (c+3)

Truong THPT - Triéu Son 1- Thanh Hoa - Lan 2

Loi giai tham khao
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1 4b® 8 1 1 8
-Taco: P= =+ =+ S = >+ -+ .
(a+1)" (1+2b)" (c+3)" (a+1) (1+1) (c+3)

2b

-bat d =1, khi d6 ta cé: a’b® +c’b® +1<3b tro thanh a” +¢* +d* <3d

1 1 8 8 8
+ +

Mat khac: P = 5+ 5 > 5 >
(a+1) (d+1) (c+3) (a+d+2j (c+3)
2 2

S 64 _ 256
_( d )2 (2a+d +2c+10)°
a+—+C+5

-Ma: 2a+4d+2c<a’+1+d*+4+c®+1=a’+d*+c®>+6<3d+6

Suy ra: 2a+d+2c<6

-Do d6: P>1 nén GTNN cﬁanéngl khi a:1,C=1,b:%

Cau 170: Cho x, y la hai s6 thiec dwong théa man 2x+3y <7.Tim gia tri nho nhat ctia bi€u thtec

P=2xy+ y+\/5(x2 +y%) —24%/8(x+ y)— (¢ +y* +3)
Truong THPT- Twong Duong - Nghé An - Lan 1

Loi giai tham khao

2
Taco 6(x+1)(y+1)=(2x+2)(3y+3)s[%] <3625 x4+ 1y <5.

Taco 5(¢* +y?)>(2x+y)" =4/50¢ +y*) > 2x+y va

(X+y=3)°=x"+y* +9+2xy—6X—6y >0 2(X+ Y+ Xy +3) > 8(Xx+y)— (X’ + y*+3)

Suy ra P> 2(xy +X+Y)—2432(x+ y + Xy +3)
Dat t=x+y+xy, te(0;5], P> f(t)=2t—2432t+6

o 242 3ervey -8 _
Taco f/'(t)=2 =2 <0,Vte(0;5]
sfetrey  ietro)

= ham s6 f(t) nghich bién trén nita khoang (0;5].
Suy ra min f (t) = f (5) =10—483/2
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X=2

Vay min P =10 —48 3£, khi{ )
y:

Cau 171: Cho a,b,c >0 thoa man ab+bc+ca=abc. Tim gia tri nho nhat cta biéu thirc:
2 2 2 2 2 2

p_ \/b +3a +«/c +3b +\/a +3c
ab bc ca

Truong THPT Vin Giang — Lan 1

Loi gigi tham khao

BT
P—J( SRCRERERE
e

Suy ra: P= ‘ﬁ‘ +H +‘6‘

Ta co: m+n+p [a \/_(1 ! 1))

abc

Tt gia thiét ta cd 1+%+1:1 nén ﬁ+ﬁ+6:(rﬁ):‘ﬁ+ﬁ+6‘:
a C

Tacodanhgm‘ ‘ ‘n‘+‘p‘ ‘m+n+p‘_

Dau dang thitc xay ra chang han khi a=b=c =3 thoa man diéu kién dau bai.

Vay minP =2

4 N\ - A 1 2y ./ .
Cau 172: Cho a,b,c 1a ba s6 thwc dwong thoa man diéu kién : a’+b?+c? +4abc = rk Tim gia tri

1+4(ab+bc+ca)
a+b+c+4abc

16n nhat caa biéu thiec P =

Truong Trung tdim GDTX Van Ninh — Khanh Hoa - Lan 1

Loi giai tham khao
Véia, b, c 1a 3 s6 duong, ta ludn cé:

a’?+b?+c?>ab+bc+ca va a+b+c>3%abc
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_1+4(a°+b*+c®) ~ 2-16abc

Nén: P< -
33/abc + 4abc 33/abc + 4abc

(1)

Mat khac : a? +b? +c? >33a’h’c? nén :%—4abc =a’ +b%+c? > 33a%h%c?

it t = Jabc(t > 0). Ta c6 : %—46 > 3% > 16t° +12t2 —1< 0 <> (t —%)(t +%)2 <0t s%. Vay

ot

_ 3
Dodétir(1)tacs: P<f(t)=oot: tefok
3t +4t 4

. 3 2
()= 24Ot £t 1) <0,Vte(0;l} —ham f (t)nghich bién trén (0;1}
(3t+4t°) 4 4
Do dé P< min f(t)= f(3)=22
te[o;%} 4 13

Vay GTLN cta P la i—g dat dwoc khi a:b=C=%

Cau 173: Cho cac s0 thuc dwong x,y,z thoa X+y+z=3. Tim gia tri nhonhdt ¢ ta bi€u thuic
Xy + Yz + ZX
X2y +y?z+2°x

P=x*+y’+2°+

Truong Trung tim GDTX Van Ninh - Khanh Hoa - Lan 2

Loi giai tham khao
Ap dung BDT TBC-TBN cho hai s6 dwong, ta co
X2 +xy? > 2x%y, y* +yz° > 2y°z,2% + 2x* > 272°x.
=X +y+2° 22(Xy+y 2+ 2°X) - (xy* +y2’ +2¢) (1)
Mat khac, do X+ Yy+2z=3 nén
3(x2+y2+22):(x+y+z)(x2+y2+22)

=3+ Y + 20+ (XCy+ Yoz + %)+ (xy? + yzt + ¢ ) (2)
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T (1) va (2), tacd X* +y? +2° > X’y + y’z + 2°X.

Do dé P2x2+y2+22+w
X2 +y?+17°
Ta co' (X+ y+z)2 =X+ Y2+ 27 +2(xy + Yz +2X).

Détt:x2+y2+22:>xy+yz+zx=7.

2
Do x2+y2+222M

Khi d6 P2t+%,t23<:>P2—

2t —t+9

Xét ham s6 f (t)= , trén [3;+00).

Lap bang bién thién, ta c6 ham f déng bién trén [3;+w0).

= P>minf(t)=f(3)=4.

>3

Két luan duwoc: minP=4<x=y=z=1.

Cau 174: Cho Xx,Y,z € [O; 2] théa man x+y+z=3. Tim gia tri nho nhat ctia biéu thiec

P= ! + ! + 1 +\/W+ yz+\/§

X4y +2 Y477 42 P 4xP+2

Truong THPT Xuin Truong - Nam Dinh - Lan 1

Loi giai tham khao
Xy +1
2

g

Tacod X +y> +2= (X" +1)+(y* +1) 2 2(X+Y),....; xy <

Nén Psl{ 1 + 1 + ! +xy+yz+zx+3}.
2| X+y y+zZ Z+X

Ta cod (x+Yy+2z)(xy+yz+12x)>9xyz

= (x+y)(y+2z)(z+x)=(x+ y+z)(xy+yz+zx)—xyzzg(x+ y+2)(xy+yz+12x)
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1,1 1 C(x+y)(y+2)+(y+z)(z+x)+(x+y)(z+X)

X+Yy Y+Z Z+X (x+Yy)(y+2)(z+x)
_(x+y+z)2+xy+yz+zx
 (x+y)(y+2)(z+X)

. (x+y+z)2+xy+yz+zx _ 27 .3
g(x+y+z)(xy+yz+zx) 8(xy+yz+2x) 8

Suy ra PS1 2
2| 8(xy+yz+12x)

27
+xy+yz+zx+§

bat t =xy+yz+2zx.

Do x,y,z2€[0;2]=(2-x)(2-y)(2-2)20 = xy+ yz+2x > 4+2xyz >2=>t>2

Mit khéc: xy + yz+zxs%(x+ y+z)2 =3=1<3.Vay te[23]

Tacod P 31{24_“_2} = f(t)
2| 8t 8
3
Xét ham s& f(t) véi te[0;2] ta 6 f'(t):%[t—gt_Z} - 8t16_tZZ7 >0 Vte[23] nén ham s6 f (1)
dong bién trén [2:3].= f (1)< £(3) =",

Do Psf(t):Ps%.Co’ Pz%khix:yzz:l.

Vay gi4 tri nho nhét cua P 1a % dat duoc khi x=y=2=1.

Tai liéu khong thé tranh dugc nhiing 10i cdc ban vui long kiém
tra va swa nhé !

Chia sé vi cdng dong, hiy gop cho nhau 1 chiit dé dat gid tri lon
lao hon ... thanks
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