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1. LY DO CHON PE TAI MUC LUC

1. Lydo chon dé tai

Céc bai toan t6 hgp la mot phan quan trong ctia chuyén nganh toan roi rac va 1a mot mang kho
trong chuong trinh toan THPT chuyén. Trong cac ki thi hoc sinh gidi qudc gia, Olympic Toan qubc
té va khu vuc, nhitng bai toan t6 hgp thudng xuyén duge dé cap va thuong la nhirng bai toan kho,
mang tinh chat phén loai. Pé thi VMO cung nhu céac dé thi Olympic 30/4, Olympic DHBB trong
vai nam gan day cling dang cé xu hudng giam sb lugng céc bai toan hinh hoc phang va thay vao
d6 1a céc bai toan t6 hgp. Tuy nhién, so vdi cac phan mon khéc thi cdc bai toan t6 hop dem lai
khong it kho khan rac rdi cho cac em hoc sinh bac Trung hoc phé théng trong qud trinh hoc ciing
nhu trong cac ky thi. Nhitng hoc sinh méi bat dau lam quen mdt s6 dang toan t6 hgp thuong
chua hiéu tudng tan tu tudng cling nhu phuong phép tiép can bai toan. D& hiéu va van dung t6t
mot s6 dang toan co ban va van dung kién thiic t6 hop vao giai toan doi hoi hoc sinh phai c6 kién
thitc nén tang t6 hgp tuong ddi day du va chac chan trén tat ca cac linh vuc ctia nganh toan roi
rac. D6 1a mot kho khan rat 16n dbi véi gido vién va hoc sinh khi gidng day va hoc tap phan nay.
Chinh vi khé nén dan dén nhiéu hoc sinh nan trong qua trinh hoc, c6 tam ly sg cac bai toan t&
hogp va c6 xu hudng khong dau tu cho viéc giai chiing trong cac ky thi ma dé danh thoi gian cho
cac bai todn thudc cac phan mon khac. Tir d6 c6 thé thiy khé khan 16n nhat cta gido vién la lam
sao dé hoc sinh hitng thu hoc va c¢6 kha nang van dung cac phuong phap vao giai cac bai toan to
hop, do d6 van dé dat ra la can trang bi cho cac em nhiing kién thitc gi? Can bat dau tir nhirng bai
todn nao? Can phan dang cac bai tap ap dung tirng phuong phap gidi toan t6 hgp theo mirc do tir
thip dén cao va nhitng diu hiéu cta cac bai toan nhu thé nao thi dung phuong phap tuong ting?

Mot trong nhitng van dé dau tién ctia t6 hgp 1a dém xem c6 bao nhiéu phan tir cia mot tap
hop, bao nhiéu cach dé giai quyét mot cong viéc, bao nhiéu cau hinh dugce tao ra vdi cac quy tac
cho trudc. D€ dém dugc chinh xac, ching ta phai phan biét dugc cac cau hinh dya vao cac quy
luat xay dung chung. Vi thé, c6 thé xem bai toan dém la nhitng bai toan luyén tap dau tién dé
ching ta lam quen véi tu duy t6 hgp, diéu nay giai thich vi sao mot s6 bai toan dém da duoc dua
vao phd thong tit nhitng ndm mdi di hoc. Bai toan dém rat phong phu ké ca dang phat biéu dén
cach giai. Do khoé ctia bai todn dém duoc trai rat rong: tir nhirng bai toan dé véi cac s liéu cu thé,
c6 thé kiém ching bang truc gidc dén nhitng bai toan khé hon, véi nhiing dit liéu dau vao bang
cht ma két qua ctia né dugc biéu dién bang mot cong thite toan hoc. C6 nhitng cong thirc dugce
tim ra qua mot vai suy luan don gidn nhung cing ¢6 nhiing cong thitc ma viéc tim thiy chung
phai kéo dai hang thé ky. C6 nhitng bai toan dém gép rat nhiéu khé khan, bé tic néu nhu giai
bang phuong phép tryc tiép, trong khi giai bang phuong phép gian tiép lai trd nén 16 rang, don

gian.



MUC LUC 2. MUC PICH NGHIEN CUU

Tuy nhién, néi gi di nira thi t6 hop van la bai toan kho dbi véi hoc sinh va ca gido vién. Toan
t6 hop cling ¢6 nhiéu dang khién ngudi mdéi tiép can khong khoi ling ting khong biét bat dau
tir dau. V6i tit ca nhitng khé khan va thuén 1gi trén ching t6i chon dé tai “Mot s6 phuong phéap
dém trong cac bai toan t6 hgp” dé trao déi voi quy thay cd va cdc em hoc sinh. Chuyén dé khong
c6 tham vong dua ra nhitng van dé “thdi su”, nhitng kham pha méi mé ma chung t6i ¢6 gang
trinh bay lai cac phuong phap dém thuong hay stt dung nhu phuong phap dém bang xay dung
md hinh, dém béang hai cach, dém bang quan hé truy hoi, dém bang anh xa, dém bang sb phtc
thong qua hé thong bai tap dugc chon loc tir co ban dén nhirng bai toan trong cac ky thi hoc sinh
gi6i Quoc gia, Olympic toan Quéc té va khu vue, Olympic todn ctia cdc nudc . .. véi hy vong gitp
cac em hoc sinh c6 dugc cac cach tiép can mot cach c6 hé thong véi nhirng bai toan t6 hop “kho

ma cyc ky hap dan” nay.
2. Muc dich nghién cttu

Deé tai “Mot s6 phuong phap dém trong cac bai toan t6 hop” dugc chon dé gidi thiéu vdi cac
thay c6 gido va cac em hoc sinh nhitng kinh nghiém va tim toi ctia ching t6i trong qua trinh
nghién ctru va gidng day mot s6 phuong phap giai quyét bai todn dém trong chuong trinh THPT
chuyén, dong thoi thong qua dé tai nay ching t6i mubén nhan manh tam quan trong cta cac
phuong phéap nay, ching duge xem nhu nhiing vién gach dau tién dé xay dung tu duy trong cac
bai toan t6 hop. Thong qua dé tai ching t6i trinh bay nhitng phuong phap dém tir kién thic co
ban dén nang cao, tir dé dén kho, hy vong gitip cac em hoc sinh c6 thé tiép can mot cach hé thong
va dé dang, c6 kha nang van dung mot s6 phuong phéap co ban vao giai cac bai toan dém néi riéng

va cac bai toan t6 hgp néi chung.



3. XAY DUNG MO HINH TRONG CAC BAI TOAN DEM CUA TO HOP MUC LUC

3. Xay dung md hinh trong cdc bai todn dém ctia t6 hop

Viéc xdy dung mo hinh phil hop véi bai todn dém cila t6 hop la mot van dé rat quan trong, nd gidi quyét

duroc rat nhiéu vin de:

a) Gidi duoc bai todn d6 vdi mot cdch tiép can don gidn hon.

b) Dua vao mé hinh duoc xdy dung ta c6 thé phdt trién bai todn.

¢) Tao ra mot vin dé md dé phat trién cic mo hinh khdc.
Tac gia xin gi6i thiéu mot vai mo hinh dé tiép can bai toan va cac goc nhin lién quan.
3.1. S6 Catalan

Dau tién ta hay dén v6i mot van dé rat quan trong trong t6 hgp d6 la s6 Catalan va mot s6 mo
hinh ctia bai toan dém tuong tng.

Trong toan t6 hgp, s6 Catalan la day cac s6 tu nhién xuat hién trong nhiéu bai toan dém, thudng
bao gom nhiing ddi tugng dé quy. Ching duoc dat tén theo nha todn hoc Bi Eugéne Charles
Catalan (1814-1894).

S6 Catalan 1a mét day cac s6 ty nhién dugec chonhusau: Cop =1,C; =1,Cr =2,C3 =5, Cy = 14,
Cs = 42, ... sb tht n dugc dinh nghia theo cong thic nhu sau:

1

Cn = n_|_1C121n

va cong thic truy hoi 1a

Cp=0CoCy—1 +C1C2+CoCn =3+ ---+C1Cy = S CeCrk—1-
k=0

Viéc chitng minh méi quan hé gitta hai cong thirc nay xuat hién rat nhiéu trong céc tai liéu tham
khdo, ban doc c6 thé tim hiéu thém.
Bay gid, ching ta tim hiéu mot s6 bai toan duge xay dung theo mo hinh ctia day s Catalan.
Bdi 1. Cho n dau md ngodc ”(” va n dau déng ngodc ”)”. Cé bao nhiéu cach dat 2n ddu md-dong
ngodc theo mot hang ngang, sao cho cac ddu md-déng ngodc c6 nghia?
Viduvéin =1taco1cachdat().
V6in = 2taco?2cach dat (), ) ().
Véi n = 3 ta co 5 cach dat nhu sau: () () (), ((0)), 0(0), (0) 0, (0 0)-

& Loi gidi.



MUC LUC 3. XAY DUNG MO HINH TRONG CAC BAI TOAN DEM CUA TO HOP

Bay gio ta sé chirng minh sb cach dat nhu trén la s6 Calanta C,,.

Goi a, 1a 6 cach dat thoa yéu cau bai cho 27 ddu md-déng ngoéac.

Tacdéas =1,ap =2,a3 =5vatadatay = 1.

Ta xét mot cach dit cho chudi ¢6 do dai 2n + 2 dau ngoac, trong d6 co n + 1 dau mé ngodc va
n + 1 dau déng ngodc.

Ta thdy ngay, v6i mbi chudi nay c6 thé sap vao dang phan hoach thanh hai chuéi mét chudi c6 do
dai 2k véi k > 0 va chubi con lai 6 d6 dai 21 + 2 — 2k. Ung v6i mbi chudi ta c6 s6 cach sap xép la

ar va a,_r. Do d6 ta c6 cong thirc truy hoi
Ap+1 = Z Axlp—k-

Nhu vay, s6 cach sap xép 2n ddu md-déng ngodc theo mot hang ngang, sao cho cac dau mg-déng
ngoac c6 nghia la C,,. O
Ta c6 thé thay thé cdc ddu mé-dong ngodc thanh cdc s6 1, —1 thi c6 bai todn mdi sau:
Bdi 2. Chonsb1vansd—1.Cébaonhiéu cach sap 21 s6 nay thanh mot day sb {ay, ap, a3, ..., a2, },
m
saocho } a4, > 0v6imoi0 < m < 2n?
k=0
Viduvéin =1tacéday {1,—1}.
Véin =2tacé2daysau{l,1,—-1,-1},{1,-1,1,—1}.
V6in = 3taco 5 day sau
{1,1,1,-1,-1,-1},
{1,1,-1,1,—-1,-1},
{1,1,-1,-1,1,—-1},
{1,-1,1,1,-1,-1},
{1,-1,1,-1,1,—-1}.
Tiép theo, ta co thé thay mét cip mé-dong ngodc cé nghia béi mot cung tron ma diém dau la diu
md ngodc va diém cubi la ddu déng ngodc, ta dwoc mot bai todn sau:
BAi 3. Cho 21 diém phan biét trén duong thang. C6 bao nhiéu cach néi thanh n cung khéng giao

nhau (ndi cling mot phia ctia dudng thang)? Vi du véi n = 3 ta ¢6 5 cach ndi nhu sau



3. XAY DUNG MO HINH TRONG CAC BAI TOAN DEM CUA TO HOP MUC LUC

Bdi 4. Cho n + 1 s6 dugc sap theo mot thit tu cho trude chiing duge nhan lai véi nhau bsi n phép
nhan. Héi c6 bao nhiéu cach két hgp cho n phép nhan d6?

Vidu véi n = 2 ta c6 1 cach két hop nhu sau (a.b).

Véin = 3 ta ¢6 2 cach két hop sau ((a.b) .c), (a. (b.c)).

Véin = 4 tacéd 5 cach két hgp sau ((a.b) . (c.d)), ((a. (b.c)) .d), (((a.b) .c) .d), (a. (b. (c.d))), (a. ((b.c) .d)).

Vi bai todn nay ta cé thé thay cdc ddu mé ngodc, déng ngodc bdi cdc diém trén duwong thing néu
c6 16m hon bang hai ddu md ngodc (dong ngodc) xudt hién tai cing mét vi tri ta thay bing mot
diém. Khi d6 ta cé bai todn sau:

B&i 5. Cho 7 + 1 diém phan biét nam trén mot duong thang. Hoi c6 bao nhiéu cach ndi cac diém

nay bdi n cung ciing mot phia so véi duong thang va thda hai diéu kién sau:
i) Hai cung bat ky khong giao nhau, trir vi tri dau mut;

ii) Voi mbi diém i, tht ca cac diém c6 cung ndi véi diém i chi ¢6 thé nam bén phai hodc chi c6 thé

nam bén trai diém i.

Vi du khi n = 3 ta c6 cac cach nbi sau day

Bdi 6. Cho da giac A1A2As... A, voin > 3. Hoi ¢6 bao nhiéu cach chia da giac trén thanh n — 2
tam gidc khong c6 phan chung trong (thuc hién bang cach nbi cac dudng chéo)?

Vidu véin = 5ta cod 5 cach chia da giac giac A1 Ap A3A4As thanh cac tam gidc nhu sau

A1Ar A, A1 A3 Ay, A1 Ay As;
A1Ar A3, A1 A3As, A3AyAs;
ApAzAy, ApAgAs, A A1 As;
A3AyAs, A1 Ar A, Ap A3 As;
A1A4 A5, A1 Ay Ay, Av A3 Ay,



MUC LUC 3. XAY DUNG MO HINH TRONG CAC BAI TOAN DEM CUA TO HOP

Ay

A1 App

Ta goi a, 1a s6 cach phan hoach da gidc AjAzAs. .. A, 1o thanh n tam gidc. Ta dat ag = 1.
Kiémtratacéa; =1,ap =2,a3 = 5.

Ta xét da giac A1 Ax Az ... Ayyo, tavé tam gidc A1 A, 12A; v6i2 < k < n 4+ 1 (nhu hinh minh hoa).
Ta thay, bén trai tam giac 1a mot da gidc k dinh, bén phai tam gidc 1la mot da giac n + 3 — k dinh.
Mbi da gidc ay c6 s6 phan hoach tam giac tuong tng 1a a;_, va a,1_x. Va khi cho Ay thay déi thi

ta duoc sb cach phan hoach la
Ay = Agly—1 + A1Ap—2 + A28y -3+« + Ay_140.

Vay s6 cach phan hoach da gidc A1A2A;z... A,z 1a C, cach.

Bdi 7. C6 bao nhiéu day cac s6 nguyén duong x, = {a1;a;a3;...;a,} thda cac diéu kién sau:
i)1<a<a<az3<---<ay
i) g; <ivéimoil <i < n.

Vidy, véin = 3tacé5daysdsau {1;1;1}, {1;1;2}, {1;1;3}, {1;2;2}, {1;2;3}.

& Loi gidi.

Ta goi, by, 1a s6 cac day sb thoa yéu cau de.

Taco, by =1,bp =2,b3 =5.Tadatby = 1.

Ta chiing minh, day b, thda cong thirc truy hoi ctia s6 Catalan, tic 1a s6 cac day so thoa yéu cau
deéla Cy.

Xét cac day co do dailan + 1.

Ta xét tat ca day c6 a,11 = n + 1, khi d6 ta c6 b, day loai nay. Bay gid ta loai tat ca day vira xét ra,
chicona, 1 <n+1.

Tiép theo, ta xét trong nhitng day con lai ma a, = n. Khi d6, a,,;1 = n nén chi c6 b, day. Ta tiép

tuc loai nhitng day nay di va tiép tuc xét cho day co dac diéma, 1 =n—1,khidéa, =n —1nén

9
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co by day {an;a,41} vacod b,_, day {ay;az;a3;...;a,-2}.

Ta tiép tuc qua trinh trén thu duoc két qua
bny1 = bobp + biby—1 + boby—2 + - - - + bubo.

Vay s6 cac day sb trén 1a C,,. O
Tir bai todn trén ta cé thay méi day sb da cho la mét cdch di trén ludi 6 vudng n x n theo cdch
hiéu tung ing, khi dé ta cd bai todn mdi sau
Bdi 8. Cho mot ludi 6 vudng n x n. C6 bao nhiéu cach di chuyén tir A dén B theo cac canh trén
luéi véi quy tac

i) Chi duoc di chuyén phai sang trai hodc dudi lén trén;

ii) Khong di 1én trén duong chéo chinh.

Vi du khi n = 4 ta c6 cac cach di chuyén sau sau day

B B B

& Loi gidi.

Dé& minh hoa cho cach "dich" tir day s6 sang cach di chuyén trén ludi 6 vudng, ta xét ludi 6 vudng
4 x 4.

Dé di chuyén tir A dén B ta c6 dung 4 budc di ngang (xen gitta nhitng lan di ngang c6 thé la
nhitng lan di lén), di ngang & hang s6 1 ta ky hiéu la s6 1, di ngang & hang s6 2 ta ky hiéu s6 2, di

10
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ngang & hang s6 3 ta ky hiéu s6 3.

Dé khong di qua duong chéo chinh, tai budc ngang thi k thi < k. Nhu vay véi méi day sd & bai
toan trén ta c6 mot duong di thoa yéu cau dé. Vi du xét hinh vudng 4 x 4 dbi véi day {1;1,2;3}
ta c6 mot duong di nhu sau: ngang; ngang; 1én; ngang; 1én; ngang; 1én; 1én nhu hinh ve.

B

Twong tw nhu cdch tiép cdn trén xin gidi thiéu vdi ban doc mot sé bai todn twong tu.

Bdi 9. C6 bao nhiéu day s6 nguyén duong khong giam {ay,ay,a3,...,a,} thoa hai diéu kién sau
i) a; < nvéimoii;
ii) Ton tai mot va chi moét chi s6 k sao cho ax = k.
Viduvéin =3taco5daysau{1,1,1}; {1,1,2}; {2,2,2}; {2,3,3}; {3,3,3}.
Bdi 10. C6 bao nhiéu day s6 nguyén duong {ay,a,a3,...,a,} thda hai diéu kién sau
L .
) Ya=>j;
k=0
n
i) Y ap =n.
k=0
Bdi 11. C6 bao nhiéu day s6 nguyén {ay,a,4a3, .. .,4,} thda hai diéu kién sau
i) a1 =0;
i) 0<ajq <a;+1

3.2. Dudng di cha con Kién

Bdi 12. Trén mot ludi 6 vudng m X n, mot con Kién xuét phat tu vi tri A bo theo cac duong trén
luGi dé dén vi tri B (nhu hinh vé). Gia st, con Kién thong minh di chuyén tir A dén B vdi duong
di ngan nhéat. Hoi c¢6 bao nhiéu duong di c6 thé dugc chon?

& Loi gidi.

11
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B

A

Dé c6 thé di chuyén tir A dén B véi duong di ngan nhét, con Kién phai di chuyén diing 1 canh tir
trai sang phai va ding m canh tir trén xudng dudi.

Qua phan tich d6 ta c6 thé xay dung mot mo hinh dém cho bai todn nay nhu sau:

C6 bao nhiéu cach sdp mot chudi ki tur ¢6 do dai n + m trong d6 c6 ding n ki tu N (tugng trung
cho di chuyén trai sang phai) va m ki ty X (tugng trung cho di chuyén xudng dudi).

Ta thay ngay, m6i chudi ki tu nhu thé 1a mot cach di chuyén ctia con Kién tir A dén C.

Lic nay, viéc dém s6 chudi trén vo cting don gian. D€ sap 1 ki ty N trong chudi c6 do dai n + m

ta c6 CI', ,,, cach sap va c6 1 cach sap cho m ki ty X vao céc vi tri con lai. Suy ra s6 chudi can tim la
n
n+m. |:|

Nhur thé, ta da xdy dung dwoc mot mé hinh dém sé cdch di chuyén ciia con Kién thanh viéc dém
s6 chuéi ki tw tuwong iing. Dén liic nay ta cé thé xay dung cdc bai todn khdc twong tw nhu thé.
Bdi 13. Trén mot ludi 6 vudng m X n, mot con Kién xuat phét tr vi tri A bo theo cac duong trén
ludi dé dén vi tri B (nhu hinh vé). Gia stt, con Kién thong minh di chuyén tir A dén B véi dudng
di ngan nhéat. Hoi c6 bao nhiéu duong di c6 thé dugc chon dé con Kién phai di qua diém O trudc
khi dén B?

& Loi gidi.

A o 0
Khi nay, ta thay 19 trinh ctia Kién l1a tr A dén O 16i tiép tuc dén B. Nhu vay, ta dém nhu trén véi
viéc ghép hai chubi con thanh mot chudi lon. O
Liic nay, ta cé thé md réng cho viéc thém ki tw mdi vao trong chudi trén.

12
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Bai 14. C6 bao nhiéu chudi ki ty c6 do dai m + n + k ma trong d6 ¢6 dung m ki tu N, n ki tu X
vakkituT?
& Loi gidi.

L mm
Co Cm+n+

, céch sap m ki tw N vao chudi con trong, tiép theo ¢6 C_ , cach sap O
Voi mé hinh nay ta co bai todn twong irng cua no

Bai 15. Trong khong gian, cho mot hinh hop chi nhat ABCDA'B'C'D’ ¢6 kich thude m x n x k
tao thanh mot ludi cac khoi lap phuong don vi. M6t con Kién thong minh di chuyén trén ludi di

tir A dén C’ v6i duong di ngan nhat. Hoi c6 bao nhiéu cach di chuyén c6 thé?

/ /
A a4 D
/ : I I I
1
5 & '/ | ; ; /
| 1 1 l
: | : | \CI |
1 | 4= - [ Y A A |y 7 S
| | 1 | | | /
T 7 1 * !
L | | |
| | | | | :
L |
| | |
/“/ J“,)“ === /_/_____'_"_ D
L lle L A
il il e - ==
‘/ 7 7 7 /
|7z 7 7 7
P R I B e ] - -
7’ e e e
7’ 7 7 7

Twong tu nhu thé, ta cé thé thay d6i cdach di chuyén ciia con Kién thi c6 cdch sdp chubi ki tw twong
ung.

Bai 16. Mot 1udi 6 vuodng co kich thudc 4 x 6. Mot con Kién di chuyén tir A dén C. Hoéi c6 bao
nhiéu cach di chuyén ma con Kién phai di qua dung 12 canh?

V6i yéu cau nay thi cdch di chuyén voi dwomg di khong phdi ngian nhdt, nén chudi tuwong iing sé

€0 yéu cau phu. loi gidi bai todn nay co rat nhiéu cdch tiep cdn, xin nhwong cho ban doc.

3.3. Bai toan chia keo Euler

Tiép theo, tac gia xin gidi thiéu mo hinh khac, day la moét dang cua bai toan chia keo Euler.

Bai 17. Cho phuong trinh x1 +x2 + x3 + - - - + x; = n vGi k,n la cac sO nguyén duong k < n. Tim
s6 bo nghiém nguyén duong ctia phuong trinh.

& Loi gidi.

Ta sdp n 56 1 theo mot hang ngang, gitra hai s6 lién ké tao ra mot khoang tréng. Nhu vay c6 n — 1
khoang trong dugc tao ra. D€ phan ra thanh k nhém, ta chén k — 1 diu + vao cac khoang trong
do.

Khi d6, s6 cacsé 1 gitra hai dau + lién ké 1a mot sbd trong bo nghiém can tim. Do d6, s6 cach chén
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k — 1 dau + vao n — 1 khoadng trong la s6 bd nghiém nguyén duong ctia phuong trinh trén.

Vay co Cﬁj b nghiém nguyén duong ctia phuong trinh. O]

Tir bai todn nay ta co thé suy ra sé bo nghiém nguyén khong dm cia phwong trinh
X1+X2+xX3+---+x,=n

5 k-1
la Cn+k—1'
Bay gio tir mo hinh nay ta cd thé xdy dung cdc bai todn dém twong ing.
Bai 18. Cho da giac16i A1 A; ... A, c¢6 n dinh vdin > 5. Tir cac dinh cta da gidc trén ta c6 thé tao
ra dugc bao nhiéu tam gidc ma canh ctia tam gidc khong la canh ctua da giac?

& Loi gidi.

A

Aq

V6i yéu cau bai todn nay, ta thuong gap cach 1am bang phuong phap loai tri, tic 1a ta dém sb tam
giac bat ky dugc tao ra tur cac dinh caa da giac roi trir di s6 tam gidc bi vi pham yéu cau bai (mot
canh tam giac trung v6i mot canh da gidc va hai canh tam gidc trung hai canh da gidc). Nhu vay
ta c6 két quala C> — n(n —4) — n.

Tuy nhién néu ta chi dirng véi cach tiép can nhu thé nay, thi khi yéu cau dé thay d6i dém sb tam
giac thanh dém sb t gidc, ngt giac,... thi rat kho giai quyét.

Bay gid, ta thit tiép can bai toan d6 véi mot mo hinh vira gidi thiéu & trén.

Xét tam giac A1A;A; theo mot chiéu quay dong ho 1a mot tam giac thoa yéu cau bai. Goi x; 1a s6
dinh cda da gidc ndm gitra hai dinh A; va A; (khong tring véi hai dinh d9), x; 1a s6 dinh cta da
gidc nam gitta hai dinh A; va A; (khong tring vdi hai dinh d6), x3 1a s6 dinh ctia da gidc nam gitta
hai dinh A; va A; (khong trung vdi hai dinh do).

Khi d6 ta c6 phuong trinh x1 + xp + x3 = n — 3, v6i x; 1a cdc s6 nguyén duong,

Ta thay ngay, mdi bo nghiém ctia phuong trinh tuong ting véi mot tam giac nhu thé thoa yéu cau
dé. Nén s6 tam gidc nhu thé 1a C2_,. Bay gio ta thay dinh A; bdi lan lugt n — 1 dinh khéc ctia da

gidc, ta sé c6 dap an tuong tu. Tuy nhién, véi cach lam nay ta thdy mot tam giac bi dém lap 3 lan.

14
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A A . 2 A X [NEIE B nC%—L}
Vay so tam giac thoa yéu cau baila ——.

Véi cach tiép can bai toan nhu thé, ta hoan toan c6 thé thay d6i cach hoi dé ta c6 dugc cac bai toan

khac. Sau day la mot s bai toan khac. [

Bdi 19. Cho da giac 16i A1A;... A, c6 n dinh v6i n > 10. Tir cac dinh ctia da giac trén ta c6 thé

tao ra dugc bao nhiéu tir giac ma canh cua ta giac khong la canh cua da giac?

& Loi gidi.

A

Aq

Xét tur giac A1A;AjAx theo chiéu quay kim dong ho, ta goi x; 1a s6 dinh nam gitra hai dinh A; va
A; (khéong trung v6i hai dinh d6); x, 1a s6 dinh nam gitra hai dinh A; va Aj (khong trung voi hai
dinh d6); x3 1a s6 dinh nam gitta hai dinh A; va Ay (khong tring véi hai dinh d6); x4 1a s6 dinh
nam gitta hai dinh Ay va A; (khong tring véi hai dinh do).

Khi do6 ta c6 phuong trinh

X1+xp+x3+x4=n—4

véi x; 1a cac s6 nguyén duong.

Ta thay ngay, mbi bo nghiém ctia phuong trinh 1a mot ti gidc thoa yéu cau de.

Ta tiép tuc thay thit tu diém A; bdi cac diém tuong ting khac va méi ti gidc bi dém 13p 4 lan, nén
s A s ez X N N TlC?l_5

ta ¢ soO tu giac can tim la ——. 0

Bdi 20. Cho da gidc déu A1A;. .. A19 c6 19 dinh. Tir cac dinh ctia da gidc trén ta c6 thé tao ra

dugc bao nhiéu tam giac nhon ma canh cta tam giac khong trung véi canh da giac?
& Loi gidi.

15



3. XAY DUNG MO HINH TRONG CAC BAI TOAN DEM CUA TO HOP MUC LUC

As Ay

360°
19 -
Xét tam giac A1A;A; theo mot chieu quay dong ho la mot tam giac thoa yéu cau bai. Goi x1 1a s0

Goi O la tAm duong tron ngoai tiép da gidc. Khi d6 ZA;0A;, 1 =

dinh cta da gidc nam gitra hai dinh A; va A; (khong trung véi hai dinh d9), x; 1a s6 dinh cda da
gidc nam gitra hai dinh A; va A; (khong tring véi hai dinh d6), x3 1a s6 dinh ctia da gidc nam gitta
hai dinh A; va A; (khong trung vdi hai dinh do).

Dé goc LA;jA1Aj <90° thil < x; <9, tuong tu cho cac s6 khac.

Khi do6 ta c6 phuong trinh

X1 +x2+x3 =16
Vi x; 1a cac s6 nguyén duong thoa 1 < x; < 9.
Ta thay ngay, méi bo nghiém ctia phuong trinh tuong ting véi mot tam giac nhu thé thoa yéu cau
de.
Bay gi0, ta di tim s6 bd nghiém ctia phuong trinh trén theo cach loai tri.
S6 bo nghiém nguyén duong ctia phuong trinh la C2;. Ta dém s6 bd nghiém ma ton tai x; > 9.

Ta co

X1+ x4+ x3 =16
Sx1—9N+x+x3=16—-9

<:>y1+XQ—|—X3:5

S6 bd nghiém nguyén duong ctia phuong trinh nay la C3. Vay s6 bd nghiém ma ton tai x; > 9 1a
3C3.
Vay s6 bo nghiém théa diéu kién ban dau la C%S — 3C§.

£ s ang. 1
Hay s6 tam gidc thoa yéu cau de la ?6 (C2;,—3C3). O

Vi cdch tiép can bai todn nhu thé, ta cé thé thay ddi cdc yéu cau khdc dé sinh ra cdc phuwong

trinh nghiém nguyén tuwong irng. Viéc giai cdc bai todn nay xin phép nhuong cho ban doc.
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Bi 21. Cho f(x) = (1+x +x2 4 x> + x* +x5)10, gia st ta co
f(x) = ag +ajx +apx®* 4 - - 4 ax".

Tim asp.-

Bdi 22. Cho A = {1,2,3,4,5}. Stt dung cac s6 tir A dé viét thanh s6 tu nhién. Hoi ¢6 bao nhiéu

s6 tu nhién duoc viét, biét s6 d6 c6 10 chir s6 ma tong cac chit sb ciia médi s6 bang 307?
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4. Pém bing hai cach
4.1. Téng quan vé phudng phap

V6i mot tap hop, ta c6 thé dém sd phan tir ctia né theo nhiéu huéng khac nhau dua trén céc tinh
chét ctia cac phan tir. Tat nhién cac két qua thu dugc phai nhu nhau. Dya trén nhan xét don gian
nay, phuong phap dém bang hai cach da dugc hinh thanh. Py la mot trong cac phuong phap
quan trong ctia T6 hop. N6 1a mot cong cu dé chitng minh cac dang thitc T6 hop va xac dinh cac
gia tri trong mot hé rang budc ctia cac déi tuong nao do.

Tu tudng chinh ctia phuong phap dém bang hai cach thuong dugc khai thac theo cac huéng sau:

* Mot dai lugng nao d6 néu dém bang cach thir nhat thu dugc két qua 2 ma néu dém bang

cach thi hai thu dugc két qua b thia = b.

* Mot dai lugng nao d6 néu dém bang cach thi nhat thu dugc két qua khong qua a ma néu

dém bang cach thit hai thu duge két qua khong nhé hon b thia > b.

 Khai thac gia thiét bai toan bang cach dém theo hai hudng khac nhau dé tir d6 c6 nhiéu
thong tin cho bai toan hon. Va nhimng thong tin mdi thu duge chinh 1a chia khoa dé giai

quyét bai toan.

4.2. Mét sb6 vi du

Chiing ta sé bit dau véi nhitng vi du ma & dé phwong phdp dém bang hai cdch dwoc khai thdc
theo hudng: "Moét dai lrong nao dé néu dém bang cdch thit nhit thu duoc két qué a ma néu dém
bang cdch thit hai thu dwoc két qua b thia = b ”. Tir &6 chitng minh dang thirc yéu cdu ciia dé bai,
chitng minh mét tinh chdt sé hoc hodc tim gid tri ctia mét dai lwong nao do.

Bai 1 (Spain MO 2021). C6 21 béng dén duge mac thanh hai hang va duge danh sb tir 1 dén n
& mdi hang. Mot s6 (hoac khong c6) bong dén sang va nhitng béng dén khéc tat, ta goi d6 1a mot
trang thai. Hai trang thai dugc goi la phan biét néu c6 bong deén nao d6 sang & trang thai nay
nhung tat & trang thai kia. Ta néi rang mot trang thai 1a tét néu c6 cting s6 lugng bong den dugce
bat sang & hang dau tién va & hang thit hai. Ching minh rang s6 trang thai tot chia cho téng sb

trang thdi bang 3.5.7. n 1)
-5-7...2n —
2" - n! '

& Loi gidi.
Vi mdi béng dén c6 2 trang thai la sang hodc tat nén c6 tat ca 22" trang thai.

. s < . 2 .
So trang thai tot vdi k bong den duoc bat sang & moi hang (0 < k < 1) bang (Cﬁ) , do do tong so
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n
) 2
trang thai tot 1a Z (Cﬁ) .
k=0
. e 2y
Ta tinh tong Z (Cﬁ) bang hai cach.
k=0
Xét hai tap hop rdi nhau A, B, mdi tap cé n phén tur.
Cach dém thu nhat: SO tap con c6 n phan ti ctia tap AU B 1a C4 .
Céch dém thi hai: M6i tAp con ctia tip A U B c6 n phan tir thi sé ¢ k phan tir ctia tip A van —k

n
phan tir ctia tap B v6i 0 < k < n. Do d6 s6 tap con c6 n phan tit ctia tip AUB1a ) cken-k,

k=0
n

n
. s A A — N . 2 N —
Qua hai cach dém trén, ta duoc ) | ckerk =y . Tir dé ) (Cﬁ) =C4 viChk =k,
k=0 k=0
Suy ra s6 trang thai tot chia cho tong s6 trang thai bang

Ch, @ 3-5---2n-1)-2-4..2n) 3-5.Qn-1)2"-n! 3-5-7..Qn-1)

22n  22n.plpl 221 . yin! 221 . yln! 21 pl

Bdi 2 (Hong Kong 1994). Trong mot trudng hoc c6 a gido vién va b hoc sinh sao cho:

i) Mdi gido vién day dung k hoc sinh.

ii) Mdi hai hoc sinh bat ky déu c6 chung dung & gido vién giang day.

b(b—1)
k(k—1)

Chung minh réng % =
& Loi gidi.

Gid st tap hop cacgidgoviénlaT = {Ty, Ty, ..., T, } vatdp hgp cachocsinh1a S = {51, S,,...,Sp}-
Ta sé dém s6 bo (T;, {S;,S;}) trong d6 T, € T va {S;,S;} C S sao cho T, day hai hoc sinh S; va S;.
Céch dém thit nhat: Voi méi gido vién T, c¢6 ding k hoc sinh ma T, day nén c6 Cz cach chon tap
{S;,S;}. Do do, s6bo (Ty, {S;, Si})la aC2.

Céch dém thi hai: V&i méi hai hoc sinh khac nhau trong s6 b hoc sinh (c6 C% tap hai hoc sinh nhu
vay), c6 chung ding h gidang day. Do do, sb b@b((Tb}, {%, Si}) la hC3.
a _

. ~ A 2 _ 2 R
Qua hai cach dem ta dugc aC;; = hCj < TRk

O]

Bdi 3. Ngudi ta dung cac miéng da dé ghép lai thanh qua bong da hinh cau. Cac miéng da c6

hinh ngt giac déu hodac luc giac déu nhu hinh vé.
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Chiing minh rang s6 lugng miéng da can dung bang 32.

& Loi gidi.

Goi x,y 1an lugt 1a s6 miéng da hinh ngti giac va luc gidc. Ta sé dém sb cdp (A, B) voi hinh ngi
giac A ké v6i hinh luc gidc B bang hai cach. Goi S 1a s6 cap do.

Céch dém thir nhat: Dau tién chon mot hinh ngti giac, c6 x cach. Sau do, chon mot luc giac ké véi
ngt gidc vira chon, ¢6 5 cach. Do d6 S = 5x.

Cach dém thi hai: Pau tién chon mét luc gidc, c6 y cach. Sau do6, chon mot nga gidc ké véi luc
giac vura chon, c6 3 cach. Do d6 S = 3y.

Qua hai cach dém trén ta dugc 5x = 3y.

Ngoai ra, ta c6 thé xem moi miéng da la mét mat ctaa da dién, thi theo dinh ly Euler vé da dién

trong khong gian, ta c6 s6 canh bang s6 mat cong s dinh trir 2, trong d6 sb dinh 1a 5x, s6 mat 1a

, 5x+6 5x 46
x+yvasdcanhla 2% iclaSx+ (x +y) - xer y_,

Két hop voi 5x = 3y, gidi duge x = 12,y = 30.

Vay téng s6 miéng da can dung la 32. O

Bai 4 (HAi Phong 2020). Trong mot phong hop ¢6 1 ngudi. Hai ngudi bat ky quen nhau hodc

khong quen nhau. Biét rang:
i) Mot nguoi quen dung 30 nguoi khéc.
ii) Mot cap quen nhau thi c6 dung 19 nguoi khac quen véi ca hai nguai do.
iii) Mot cap khong quen nhau thi c6 dung 20 nguoi khac quen véi ca hai nguai do.

Tim tat ca cac gia tri c6 thé c6 ctia n.
& Loi gidi.
Gid strnnguoila Ay, Az, ..., Ay. Goi S la tap hop cacbd ba c6 thu tu (A;, Aj, Ag) sao cho A;, Aj, Ay

la ba nguoi khac nhau ma Ay quen véi ca A; va Ajnhung A;, A; thi khong quen nhau. Ta dém |S|.
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Céch dém thit nhat: Chon ngdu nhién A; c¢6 1 cach chon. Chon Aj 6 (n — 31) cach chon (vi A; c6
dung 30 nguoi quen). Chon Ay ¢6 20 cach. Do d6 |S| = 20n (n — 31).

Cach dém thu hai: Chon ngau nhién Ay c6 n cach chon. C6 30 cach chon A;. S6 nguoi quen Ay
con lai 1a 29 trong d6 c6 19 nguoi quen chung véi A;. Suy ra c6 10 ngudi chi quen Ax ma khong
quen A;, tir d6 c6 10 cach chon A;. Nén |S| = 300m.

Qua hai cach dém, ta dugc 20n (n — 31) = 3001 < n = 46. O

Bai 5 (IMO Shortlist 1995). Mot cudc hop c6 12k ngudi va mdi ngudi bat tay voi ding 3k + 6
ngudi con lai, véi k 1a s6 nguyén duong. Biét rang v6i moi cach chon cdp hai ngudi, s6 ngudi bat
tay v6i ca hai la nhu nhau. Tinh s6 ngudi trong cudc hop.

& Loi gidi.

Ta sé dém s6 bo (A, B,C) ma C bat tay voi cd A, B nhung A, B khong bat tay vdi nhau theo hai
cach. Dat s bo nay 1a S.

Céch dém thi nhat: Dém theo A, B. Pau tién, chon mét ngudi A tuy y, cé 12k cach. Tiép theo,
chon mot nguoi B khong bat tay véi A, c6 12k — (3k + 6) — 1 = 9k — 7 cach. Cubi cuiing, chon mot
ngudi C khong bat tay véi ca A, B, theo dé s6 cach chon nay la nhu nhau véi tat ca cac cdp A, B,
datlam. Do do6 S = 12k (9%k — 7) m.

Céch dém tht hai: Dém theo C. Pau tién, chon mét nguoi C tly ¥, c6 12k cach. Tiép theo, chon mot
ngudi A ma C bét tay, c6 3k + 6 cach. Cudi cting, chon mét ngudi B bat tay voi C nhung khong bat
tay vdi A, c6 3k + 5 — m cach vi c6 m ngudi bat tay vdi cd A, C. Do d6 S = 12k (3k + 6) (3k + 5 — m).
Qua hai cach dém trén, ta dugc 12k (9k — 7) m = 12k (3k + 6) 3k + 5 — m).

_ 3(k+2)(Bk+5)
Suyram = ok — 1 .

Giai phuong trinh nghiém nguyén nay ta dugc k = 3,m = 6.

C6 thé xay dung mot mo hinh thda man diéu kién dé bai nhu sau: Xem mdi ngudi twong tng vdi
mot diém c6 toa do (x,y) trén mat phang Oxy v6i 1 < x,y < 6. Ngudi (x,y) bat tay v6i ngudi
(1, v) néu mot trong cac diéu kién x = u,y = v,x +y = u + v (mod6) duogc thdéa man.

Vay s6 ngudi trong cudc hop la 36. O

Badi 6 (IMO Shortlist 2004). Trong mot truong trung hoc, ¢6 10001 hoc sinh t6 chite cac cau lac b
(mot hoc sinh ¢6 thé tham gia nhiéu cau lac bo). Cac cau lac bd phéi hgp véi nhau dé t6 chite cac

hoat dong xa hoi. Biét réng cO k hoat dong xa hoi thoa man
i) mdi cap hoc sinh thudc diing mot cau lac bo;

ii) v&i mdi hoc sinh va moi hoat dong xa hoi, hoc sinh nay thudc ding mot cau lac bd trong hoat

dong xa hoi tuong ung;
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iii) moi cau lac bd c6 mot so 1é thanh vién va neu so thanh vién la 2m + 1 thi so hoat dong xa hoi

la m.

Tinh tat ca cac gia tri c6 thé c6 cua k.

& Loi gidi.

Trudc hét, ta dém s6 bd S c6 dang (A, B, C) vdi A tham gia cau lac bo B nam trong hoat dong xa
héi C.

Cach dém thi nhat: Dém theo hoat dong xa hoi va hoc sinh, ta c6 S = 10001k.

Céch dém thit hai: Dém theo cau lac bd va hoat dong xa hoi. Goi t 1a s6 cau lacbd va ay, ay, . . ., a;

1a s6 thanh vién cua ting cau lac bd d6. Theo iii) cau lac bd c6 a; thanh vién thi thudc vé ding
a; — 1

hoat dong xa hoi. Déng thoi theo diéu kién ii) thi

_m@m-D m@-1) a1

5 2 2 2

Qua hai cidch dém trén, ta duoc

ay(aqp — 1) _l_az(ﬂz—l) ...+af(at_1),

10001k = > > 5

Tiép theo ta dém s6 bod T c6 dang (D, E, F) ma hai hoc sinh D, E cting thudc vé cau lac bo F.

Céach dém thi 1: Dém theo hoc sinh, tiri) ta cé T = C%ooor

, , ™ _1 1
Céch dém thit 2: Dém theo cau lac b, ta c6 T = 1 (””2 ) 22 (“22 b pot %

Qua hai ciach dém trén, ta dugc

a1(ap —1) ax(ap—1) ar(a; — 1)
C%()om: 5 + > +---+—2 )

Vay 10001k = C2,,0; < k = 5000. O

Tiép theo chiing ta sé di dén nhitng vi du ma & dé phwong phdp dém bang hai cdch duwoc khai thdc
theo hwong: “Mot dai luong nao doé néu dém bang cdch thir nhit thu dwoc két qué khong qud a
ma néu dém bang cdch thir hai thu dwoc két qua khéng nhé hon b thi a > b ”. Qua dd, chiing ta
chitng minh dwoc cdc bit dang thitc theo yéu ciu ciia dé bai.

Bai 7 (OLP HSSV 2024). Cho s6 nguyén duong n va mot tp g, gom n diém trong mit phang.
V6i mbi diém X € py, ta goi d(X) 1a sb cac diém thudc p, c6 khodng cach bang 1 t6i X. Xét
T 1a tap hop cac bo ba diém sap thi tu (A, B,C) véi A, B,C 1a cac diém phan biét thudc p, va
AC = BC = 1. Chtiing minh rang:

a) |T| <2n(mn-—1).

b) T|= ) dX)@dX)-1).

Xepn
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& Loi gidi.

Ta sé dém | T| theo hai cach.

Cach dém thi nhat: Dau tién, chon mot diém A tuy ¥, ¢6 1 cach chon. Tiép theo, chon mot diém
B tuy y khac diém A, c6 n — 1 cach chon. Cudi cting, chon diém C sao cho AC = BC = 1thi C
phai thudc dong thoi cac duong tron tim A ban kinh 1 va duong tron tdm B ban kinh 1, ¢6 t6i da
2 cach chon diém C. Do d6 |T| < 2n (n — 1), ta c6 két qua ctia cau a).

Céach dém thit hai: V6i mébi diém C € g, ¢6 d(C) diém trong (, c6 khoang cach béng 1 t6i C. Do
do co A?I(C) = d(C) (d(C) — 1) cach chon cdp diém c6 thi tu (A, B) sao cho AC = BC = 1. Vi vay

IT| = Z d(X) (d(X) — 1), ta c6 két qua ctia cau b). O
XEpn

Badi 8 (Phd thong ndang khiéu 2020). Mot truong pho thong c6 1 hoc sinh. Cac hoc sinh tham
gia vao nhiéu cau lac by khac nhau va c6 tat ca m cau lac bd. Gia st méi cau lac bo c6 duing 4 hoc

sinh va vdi hai hoc sinh bat ky thi tham gia chung v6i nhau t6i da mot cau lac by. Chitng minh
nn—1)

3 <
rang m < B

& Loi gidi.

Goi S la tap hop cac bd ({A, B}, C) voi {A, B} 1a tap hai hoc sinh ma hai hoc sinh d6 cung tham
gia cau lac bo C. Ta sé dém |S| theo hai cach.

Céach dém thu nhat: Ta ¢é m cach chon cau lac bo C. Vi mébi cau lac bo nhu vay, co Ci = 6 cach
chon hai hoc sinh A, B cung tham gia cau lac bd d6. Do d6 |S| = 6m.

Cach dém thu hai: Chon hai hoc sinh A, B bat ky thi co C2 cach chon. Vi hai hoc sinh bat ky tham
gia chung v6i nhau t6i da mot cau lac bo nén |S| < C2.

(n—1)

Qua hai cach dém, ta duogc 6m < C% Sm< 1 15 O

Bdi 9 (Phé théng ndng khiéu 2014). Cho X 1a mét tap hop gdm 19 phan tit. Xét mot ho Q) gdm
k tap con c6 7 phan ti ctia X (k > 0). Mot tap A C X dugc goi 1a mot can trén cia Q néu |A| = 8
va ton tai mot tap con F ctia ho Q sao cho F C A. Goi d 1a s6 tap con can trén ctia ho Q). Ching
minh ré“mg d> gk.

& Loi gidi.

Goi S1a cacbod (A, B) trong d6 A € O, B C X, |B| = 8va A C B. Ta sé dém |S| bang hai cach.
Cach dém thi nhat: Dém theo A. Ta chon mot tap hop A trong (), c6 k cach. S6 cach chon tap B
bang vdi sb cach chon thém mot phan tir nao dé thuodc X \ A, c6 12 cach. Do d6 |S| = 12k.

Céch dém thu hai: Dém theo B. Ta chon mét tip hop B, c6 d cach. Dé thu duge mét tap con c6 7
phan ti tir B, ta chi can loai di mot phan ti trong B, ¢6 8 cach. Tuy nhién tap hop thu dugc c6 thé
khong thudc Q) nén |S| < 84.
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. 3
Qua hai cach dem, ta dugc 12k < 8d < d > Ek' O

Bai 10 (Iran 2010). Cho n diém trong mit phang sao cho khong c6 ba diém nao thang hang.
Chimng minh rang sb tam gidc c6 dién tich bang 1 véi ba dinh 1a 3 diém trong sb n diém trén
khong vugt qua % (n> —n).

& Loi gidi.

Goi m 1a s tam gidc c6 dién tich bang 1 v6i ba dinh 1a 3 diém trong s n diém da cho. Ta sé dém
s6 cdp (canh, tam gidc) trong cac tam giac néi trén bang hai cach.

Cach dém thi nhat: Dém theo canh. Chon mét doan théng AB 1am canh, c¢6 C? cach. Khi dé néu
diém C thoa man thi khodng cach tir C dén AB bang %, c6 toi da 4 cach chon diém C vi khong
6 3 diém nao thang hang. Do d6 s6 céap (canh, tam giac) khong qua 4C2.

Céch dém thi hai: Dém theo tam gidc. C6 m tam gidc, méi tam gidc c6 3 cach chon canh nén s6
cap (canh, tam giac) la 3m.

p 2
Qua hai cach dém ta duge 3m < 4C2 & m < 3 (n? —n). O

Bai 11 (Chuyén DH Vinh 2020). C6 16 hoc sinh tham gia lam bai thi trdc nghiém. Dé thi chung
cho tat ca cac hoc sinh c6 7 cau hoi, mbi cau héi c6 4 phuong an tra 1oi. Sau khi thi xong, thay gido
nhan thay véi méi cau hdi, méi hoc sinh chon diing mét phuong an tra 16i va hai hoc sinh bat ky
c6 nhiéu nhat mot cau hoi c6 phuong an chon gidng nhau. Chiing minh rang n < 5.

& Loi gidi.

Goi S 1a tap hop cac bd ({A, B}, T) v6i {A, B} 1a tap hai hoc sinh ma hai hoc sinh d6 cung chon
phuong an T. Ta sé dém |S| theo hai cach.

Cach dém thi nhat: Dém theo hoc sinh. Chon hai hoc sinh A, B bat ky thi co C%() cach chon. Vi hai
hoc sinh bat ky c6 nhiéu nhat mét cau hoi c6 phuong an chon gidng nhau nén |S| < C3,.

Céch dém thit hai: Pém theo luya chon. Goi a;,b;, C;, d; 1an luot 1a sb hoc sinh chon phuong an
A,B,C,D & cau hoi i. Khi do

L "2+ b2+ C24+d? - 16
5= 3 (Ch+ ) -y G0
i=1 i=1
o + b+ C + dy)?
Theo bat dang thitc Cauchy, ta ¢6 a?—f—bf-}—C?-l—d?—Z (a; + Z—ZCZ+ i) = 64, do do |S| > 24n.
Qua hai cach dém, ta dugc 24n < C3, < n < 5. O

Bai 12 (OLP 30/4 ndm 2024). Ban chap hanh Doan truong THPT X gdm c6 1 thanh vién. Trong
nam hoc, Poan truong t6 chirc m chuong trinh, mdi chuong trinh c6 ding k thanh vién trong ban
chip hanh tham gia. Méi thanh vién trong ban chip hanh tham gia it nhdt mot chuong trinh. Cho
n = 25;k = 10. Biét rang vdi hai chuong trinh bat ky luon c6 khong qué 3 thanh vién trong ban
chap hanh ciing tham gia. Chiing minh m < 6.
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& Loi gidi.

Goi S 1a tap hop cacbo ({x,y} A) véi {x,y} la tap hai chuong trinh ma A la thanh vién trong ban
chap hanh tham gia ca hai chuong trinh d6. Ta sé dém |S| theo hai cach.

Cach dém thi nhat: Trude hét chon cdp chuong trinh {x,y}, c6 C2, cach chon. Tiép theo chon A
la thanh vién trong ban chdp hanh tham gia ca hai chuong trinh d6, c6 tdi da 3 cach chon. Do d6
S| < 3C2.

Céch dém thtt hai: Vi mdi thanh vién A;,i = 1,7 trong ban chip hanh, ki hiéu 4; 1a s6 chuong

n
trinh ma A; tham gia. Khi do Z a; = mk. V&i mbi thanh vién A;, sb cach chon cip chuong trinh
i=1

n
{x,y} ma A; tham gia cd haila C;. Do do6 [S] = ) | Cgi.
/ , i=1
Qua hai cach dem trén, ta dugc Z CZI, <3C2.

i=1
Ma theo bat dang thitc Cauchy, ta c6

icz — i=1 i=1 > i=1 _i=1 _ m _ m_k
= 2 - 2mn 2 2n 2
3(m*—m
Suyra2m2—5m < %.Tﬁdém <7.
Tuy nhién, m = 7 thi tat cd cac danh gid trén déu phai xay ra dang thuc, tic 1a
g =ay =+ =05 = 70
1= a2 = 00 =025 = o,
diéu nay vo ly. Vay nén m < 6. O

Bai 13 (USA MO 2011). Cho tap hop A c6 225 phan tir. Cac tap A1, Ay, ..., A1q 1a cac tap con ctia

A'saocho: |[A;| =45v6i1 <i<1lva ’AiﬁA]-‘ —9véil<i<j<IL

Ching minh rang |A; U Ay U - - - U Aq1| > 165. Chi ra mot vi du trong trudng hgp dang thirc xay

ra.

& Loi gidi.

Ta sé dém s6 bd (A;, Aj,x) v6i1 < i < j < 11 va phan tir x thudc ca hai tap A;, Aj bang hai cach.

Goi S 1a s6 bd nay.

Céch dém thir nhat: Chon hai tap A;, Ajtuy y, co C%l cach. Vi )Ai N A]" = 9 nén c6 9 cach chon

phan tir x. Do d6 S = 9.C3; = 495.

Cach dém tht hai: Gid st |[Aj U Ay U~ --U Aqg| = {x1,x,..., %, }. V6i mbi phan t x;, goi my, 1a
n

s6 tap con chira x;. Khi d6 s6 cach chon hai tAp con cting chita x; 14 C2, . Do d6 S = Z C2, .
: : : X =
1=

n
Qua hai cach dém, ta dugc Z C%% = 495.
— i

1
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((E) £

Mat khac, theo bat dang thirc Cauchy, ta c6

n 1 n n
Zcixi = (mi - m"l’) ) (Zmi - mez) >
i=1 i=1 i=1

n

N —
N —

n
Ma |Aj| =45vi1 <i<11 néanxi =45 x 11 = 495.
i=1

Suy ra 495 > % (4%52 — 495). Ta don > 165.

Ta c6 thé chi mot vi du truong hop déng thic xay ra nhu sau:

Khong mét téng quat, gid st A = {1,2,3,...}. Ta xdy dung 11 tap con cia A ma méi s6 i xuat
hién dung 3 1an trong céc tdp con. Khi d6 |[A1 U Ay U -+ - U Apq| = C3; = 165, |A| = C%O = 45 véi
1<i<1lva|AnAl=Cl=9vsi1<i<j<1L 0

Bai 14 (Iran 2014). Truong phu thuy va phdp su Hogwarts ¢6 n hoc sinh. Cac hoc sinh ctia
truong rat hiéu dong va tham gia vao nhiéu cau lac bo khac nhau. Ca truong c6 tat ca m cau
lac bd. Theo quy dinh cda trudng ma thay hiéu trudng Albus Dumbledore cong bd thi méi cau lac
bd phai c6 it nhat hai thanh vién. Nghién ctru danh sach cdc cau lac b6 cua truong, Harry Potter
nhan thay mot diéu thu vi sau day: néu cau lac bd nao d6 c6 it nhat hai thanh vién chung thi hai
cau lac bd sé c6 s6 thanh vién khac nhau. Chitng minh réng m < (n—1)>2

& Loi gidi.

Véimdii € {2,3,...,n}, goia; 1a sb cau lac bo c6 s6 thanh vién 1a i, khi d6

m=ay+az+---+ay.

Goi S 1a cac bd (A, B, C) ma trong d6 cap hoc sinh (A, B) (khong ké thit tu) tham gia vao cau lac
b6 C c6 s6 thanh vién 1a i. Ta sé dém |S| bang hai cach.

Céch dém thit nhat: Dém theo cau lacbd. Vi méii € {2,3,...,n}, ta chon ra cau lac bo c6 i thanh
vién, c6 a; cach. Chon hai hoc sinh tham gia vao cau lac b do, c6 C% cach. Do do |S| = ai.CIZ.
Cach dém thit hai: Bém theo hoc sinh. Chon hai hoc sinh bat ky, co C2 cach. Chon cau lac bd ma

hai hoc sinh nay ciing tham gia thi chi c6 khong qua mot cau lac bo. Do d6 |S| < C2.

Qua hai cich dém, ta dugc ai.C% <2 Suy raa; < % Tur do,
m=dax+az—+---+4ay
<nmn-1) [%+3L2++ﬁ
1
=nn-—1) <1_E>
= (n—1)?
Ta c6 diéu phai ching minh. O
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Bai 15 (IMO 1998). Trong mdt cudc thi c6 a thi sinh tham dy va b vi gidm khao (v6i b > 3va b la
s6 nguyén 1&). Méi vi gidm khao sé chAm cho thi sinh 1a dau hodc truot. Gia st k 1a s6 ma méi hai
vi giam khdo sé c6 cing mot két qua danh gia cho tdi da k thi sinh. Ching minh rang lac > bz;bl
& Loi gidi.

Xét bang 6 vuong kich thude b x a. M6i 6 (i; ) (6 thudc hang i va cot j ) duge dién bai s6 x; j theo
quy tac sau: xij =1 néu giam khao i chAm dau cho thi sinh j va xij =0 néu giam khao i chAm
truot cho thi sinh j.

Goi T 1a tap cac cap (khong thit tu) gom hai s6 0 va cac cdp (khong thi tu) gom hai s6 1 thude
cting mot cot. Ta sé dém |T| theo hai cach:

Céch dém tht nhat: Dém theo hang. Vi hai vi gidm khao bat ky c6 ciing mot két qua chAm cho tbi
da k thi sinh nén |T| < kC?.

Céch dém thu hai: Dém theo cot. Gia st trén mot cot tiy y c6 p s6 0 va g s6 1. Khi d6 s6 cap hai

s6 0 va hai s6 1 trén cOt nay la C%, + C%.

Ta co
2 2~ (2 2 (b —1)
2 2
S22 +2¢7 > (p+4)° +1
2
S (p-q)" =1
Bat dang thirc cubi ding vip +q = blasd 1é.
< el a(b —1)°
T do |T| > —
Qua hai ciach dém trén ta dugc
a(b — 1) , b—1 k
227 < - o<
2 S e s,

O

Bai 16 (India TST 2010). Cho bang vudng kich thudc 10 x 10, mdi 6 thudc hang i cot j dugc dien
boi mot s6 thue duong a;j sao cho tong cac s thudc méi hang, méi cot ctia bang luon bang 1.

Chung minh réng ton tai j, k,I,m € {1,2,...,10} v6ij < kval < m sao cho

1
A1k + iy > —
j1%km jm kl_50

& Loi gidi.
Ta déy rfing bdn sbd ajl, A, Ajm, Axr 12 bén s6 thudc bén 6 goc ctia mot hinh chit nhat c6 cac canh
song song hodc trung véi cac canh ctia bang 10 x 10. Nguoc lai, mdi hinh chir nhat thudc bang

cho ta mot tong dang nhu trén.
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Gid s, v6imoi j, k,I,m € {1,2,...,10} ma j < kval < m thi ajag, + apmay < =5
Goi S 1a téng ctia cac tong trén. Ta dém S theo hai cach:

Cach dém thtr nhat: Ta c6 C3, x C3, = 452 hinh chi nhat thudc bang. Theo gia thiét phan ching,

1 81
ta duoc S < 452 x — = —.
a .c’ < X 50~ 2 ,
Céch dém thu hai: Pem theo 6 chua s6 a;5. Ta ¢6
1
S=5 ), aSi
1<i,j<10

trong do S;; 1a tong cac s6 thudc cac 6 clia bang trir cac 6 thudc hang i va trir cac 6 thudce cdt j. Vi

tong cac 6 thudc mdi hang, mdi cot 1a 1 nén

Sij:10—1—1+ai]':8+aij.

Do do6
1 1 )
1<3,j<10 1<4,j<10 1<:,j<10
2
( L ”ij) 1 1
1<i,j<10 ) 8
Vi Z a;; = 10 nén ta co Z aiz.z =hj= =1.DodéS>4x10+=- = —.
e ~ J 100 2 2
<i,j<10 1<i,j<10
Qua hai cach dém, ta c6 diéu mau thuan. Bai toan dugc chitng minh. O

Bai 17 (China TST 2011). Cho S 1a mot tap n diém trong mat phang sao cho khong c6 bén diém
nao la thang hang. Dat {dy,d>, ..., d;} 1a tap cac khodng cach tir cap hai diém thudc S. Dat m; 1a

k
s6 tap con {P,Q} C S sao cho PQ = d;. Chitng minh rang Z m? < n’ —n?.
i=1

& Loi gidi.
Giastutap S = {A1, Az, ..., Ax}. Goi T la tap cac bo (P, A;, d]') trong do:
e A € S,d] € {dl,dz,...,dk}.

* P latap gom hai diém {A;, A;} sao cho tam gidc A;ArA; can tai A; va c6 do dai canh bén
bang d;.
Ta sé dém |T| bang hai cach.
Cach dém thi nhat: S6 cach chon tap P = { Ay, A;} 1a C2. Diém A; dugc chon khi d6 phai thuoc
duong trung truc ctia AgA;. Theo gia thiét, khong cé bén diém nao thang hang nén c6 tbi da 3
cach chon A;. V&i mbi cach chon A; ta c6 duy nhat mot cach chon d j~Dodo |T| < 3C2.
Céch dém thu hai: Xét diém A;, ta goi H; j 1a tap cac diém A; sao cho A;A; = d;. Ta c6

n
3
i=1

Hl,]

= Zm]'.

28



MUC LUC 4. DEM BANG HAI CACH

Vé6i moi dj, ta xét A; thi c6 C|2H' | cach chon ra cap P = {Ak, A;} sao cho tam giac A;AxA; can tai
L]

A; va c6 do dai canh bén bang di.Dodo |T| = Z Z C|H k

j=li= g

Qua hai ciach dém trén ta dugc

3C2 > ZZCW 3C2 > ZZ ‘Hl”
j=1i= j=li=
" 2
: e o Hij = ‘sz]’ (g i ) 2m}
Ma theo bat dang thuc Cauchy, ta co Z 2 > o m; M.
m [ 2m? - 1m : k
Nén3C%2]; <7]—mj)(:>3c Zl C2¢>n3_n22izlm%_ O

Ciing vdi cing i tudng nhu cdc vi du trén, chiing ta co thé gidi quyét cdc bai todn vé cuc tri trong
to hop. Cdc vi du sau ddy sé minh hoa cho diéu do.

Bai 18 (Chuyén KHTN Ha N&i 2015). Xét mot nhém n ngudi véi n nguyén duong va n < 475.
Hai nguoi bat ky trong nhém quen nhau hoédc khong quen nhau. Biét rang ton tai s nguyén
duong m > 10 sao cho c6 thé chia nhém nay thanh m nhém nho phan biét, danh s6 tir 1 dén
m sao cho mdi ngudi 6 nhom i quen vdi dung j ngudi ¢ nhém j vdi moi 7, j phan biét thudc
{1,2,...,m}. Tim gia tri 16n nhat c6 thé c6 ctia n.

& Loi gidi.

Goi ay,ap,...,a, 1as6 nguoi ctianhém 1,2, ..., m. Khidéa; +ap + -+ +a, = n.

Vi hai nhém thi i va j véi i, j phan biét thudc {1,2,...,m}, ta dém sb bo hai ngudi (A, B) véi A
thudc nhom 7, B thudc nhém j ma A quen B bang hai cach.

Céch dém thit nhat: Dém theo nhém i. Ta dugc ja; bo.

Céch dém thit hai: Dém theo nhém j. Ta dugce ia; bo.

Qua hai cach dém, ta duoc ia; = ja;, v6i moi i, j phan biét thuoc {1,2,...,m}.

Tir do, _® ..._a_m_a1+a2+~--+am_ 2n
1 T2 T m 1424 --4+m m@m+1)
. m(m—+1) m(m—+1)

Suy ra n chia hét cho sb .Vim > 10 nén > 55 va n < 475 nén tinh toan truc

tiép ta dugc gia tri 16n nhat ctia n bang 468, tuong tng véi m = 12. [

Bai 19. Cho s6 nguyén duong n,1n > 1. Vi s6 nguyén duong m, dat X, = {1,2,...,mn}. Xét ho

T gdm 2n tap hop thoa cac diéu kién sau:
i) Moi phan ti cta T 1a mot tap con c6 m phan ti ctia Xy,
ii) Mdi cap thudc T c¢6 nhiéu nhat mot phan tir chung.
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iii) M6i phan tir thudce X, thudc dung hai tap cta T.

Tim gia tri 16n nhat cta m theo n.

& Loi gidi.

Ki hiéu Ay, A, ..., A, 1a 2n tap hop cta ho T. Xét bang vudng sao cho gom 21 dong va mn cot
sao choa;; =1 néu sb j thudc tap A; va bé“mg 0 trong truong hop nguoc lai. Goi S 1a s6 cap (1;1)
cung thudéc mot cot. Ta sé dém S béng hai cach.

Cach dém thi nhat: Dém theo dong. Do ii) nén S < C3 .

Cach dém thi hai: Pém theo cot. Do iii) nén S = mn.

Qua hai cach dém ta c6 mn < C%n Sm<2n-—1.

Dé chiram = 2n — 1, ta xdy dung ho T gom 27 tap hgp theo quy ludt nhusau: Ay = {1,2,...,2n — 1};
néu da cé Ay, ..., A; thi Ay, dugc xdy dung béi viée gitt nguyén phan ti tai vi tri k trong Ay va

chon cac s6 nho nhét tir X, cho cac vi tri con lai ma chua duge sit dung & Ay. Cu thé

Ay =1{1,2,...,2n—1}

A> = {1,2n,...,4n — 3}

A3 ={2,2n,4n—2,...,6n — 6}
Ay={32n+1,4n—-2,6n—5...,8n — 10}

Ay ={2n—1,4n—-3,6n —6,8n —10,...,2n —1)n}

Dé dang kiém tra dugc cach xay dung trén théa man dong thoi cac diéu kién i), ii), iii).

Vay gid tri 16n nhat cda m la 2n — 1. O

Bai 20 (APMO 2006). Trong mot rap xiéc, c6 1 cht hé dugc trang diém bang mot so trong tong
cong 12 mau son. Moi chu hé phai st dung it nhat ndm mau va khong c6 hai chi hé nao dugc
trang diém bang cting mot tdp hop cdc mau gidng nhau. Ngoai ra mdi mau duge sit dung bdi
khong qua 20 chi hé. Tim gia tri 16n nhat cua n.

& Loi gidi.

Ta dém s6 bo (A, B) v6i A la chi hé duogc trang diém bdi mau son B béng hai cach. Goi s6 bo nay
las.

Cach dém thit nhat: Dém theo chi hé. Dau tién chon mot chii hé A tuy v, c6 n cach. Tiép theo,
chon mau son B dé trang tri cho chi hé A da chon, c6 it nhat 5 cach. Do d6 S > 5n

Céch dém thit hai: Dém theo mau son. Dau tién, chon mot mau son B tuy ¥, ¢6 12 cach chon. Vi
mébi mau dugc sit dung bdi khong qué 20 chi hé, nén v6i mau son B da chon, ¢6 khong qué 20

cach chon chi hé A. Do d6, S < 12 x 20 = 240.
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Qua hai cach dém trén, ta duoc 51 < 240 < n < 48.
Dé chi ra gia tri 16n nhat cta 7 1a 48, ta can xay dung mot cau hinh thda man cac diéu kién ctia dé

bai. Ki hiéu 12mausonlal,?2, ..., 12. Xét cac tap hgp

{1,2,3,4,5,6},{3,4,5,6,7,8},{5,6,7,8,9,10} ,{7,8,9,10,11,12}
{9,10,11,12,1,2},{11,12,1,2,3,4} ,{1,2,5,6,9,10}, {3,4,7,8,11,12}

Mobi mot tap hop trong 8 tap hop trén c6 6 tap con doi mot khac nhau chita diing 5 mau. Dé thay

48 tap con dugc xay dung nhu trén la d6i mot khac nhau. O

Bdi 21 (Khanh Hoa 2020). Mot nhém phuot c¢6 n thanh vién. Nam 2018, ho thuc hién 6 chuyén
du lich ma méi chuyén c6 ding 5 thanh vién tham du. Biét rang hai chuyén du lich bat ky c6 t6i
da hai thanh vién chung. Tim gi4 trj nhd nhat cta n.

& Loi gidi.

Goi n thanh vién 1a X1, Xp, ..., Xy va Y1, Ys, ..., Ye 12 6 chuyén du lich. Xét d6 thi hai phe véi tap
dinh la XUY, trong d6 X = {Xy,Xp,..., Xu} vaY = {Y1,Y>,...,Ys}. Hai dinh Xi, Yj dugc noi
canh v6i nhau néu ngudi X; tham gia chuyén du lich Y;. Theo gia thiét do thi c6 30 canh. Goi S 1a
tap cac cap hai canh c6 cting mot dinh thudc X. Ta sé dém |S| bang hai cach.

Cach dém thit nhat: Dém theo dinh ctia tap Y. Theo gia thiét, hai hai dinh thuoc Y thi ndi canh
chung t6i da 2 dinh thudc X. Do d6 |S| < 2C2.

Céch dém thut hai: Dém theo dinh thudc tap X. Goi d; = deg(X;) thi ) | d; = 30. Khi d6 vdi méi

dinh X; ta c6 Cﬁ, cach chon ra 2 dinh thudc Y cung lién thudéc mot canh nao do véi X;. Suy ra

&2 — d;

5= ¢ -1

Ap dung bt dang thirc Cauchy ta c6

2 -  2n 2 n

2
Zd%—di - ) _di) B Y.di 450 _15

Qua hai cach dém trén ta dugc n > 10. Dé khéng dinh n = 10 1a gid tri nhd nhat, ta xdy dung mot

d6 thi hai phe c¢6 30 canh, médi dinh ctia X ¢6 bac 3, méi dinh ctia Y ¢ bac 5 nhu sau:
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X, @
Xz \
X3 — Yl
Xy “\‘,/ Y,
Xs \ TNy
SIS AP
TSl SR
X6 6’ > {’\ Yy
}*‘) sl
‘6&'\
X7 4’/?2:‘% Ys
Xg ' /‘ Y(,
X9 @ /
X10
0

Bdi 22 (Brazil MO 2022). Mot s6 6 ctia mot bang vudng 10 x 10 duge td mau xanh. Mot tap hop

gdm sau 6 dugc goi 1a gremista khi cac 6 1a giao diém ctia ba hang va hai cot hodc hai hang va ba

cot, va dugce t6 mau xanh. Xac dinh gia tri lon nhét ctia n d€ c6 thé t6 mau xanh cho 1 6 vuoéng ma

khong ton tai mot tap gremista nao.

& Loi gidi.

Ki hiéu ay,ay, . .., 419 1an lugt 1a s6 6 dugc to mau trén cac hang. Khi do ) " a; = n.

Goi S 1a s6 cdp 6 vudng duge t6 mau xanh va cung hang. Ta sé dém S bang 2 cach.

10
Cach dém thit nhat: Dém theo hang. Dé thay S = ) " C;..
i=1

10

i=1

Céach dém thu hai: Dém theo cot. Chon hai cot bat ky, c6 C%O cach. Vi khong ton tai mot tap

gremista nao nén trén hai cot vita chon, c6 toi da 2 cap 6 dugc t6 mau xanh va cung hang. Do dé

S <2.C3,.

10

Qua hai cich dém trén, ta duoc Z C%l, < 2.C%0.
i=1

Ma theo bat dang thitc Cauchy, ta c6

10 2 2 2

ZC2 :111+112+"'+1110_El1+112+"'+a10
7

=1 7

2 2
>(a1+a2+~~~+a10)2_a1+a2+~~+a10
- 2.10 2
Dods '™~ ™ <90 suyran < 47
0d6 55 — = < 90, suy < 47.
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10
Néun =47ma ) _ Cgi < 90 thi phai ¢6 7 hang, mdi hang t6 mau xanh 5 6 va 3 hang con lai, moi
i=1
hang t6 4 6. Goi b; la s6 6 dugc td6 mau xanh trong cot i va trong cac hang ma mdi hang ¢6 5 6 dugc
10
t6 mau xanh. Khi d6 ) bj = 5.7 = 35. Cung lap luén thong qua dém bang hai cach nhu trén, ta
j=1

10
) C%j < 2C32 = 42. Mat khac, theo bat dang thtic Jensen, ta ¢6
=1

L b

Lo\ s

LU 10 ]-:lf 10
) G, =10 5 = 43,75,

j=1
mau thuan. Vay n khong thé bang 47.
Ta chi ra moét cach t6 mau véi n = 46 thdéa man diéu kién bai toan nhu sau:

Vay gid tri 16n nhét cta n 1a 46.

O

Bdi 23 (China 1990). Trong mat phang, cho bay diém phan biét. Nguoi ta muén vé cac duong
tron qua ding bon diém trong bay diém nay. Hoi c6 thé vé dugc nhiéu nhat bao nhiéu duong
tron?

& Loi gidi.

Danh dau cac diém 1a Ay, Ay, ..., A7 va goi n la s6 dudng tron nhiéu nhét c6 thé vé. Goi S 1a tap

cac bo (c,d, A) ma trong d6 dudng tron ¢, d cuing di qua diém A (trong bay diém da cho). Ta sé
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dém |S| bang hai cach.

Cach dém thit nhéat: Dém theo dudng tron. Chon hai dudng tron tity y, c6 C2 cach. Chon ra diém
chung ctia hai dudng tron, c6 khong qua 2 cach. Do d6 |S| < 2C2 = n (n — 1).

Céch dém thit hai: Dém theo diém. Ta goi x1, x, . . ., x7 1a s6 dudng tron lan lugt di qua cac diém

Al,Az,...,A7.KhidéX1+XZ+“'+X7:41’1,Vé
1
S:C§1+C§2+---+C§7:E(x%+x%—{—---—|—x%—4n).

Theo bat dang thitc Cauchy thi

1 161>
x%+x§+---+x%2§(x1+x2+-~+x7)2:—.

7
1 (16n?
(o L B .
DodoS_Z( . 4n>

Qua hai cach dém, ta dugcn (n — 1) > % (167n2 — 4n). Suyran <7.

Tuy nhién, trudng hgp n = 7 khong thda man. That vay, voi n = 7, tht ca cac danh gia trén déu
xay ra dang thitc, titc 1a méi duong tron di qua bon diém, méi diém thudc bén duong tron, va hai
duong tron bat ky cat nhau tai hai diém chung.

Ta xét mot diém P nao do trong cac diém da cho, va tuong ting xét bon duong tron (Cy), (Cp), (Ca),
(C4) di qua P. Xét mot phép nghich ddo cuc P, phuong tich k # 0 tuy y thi anh ctia bén dudng
tron (Cy), (Cp), (C3), (C4) 1an lugt 1a boén duong théng l1, 15,13, 14 khong di qua P. Cac duong thfing

nay doi mot cat nhau tai sdu diém tao thanh mot ti gidc toan phan.

F
P
[ ]

A B E

Trong m6 hinh ban dau, ta can vé thém ba dudng tron nita khong di qua P. Qua phép nghich
dao trén thi ching sé bién thanh ba duong tron qua cac diém A,B,C,D,E,F trong hinh vé trén
(mdi duong tron di qua bon diém). Tuy nhién, trong hinh trén, chi c6 t6i da hai duong tron (qua
A, B,C,D hoac qua A, C,E, F ) nén khong thé c6 mo hinh thdéa man dé bai. Nhu vay, n = 7 khong

théa man. D€ két luan n = 6 thda man, ta c6 mod hinh sau v6i H 1a tryrc tAm cta tam gidc ABC.
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O]

Cdc vi du tiép theo sé cho thdy viéc khai thdc gid thiét bai todn bang cdch dém theo hai hudng
khdc nhau gitip chiing ta chi ra duoc sy ton tai ciia mot trang thdi nao dé trong bai todn To hop.
Bai 24 (Putnam 2013). Cho khéi da dién 20 mat déu. Mbi mat ctia khdi dugc dién bdi mot s6
nguyén khong dm sao cho tong cac s trén 20 mat 1a 39. Chiing minh rang c6 hai mat nao dé cé

chung dinh ma sb ghi trong hai mat d6 la giébng nhau.

& Loi gidi.
Khdi da dién 20 mat déu c6 12 dinh, tai mdi dinh c6 5 mat cting di qua dinh d6. Ki hiéu cac dinh

1a Vy, Vo, ..., V1pva Sy, Sy, ..., S12 tuong tng la tong cua cac s6 duoc ghi trén cac mat cung di qua
12
dinh V4, Vs, ..., Vip. Ta sé dém Z S; theo hai cach.
i=1
2z 2z Z ~ Z N 12
Céch dem thit nhat: Vi tong cac so trén 20 mat la 39 va moi so dugc tinh ldp lai 3 lan trong Z S;
i=1
12
nén ) S;=3x39=117.
i=1
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Céch dém thu hai: Gia st khong c6 hai mat nao d6 ¢6 chung dinh ma sb ghi trong hai mat do la
gibng nhau. Khid6 S; >0+ 1+2+3+4=10,Vi = 1,12. Do d6 122& > 12 x 10 = 120.

Qua hai cadch dém trén, ta thdy dan dén diéu mau thuan. Vay gia slfzrlé cach dém thu 2 1a sai. Dieu
do chiing t6 phai c6 hai mat nao d6 c6 chung dinh ma sb ghi trong hai mat d6 la giong nhau. [

Bdi 25 (VMO 2015). Trong moét ki thi c6 100 thi sinh va 24 vi giam khao. Mbi thi sinh duoc hoi
bdi diing 10 giam khao. Ching minh rang c6 bay gidm khdo ma mdi thi sinh déu dugc hoi bdi it
nhat mot trong s ho.

& Loi gidi.

Gia st phan chiing rang véi bay giam khao tuy y thi ludn c6 it nhat mét thi sinh khong dugce hoi
bdi bat ky ai trong s6 ho. Goi S 1a cac bo (A1, Ay, ..., A7, B) ma B la thi sinh khong dugc héi boi
cac gidm khao A1, Ay, ..., Ay. Ta sé dém |S| theo hai cach.

Cach dém tht nhat: Dém theo giam khao. Chon 7 giam khdo tuy y trong 24 giam khdo, c¢6 C3,
cach chon. Vi c6 it nhat mot thi sinh khong duoc héi béi bat ky ai trong s6 ho nén c6 it nhat mot
cach chon B. Do d6 |S| > C2,.

Cach dém thi hai: Pém theo thi sinh. Chon mét thi sinh B tuy y, ¢6 100 cach chon. Vi B dugc héi
bdi diing 10 gidm khdo nén B khong dugc hoi bdi 14 giam khao con lai. Do d6, |S| = 100 - C7,.
Qua hai cach dém, ta dugc 100.C7, > C},. Tuy nhién diéu nay sai nén diéu gia sit phan ching la
sai. Ta c6 diéu phai chiing minh. O
Badi 26 (Bulgarian 2006). Mot qubc gia c6 16 thanh phd va c6 36 tuyén bay ndi gitra ching.
Chiing minh rang ta c6 thé t6 chitc mot chuyén bay vong quanh gitra 4 thanh phd.

& Loi gidi.

Ta chuyén bai toan thanh ngon ngtr do thi nhu sau: Mot d6 thi G don ¢6 16 dinh va 36 canh thi c6
mot chu trinh do dai 4. Ta chiing minh bang phan chiing. Gié stt trong d6 thi khong c6 chu trinh
d6 dai 4.

Vi méi dinh x thude G, goi d(x) 1a bac ctia dinh x. Khi d6 ) | d(x) = 72. Goi S 1a s cap dinh (y, z)
(khong ké thu ty) véi v,z € G ma ca hai ciing ké vdi mot glencl;l x nao d6. Ta dém |S| bang hai cach.
Cach dém thu nhat: V6i méi dinh x thudc G, s6 cach chon cap dinh (y, z) cung ké vdi x bang Cé(x).

Vi khong c¢6 mot chu trinh 4 nén mo6i mot cap duge tinh & mot dinh x. Do d6 |S| = 2 Cﬁ(x).
xeG
Cach dém thit hai: Chon hai dinh i,z € Gty y trong s6 16 dinh ctia d6 thi nén |S| < C3,

Qua hai cach dém, ta duogc Z Cﬁ(x) < C%6 & Z dz(x) < 312.
xeG xeG

2
< .z 1 ~
Mat khac, theo bat dang thitc Cauchy, ta co Z d?(x) > 16 ( Z d(x)) = 324, mau thuan. Tu do
xeG xeG
ta c6 diéu phai chiing minh. O
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Bai 27 (APMO 2008). Cac hoc sinh trong mot 16p hoc duoc chia thanh cac nhém, mobi nhom c6
dung 3 hoc sinh. Hai nhém tity y c6 chung véi nhau t6i da mot hoc sinh. Chirng minh rang khi
16p hoc c6 46 hoc sinh, ton tai mot tap S g6m it nhat 10 hoc sinh sao cho khong co bat ky nhoém
nao c6 3 thanh vién déu thuoc S.

& Loi gidi.

Goi S 1a tap hgp chira nhiéu hoc sinh nhat sao cho khong ¢6 bat ky nhém nao c6 3 thanh vién déu
thuoc S. Gia st S| = t. Néu t > 10 thi yéu cau bai toan duge thda man. Bay gio ta gia st + < 9.
Do tinh 16n nhat cta t nén véi méi hoce sinh u khong thudc S, ton tai hai hoc sinh v, w thudc S sao
cho u, v, w cung thuéc mét nhom. Ta sé dém s6 bo (1, v, w) nhu thé bfmg hai cach.

Céch dém thit nhat: Dau tién chon mot hoc sinh u khéng thudc S tuy y, ¢6 46 — t cach. Véi hoc
sinh u da chon, c6 dung mot cap hai hoc sinh v, w thudc S sao cho u, v, w cung thuéc moét nhom
vi hai nhém tity y ¢6 chung t6i da mot hoc sinh. Do d6 ¢6 46 — t bo.

Céch dém thit hai: Chon hai hoc sinh v, w tuy y thuodc S, c6 C% cach. Khi d6 c¢6 tdi da 1 cach chon
hoc sinh u d€ u, v, w ciing thudc mot nhém. Suy ra c6 t6i da C% bo.

Qua hai cach dém trén, ta dugc 46 — t < C%. Suyrat > 10, mau thuan.

Ta c6 diéu phai chiing minh. ]

Bai 28 (Iran TST 2008). Trong mot gidi dau c6 799 ngudi choi, mdi ngudi chai thi dau vdi nhau
ding mot 1an (chi c6 thang hodc thua khong c6 hoa). Chiing minh rang ton tai 14 nguoi choi trong
s6 d6 sao cho c6 thé chia 14 ngudi nay thanh hai nhém dé méi ngudi trong nhém thir nhat déu
thang moi ngudi trong nhém thi hai.

& Loi gidi.

Kihiéu Xj, Xy, ..., X799 l1a cac nguoi choi. Ta sé dém s6 bo {(Xi1/ Xiysovns

X;,), Xj} trong d6 X; la
ngudi choi thua tat ca X, Xiyy ooy Xi, bf?mg hai cach. Goi S 1a s6 bo dé.

Céch dém thi nhét: Trude hét, chon bd (X, X, ..., X,) €6 Clog cach chon. Néu véi mot cach
chon (Xj, Xj,, ..., X;j,) nao d6 ma ta chon dugc 7 ngudi choi X; thi bai toan dugc giai quyét. Bay
giv, ta gid st rang voi moi cach chon (X, X;

iy Xi7) déu c6 tbi da 6 cach chon ngudi choi X; thi
S S 6 ° C;gg.
£ N 2z Z 799
Céch dem thit hai: Goi Cy, Cy, ..., Cygg lan lugt 1a so nguoi choi thang X, Xp, . .., X799 thi Z C =
i=1
799 . ,
CZg9. Khi d6 S = Z Céi. Theo bat dang thuc Jensen, ta co
i=1

799
§=7),C¢, 2799 Chc, =799 Clo.
i=1 799

Qua hai cach dém, ta dugc 799 - Cgq < 6 - Chgg. Tuy nhién bat dang thirc nay sai. Tir d6 ta c6 diéu
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phai chiing minh. O

Bai 29 (IMO 2005). Mot cudc thi Toan c6 6 bai todn. Mdi cdp bai toan déu duge giai bdi nhiéu
hon % s6 thi sinh. Hon nita, khong c6 thi sinh nao giai dugc tat ca 6 bai toan. Chiing minh rang
6 hai hoc sinh nao dé ma mdi ngudi giai duge ding 5 bai.

& Loi gidi.

Goi n 1a s6 thi sinh, ag, a4, ..., a5 lan lugt 1a s6 thi sinh gidi duge 0,1, . ..,5 bai toan. Khi d6 ag +
ap + -+ +as = n. Ta sé dém s6 bo (C, P) trong d6 thi sinh C gidi dugc cap bai todn P bang hai
cach. Goisobd d61a S.

Cach dém thu nhat: Pau tién, chon mot cap bai toan, co C% = 15 cach. Vi mdi cdp bai toan

! cach chon thi sinh C. Do doé

R R 2 "
déu dugc giai bdi nhieu hon = so thi sinh nén co it nhat
2 1
§>15- " —6n+3.

Cach dém thi hai: C6 g, thi sinh giai dugc Clz cap bai toan véii = 2,3,4,5. Do do6 S < ay + 3az +

6a4 + 10as = 6n + 4as — (3as + Sar + 6a1 + 6ay).
Qua hai cach dém trén, ta dugc 61 + 3 < 61 + 4as — (3az + 5a + 6a; + 6ag). Do d6 as > 1

Bay gio, gid stt as = 1. Khi d6 S = 61 + 4, va diéu nay chi xay ra khi c6 14 cap bai toan dugc giai

2n+1
5 4 Z N

(tru thi sinh giai dugc 5 bai-goi la nguoi chien thang) deu giai duoc 4 bai toan.

1 A e
-+ 1 thi sinh va tat ca thi sinh

bai dung thi sinh va cdp bai toan con lai duogc giai boi

Ta goi bai toan t ma ngudi chién thang khong gidi dugc la bai toan kho khan va cip bai toan dugce

gidi bdi 2L 41 thi sinh 1a cap bi todn dic biét.

Tiép theo ta sé dém s6 bo (C, P) ma P chira bai toan p cling bang hai cach. Goi s6 bo d6 1a My,
Cach dém thu nhat: Ki hiéu by la sb thi sinh giai dugce bai toan p. Khi d6 M; = 3b; (mdi mot thi
sinh trong b; giai dugc 3 cdp bai toan chira t ) va M, = 3b, + 1, p # t (ngudi chién thing giai dugc

4 cap bai toan).
2n+1

Céch dém thi hai: Mat khac, mdi moét trong 5 cdp bai todn chira p duge gidi basi hoac
2n+1
5

nguoc lai.
Do d6 M; = 3b; = 2n + 1 hodc 2n 4 2, suy ra 2n +1 = 0 hodc 2 (mod3). Con néu p # t thi

My, = 3b,+1 = 2n+1nén 2n +1 = 1(mod3), mau thudn. Vay as > 2. Tir d6 ta c6 diéu phai

+ 1 thi sinh nén M, = 21 + 2 néu cip dac biét chita p va M, = 2n + 1 trong trudong hop

ching minh. O

Bai 30 (IMO Shortlist 2016). Cho da giac déu (H) c6 2017 dinh ma méi dinh duge t6 bdi mot
trong ba mau: xanh, do, vang véi s6 luong lan luot 14 a, b, ¢ sao cho cac sb a, b, ¢ déu 1é. Chung
minh rdng ton tai mot tam gidc c6 ba dinh lay tir (H) dugc t6 bdi ba mau khac nhau.

& Loi gidi.
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Goi x,y, z lan luot 1a s6 tam giac can c6 ba dinh thudc (H) ma cc dinh ctia méi tam giac duoc t6
bdi: mot mau, hai mau, ba mau. Ta sé chi ra rf?mg z > 0. Trude hét, ta nhan xét réng voi hai dinh
tuy y trong 2017 dinh ctia (H) thi c6 ding 3 cach chon dinh thit ba dé ¢6 tam gidc can.

That vay, gia st ¢6 hai dinh A, B. Trudc hét, vi 2017 1é nén trén cung 16n hoac trén cung nhé AB
sé c6 diing mot diém C cach déu AB. Ngoai ra dudng tron (A, AB) va (B, BA) cat (H) tai cac diém
D, E cling théa man yéu cau. Chi y rang vi gcd (2017, 3) = 1 nén khong c6 tam gidc déu nao trong
cac dinh cta (H), suy ra cac diém C, D, E & trén 1a duy nhat.

Tir d6, ta dém s6 bo (M, N, P) v6i dinh M, N khong tinh thu tu, t6 cing mau va cung nam trong
tam giac can P bang hai cach.

Cach dém thi nhat: Chon hai dinh M, N ciing mau, c6 C3 + C# 4+ C2 cach. Chon tam gidc P can
va chtra hai dinh d6, ¢6 3 cach nén s6 bo trén 1a 3 (C2 + C2 + C2).

Céch dém thu hai: Tam giac loai x, v, z cho ta tuong ing 3, 1, 0 cip dinh ciing mau nén c6 3x + y
bo.

Qua hai cach dém, ta c6 dang thic 3x +y = 3 (C2 + C2 + C2).

Gid st z = 0 thi x + y = C3;;, 1a s6 cach chon ra ba dinh trong (H) dé c6 tam giac can. Khi d6

3x+y=3(C+Cl+C2)

(:)g(aerbz—i—cz—a—b—c) =3(x+y)—2y

&3 (a? + b + ¢ — 2017) = 3 (20172 — 2017) — 4y
&3 (a+ b+ %) =3-2017% — 4y

Suy ra a® + b? + ¢ = 1(mod4), diéu nay vo ly via, b, c 18. Vay z > 0, ta ¢6 diéu phai chirng minh.
O

4.3. Bai tap dé nghi

Bai 31 (China 1996). C6 tdm ca si tham gia mot chuong trinh van nghé véi tong cong m budi
hoa nhac. Trong méi budi hoa nhac, ¢6 bon ca si tham gia va s6 1an tham gia ctia méi cap ca si la

nhu nhau va bang 7 (n > 0). Tim gié tri nho nhat caa m.

Bai 32 (VMO 2005). Cho bat giac 10i A1A; ... Ag ma khong c6 ba duong chéo nao dong quy.
Giao ctia hai duong chéo tuy y duge goi 1a mot “nut”. Xét tit ca cac ti gidc 16i dugce tao thanh bdi
bén dinh ctia bat giac da cho va cac ti gidc d6 dugce goi la “t gidc con”. Hay xac dinh s6 nguyén
duong 1 nhd nhét sao cho c6 thé t6 mau n nuit dé vdi moi i, k phan biét thuoc {1,2,...,8} thi cac
s6 s (i, k) bf?mg nhau, trong d6 s (i, k) ki hiéu sb ti giadc con nhan A;, Ay lam dinh va giao ctia hai

duong chéo la mot nut duoc to6 mau.
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Bai 33 (Iran 2013). Trong mat phang, cho 1 (n > 3) dudng thang doi mot cat nhau tao thanh cac
giao diém (khong c6 ba dudng nao dong quy). Goi m 1a s6 giao diém ma vé hai phia cda dudong

thang chira n6, déu c6 it nhat mot giao diém khéc. Tim gia tri nho nhét ctia m.

Bai 34 (Tap chi Pi - P333 ndm 2019). An va Binh ciing tham gia mot giai dau cd. Hai ky thua bat
ky diu vdi nhau ding mot tran. Trong méi tran dau, ky thd thang duoc 1 diém, ky thu thua duge
0 diém, néu két qua hoa thi méi ky thu dugc 0, 5 diém. Két thic giai dau, tong s6 diém ctia An va
Binh 12 6, 5 con tt ca cac ky thu con lai déu c6 s6 diém bang nhau. Hay tinh s6 ngudi tham gia
giai dau.

Bai 35 (Hwng Yén 2020). Cho mdt tap X khéac réng duoc chia thanh cac tap con d6i mot khong
giaonhau Ay, Ay, ..., Ay va déng thoi cting dugc chia thanh cac tap con d6i mot khong giao nhau
B1, By, ..., By. Biét rang hop ctia hai tap hop khong giao nhau A;, Bj (1 < i,j < n) ¢6 khong it hon
n phan tit. Chitng minh rang s6 phan ti ctia X khong it hon %2 Khi s6 phan tit cta X 1a %, hay

chi ra mot cach chia tap hgp thoa man bai toan.

Badi 36 (Tap chi Pi— P316 ndm 2019). Trong mot giai dau vo thuat, méi vo si thi dau véi mbi vo
s khac ding mot tran. Mdi tran dau dugc diéu khién bdi mot trong tai. Sau khi giai dau két thic,
ngudi ta nhan thay rang, moi tran tai déu diéu khién it nhat mot tran va khong c6 hai tran tai nao
diéu khién sb tran bc:”mg nhau. V6 si Bac néi ré“mg, cac tran dau cta anh ta déu duoc diéu khién bdi
cac trong tai khac nhau. Cac vo si Trung va Nam cling khang dinh y hét vay. Héi c6 thé xay ra kha

nang ca ba vo si cung néi dung hay khong?

Bai 37 (IMO Shortlist 2003). Cho céc sb thuc xq, x,...,X, va Y1,Y2,--.,Yn- Xét bang 6 vuong kich
thude n x n. Mbi 6 (i, j) (6 thudc hang i ot j ) dugc dién bai s6 a;; duge xac dinh nhu sau:
Lxi+y; =20

(Zi]' = .
0,x; + yi < 0

bat B la bang 6 vuong kich thudc n x n véi cac 6 duoc dién bdi 0 hodc 1 sao cho tong cac sO thudc
hang, cot ctia bang B tuong ting bang tong cac sd thudc hang, cot ctia bang A (theo dung thi tu).

Ching minh rang bang A va B triing nhau.

Bai 38 (IMO Shortlist 2010). Trong moét giai ddu quan vot c6 7 nguoi tham dy. Méi hai nguoi
choi bat ky sé thi ddu véi nhau ding mot tran (gid st chi ¢6 thang va thua khong c6 két qua
hoa). Ta goi mot bo (khong thit tr) gdm bdn ngudi choi la mot bd xau néu c6 mot ngudi choi
nao do thua ca ba ngudi con lai. Pong thoi, mdi ngudi choi trong ba ngudi choi nay sé thang mot

ngudi va thua mot ngudi khac trong hai nguoi con lai. Gia st giai dau két thiic ma khong ton
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tai bd xau nao. Dat w;, I; 1an lugt la sb ngudi ma nguoi thu i théng va thua. Chung minh rfang
n

Y (wi — L) > 0.

i=1

Bai 39 (IMO 1989). Cho n,k la cac s6 nguyén duong. Xét S 1a tap hop n diém trén mat phang sao
cho 3 diém bat ky khong thang hang va méi diém P tly y thuoc S thi ¢6 it nhat k diém phan biét
thudc S cach P mot khoang bang nhau. Chiing minh rang k < % +/2n.

Bdi 40 (Turkey MO 2022). O mot truong hoc c6 2022 hoc sinh, mot chuyén di tham quan bao
tang hodc mot chuyén di da ngoai thién nhién dugc t6 chitc hang ngay trong sudt ky nghi he.
Khéng c6 hoc sinh nao tham gia cting mot loai chuyén di hai lan va sb lugng hoc sinh tham gia
méi chuyén di 1a khac nhau. Néu khong c6 hai hoc sinh nao tham gia hai chuyén di giéng nhau,

hay tim s6 chuyén di t6i da dugc t6 chic.
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5. Dém bang cach thiét 1p quan hé truy hoi

Phuong phép thiét lap hé truy hoi cling la mot phuong phéap hiéu qué khi giai cac bai toan
dém trong t6 hgp. Phuong phép truy hdi giup ta chia bai todn thanh cac bai toan con va giai quyét
riéng tirng cai mot. Mot cach chia phai ddm bao 1a phan hoach thi méi khong xdy ra viéc dém thira
hoéc thiéu. Cu thé hon, A, B 1a phan hoach ctia Snéunhu AUB = Sva AN B = @. Tiép theo ta
can thiét 1ap mdi quan hé truy hoi gitra s6 lugng dbi tugng can dém trong nhoém n ddi tugng véi
s6 lugng ddi tuong can dém trong cadc nhém it hon 1 dbi tugng thi ta c6 thé dua vé dém sb dobi
tugng trong nhém méi vé6i s6 dbi tugng it hon. Néi cach khéc, thay vi dém truc tiép S(n), ta thiét
lap hé thirc lién hé gitra S(n) vdi S(n — 1), S(n — 2), . ... tir d6 duing kién thirc vé day s6 dé tim dugc
S(n). Mot bai toan truy hoi thuong thi sé giai quyét duge bdi mot day, nhung déi khi, ta ciing can
c6 nhiéu day s6 phdi hgp vdi nhau méi c6 thé mo ta duge day du trang thai ctia bai toan. Cac bai
toan st dung phuong phap thiét lap hé truy hoi rat da dang, phong phu va mirc do kho dé khac

nhau. D€ lam rd dugc cach van dung phuong phép t6i xin dua ra mot s6 vi du sau day.

5.1. Cac bai toan kinh dién

Bai 1 (Day Fibonacci). Mot doi thé (gom mot tho duc va mot tho cai) e mdi thang sinh duge
mot déi thd con (cling gdm mot thd duc va mot thé cai); mot doi thod con, khi trong 2 thang tudi,
sau moi thang sinh ra mot doi tho con khac va qua trinh sinh nd ctt thé tiép dién. Hoi sau n thang
thi c6 bao nhiéu déi thd néu thang dau tién c6 mot doi tho so sinh?
& Loi gidi.
Dua vao gia thiét thi ta c6 thé thay rang

e Thang 1 va thang 2: chi c6 mét doi tho.

e Thang 3: doi tho nay sé sinh ra mét doi tho con mdi, do do trong thang nay c6 hai doéi tho.

 Thang 4: chi c6 d6i thd ban dau sinh con, d6i thd con § thang trudc méi tron mot thang tudi

nén chua sinh dugc, dén thai diém nay cé 3 doi tho.

* Théang 5: c6 2 doi tho (d6i thd dau va doéi thoé duge sinh ra & thang thit ba) cung sinh con,
doi thé thir 4 méi tron 1 thang tudi nén chua sinh duge, tinh thém 3 d6i tho c6 san thi thang

nay c6 2 + 3 = 5 déi tho.

Tong quat 1én, néu 7 1a s6 nguyén duong, goi F, 1a s6 doi thd c6 & thang thi n, ta c6 ngay F; =

F, = 1. Véin > 3, ta thay rang
e Tht ca s6 thd dang c6 6 thangn —11a F,_;.
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e Céc do6i tho sinh ra & thang n — 1 khong thé sinh con & thang thit 7, va & thang nay moi doi
tho & thang thit n — 2 déu sinh ra mot déi tho con, s6 thd con nay sinh ra méi chinh 1a s6 thd

o thang thun —2vala F,_».
Do do, s6 tho & thang thi n, 1a F,, bao gdm ca thd ¢ san va thd con méi sinh ra hay

Fo=F, 1+ F, 2 n>2

O
Bai 2 (Bai todn chia keo Euler). C6 bao nhiéu cach chia m cai keo cho n dita tré?
& Loi gidi.
Bai toan tuong duong véi bai toan "Tim s6 nghiém nguyén khong am ctia phuong trinh
X1+ x4+ ...x, =m.” (1)
Phuong trinh trén tuong duong véi
m—x1=X2+XxX3+...X5. (@)

Goi S(m, n) 1a s6 nghiém ctia phuong trinh (1). Khi d6 véi méi gia tri ctia x1(0 < x1 < m) ta c6 s6

nghiém ctia phuong trinh (2) 1a S(m — x1,n — 1). Tir d6 ta thu dugc hé thuc

S(m,n) = i Sm—x,n—1)
x=0

Dé tinh duoc S(m,1) = 1; S(m,2) = m + 1; S(m, 3) = (m + 2)2(m + 1). Bﬁng quy nap ta co
S(m,n) = C;jrln_l.

That vay, gid sit ménh dé dung vdi 1, ta chiing minh né dung véi n + 1.

m m

m m
Sm,n+1) = Z})S(m —x,n) Z,OCZ;—lirn—l =) = 2 (G — Ci) = Chne
X= X=

x=0 x=0

O
Bdi 3 (Thap Ha Nai). Cho 7 chiéc dia duong kinh lan lugtla 1,2,...,1 va 3 chiéc coc (cac dia c6
16 & tam d€ c6 thé xau vao cac coc). Ban dau, cac dia duoge sép xép trén coc A theo thu tu duong
kinh gidm dan tinh tir dudi 1én. Ta dugc phép chuyén mot dia trén coc nguon sang mot trong hai
coc con lai la B, C sao cho trong qua trinh chuyén, dia 16n hon khong dugc xép trén dia nh6. Muc
dich 1a chuyén tat ca cac dia sang coc C. Tinh s6 budc it nhat can dé chuyén hét s6 dia.
& Loi gidi.
Goi T, 1a s6 budc di t6i thiéu dé chién thang trong trudng hop n dia. V6i n = 1 thi 16 rang can 1
budc chuyén.

Vé&in > 2, ta can thuc hién cac cong doan sau (va bat budc nhu thé dé dat duge sb 1an t6i thiéu)
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a) Chuyén n — 1 dia & trén chiéc dia 16n nhat sang coc B theo quy tac trén (dung coc C lam

trung gian), ta can T,,_; budc. Pia 16n nhat van gitt nguyén & coc A.
b) Chuyén dia l6n nhat sang coc C, can 1 budc.
c) Chuyén n — 1 dia & coc B dén coc C va dat 1én trén chiéc dia 16n nhat. Ta can T, budc.
Vi thé nén s6 budc it nhat can thuc hién la
T, =2T,-1+1,

va dé dang tim dugc T,, = 2" — 1 v6i moi n. O

5.2. Céac bai toan trong cac dé thi hoc sinh gidi, Olympic

Badi 4 (AIME 2023). Alice biét réng sé ¢6 3 14 bai mau do va 3 1a bai mau den sé dugc ma ra cho
c6 mot cach ngau nhién, mdi 1an mot 14. Trude khi md ra méi 14 bai, Alice phai doan mau cta no.
Néu Alice choi mot cach tdi uy, s6 lugng dy doan ding trung binh ma c6 sé c6 la %, trong do a
va b 1a cac s6 nguyén duong nguyén t6 cting nhau. Tim 4 + b.

& Loi gidi.

Dat f(m, n) 1a sd diém trung binh ma Alice nhan dugc v6i m 14 bai mau dé va n 14 bai mau den.
Chu y rang f(m,0) = f(0,m) = m, va f(m,m) = % + f(m, m — 1) véi moi m. Bay gio, v6i m # n, ta
co

F(m,n) = mLM (Fom,n —1) + T(n > m)) +mi+n

trong d6 ta dinh nghia T(S) = 1 néu S 1a ding va T(S) = 0 néu S 1a sai cho mot phat biéu S. St

(f(m —1,n)+ T(m > n)),

dung truy hdi nay mot vai lan dé c6 dugc £(3,3) = ;l—(l) Vay a + b = 51. O
Bdi 5 (P& thi dé nghi DHPBBB Chuyén Hung Vuong - Phi Tho, ndm 2023).

Cho S = {A1, Ay, ..., A11} 1a ho cac tap hgp thod man dong thoi hai diéu kién:
) ANA#2,V1<i<j<1L
i) |4 =5 v1 i<t
Pat A = AU A U...U A1, v6i mdi x € A ky hiéu d(x) 1a s6 cac tap hgp thuoc S chia x va
d = max{d(x) : x € A}. Tim gia tri nh6 nhat ctia d.
& Loi gidi.
Gid st A = {x1,x2,...,%m}, Xét bang m x 11 6 vudng (gom m hang, 11 cot) sao cho tai mdi 6

vuong thu (7, j) (hang thi i, cot thi ) ta dat mot sO a; j xac dinh boi

1 x; € A]'
lli,]' =
0 Xi ¢ A]
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Khi do
11
d(xi) = Zﬂi,j,Vi S {1,2,. . .,m};
j=1
m
4] = Yayvie{l2,...,11)
i=1
va
m m 11 11 m 11
Zd(xl)zzzalr]:ZZQWZZ‘A]‘:SS (1)
i=1 i=1j=1 j=li=1 j=1
Ta co
1 ¢ 1 i
Y |aina] = ch(xk) = A~ < 5@ Y d). @
i<j k=1 k=1
Tir (1) va (2) suy ra
y ‘A NA; ‘ < -1 3)
i<j

Mit khéc, tir gia thiét A; N A; # & nén véi méi cap (A;, Aj) ludn ton tai xp € A; N A; hay cap

(Aj, Aj) dugc tinh it nhat mot lan trong biéu thue Y, j j|, dodé tacé

Z‘A mA(>c§1_55 (4)

i<j

T (3) va (4) tasuyrad > 3.

Néud =3thivéiméix; € Stacod(x;) <d=23.

Ta chitng minh khong ton tai x; € S d€d (x;) < 2. That vay, gia st ton tai x; € S d€d (x;) < 2, khi
do

1 m
55 < E;d(x)(d(xz)— 1)
= %Z (x;)(d(x;)) — 1)+ ;d (xj) (d (xj) = 1)
1#1
) () (4 5) ~1)
iZ] 2
Ma
n—1 d(xj) (d(x;) 1) _ 34 4 x) (@ () — )
2 = 2 — 2
i#]
(G-155 ,20-3)

- 2 2

Diéu nay dan dén vo ly, hay ta c6 d (x;) = 3Vx; € S, suy ra 3m = 55 (khong thoa man).

Vay d = 4 va ta chira ¢6 11 tap hop thod man yéu cau bai toan la
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A1 = {1,2,3,4,5}, Ay ={1,2,3,4,5}, Az ={1,6,7,8,9},
Ay ={1,10,11,12,13}, As={2,6,9,10,14},  As = {3,7,11,14,15},
Ay ={4,8,9,12,15},  Ag={3,6,8,10,13},  A¢ = {4,5,6,11,14},

A =1{2,7,11,12,13}, Ay = {5,9,13,14,15}.

O

Bai 6 (Ha Tinh TST 2023). Mot thay gido xay dung chuong trinh 6n tap cho doi tuyén hoc sinh
gi6i Quoc gia mon Toan trong mot sd ngay, mdi ngay hoc ding 1 trong 3 phan: S6 hoc, Hinh hoc

va To hop.

a) C6 bao nhiéu cach xép lich 6n tap trong 6 ngay sao cho c6 dii ca 3 phan.

b) C6 bao nhiéu cach xép lich 6n tap trong 8 ngay sao cho ctt méi 4 ngay lién tiép thi déu c6 du
ca 3 phan.

& Loi gidi.

a) Ta xét cac truong hop thoa man bai toan:

TH 1: C6 2 mon hoc mo6i moén 1 ngay, mon con lai hoc 4 ngay.

Truong hop nay ¢6 (C3- C} - Ci) - C] cach.

TH 2: C6 1 moén hoc 1 ngay, 1 mén hoc 2 ngay, 1 moén hoc 3 ngay.
Trudng hop nay ¢6 3! - C} - C2 - C3 cach.

TH 3: Ca 3 mon hoc moi mon hoc 2 ngay.
Trudng hgp nay c6 C2 - C2 - C3 cach.

Vay téng s6 cach xép lich trinh la

(C3-C4-Ch)-Ci+3!-Cp-C3-Ci+CZ- Cf - CF = 540 (cach).

b) Dé don gian, ta ki hiéu cdc mon lan luot 1a 1, 2 va 3; dong thoi ki hiéu (*) 1a diéu kién “ctt mdi
4 ki ty lién tiép déu xuat hien da3s6 1,2, 3”.
Khi d6, bai toan trd thanh tinh sb xau gdm tam ki tu tao bdi cac s6 1, 2, 3 théa man diéu kién

().
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V&i mbi n > 4, dat x1x; . . . x, 1a mot xau gom 7 ki ty tao bdi cacsé 1, 2, 3.

Tix diéu kién (), suy ra trong ba ki tu cudi x,,_, x,_1, X, phai xuat hién it nhat hai trong ba s

1,2,3.

Do do¢, ta xay dung cac tap hgp nhu sau

* S, 1a tap hop tat ca cac xau ki ty thda man (x);

» A, latap hop tt cd cac xau ki ty théa man () ma x,,_, x, 1, X, d6i mot khac nhau;

* B, la tap hop tat ca cac xau ki ty thda man (x) ma x,,_» = x,_1 hodc x,_» = xy;

* C, la tap hop tat ca cac xau ki ty thda man () ma x,,_1 = x,.

Khi do6, ta 6 |Su| = | An| + |Bn| + |Cul-

Véi mbi xau n + 1 ki tu (n > 4), xét 4 ki tu cudi X,_2, X1, Xp, Xnt1.

TH 1:

TH 2:

TH 3:

Néu xau thuodc A, 41 thi x,_1, X, x,,1 d6i mot khac nhaunén x,,_» phai béng X, 1 hoac
Xn hoac x,,1 1.

Véi x,,_» = x4 thi x,_2, x,_1, X, d6i mot khac nhau, nén xau do6 tuong tng véi mot
xau thudc A,,.

V6i x,,—2 = x,-1 hoac x,,_» = x; thi xau do6 tuong ung v6i mot xau thudc By,.

Do dé ta c6 |Ay11| = |Au| + |Bal.

Néu xau thudc B, thi x,_1 = x, hodc x,,_1 = X,41.

V6i x,,_1 = x5, thi xdu tuong tng véi mot xau thude C,,.

Véi x,,_1 = xp41 thl x,,—2, x,,—1, X, d61 mOt khac nhau nén xau do tuong ung vai mot
xau thudc A,,.

Do d6, ta c6 |B,41| = |An| + |Cal.

Néu xau thudc C,, 1 thix, = x,,1.
Suy ra x,,—2, x,—1, x, d6i mot khac nhau, nén xau do tuong tng voi mot xau thudc A,,.

Do d6, ta c6 |Cy1| = | Anl-

[Ansa| = |An| + [Bxl

T6ém lai, ta dugc moi quan hé truy hoi |Bus1| = |An| +|Cu| ,Vn = 5.

|Cn+1’ = ’An|

Ta tinh |A4|, |B4|, |C4|3

o |Ay| =3!-3 =18 (3 ki ty cudi c6 3! cach xép, ki tu dau c6 3 cach chon);

* |C4] =3!-1=6(xép 3s6dau c6 3! cach, s6 cudi chi c6 1 cach vi bang s6 thir 3);
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* |By| = 3!+ 3! = 12 (mbi truong hgp tinh tuong tu nhu tinh |Cy).

Tix day, két hop voi quan hé truy hoéi ta xdy dung dugc bang gia tri sau

n | [An| | |Bu| | |Cul

4| 18 12 6

71102 | 84 | 54

8| 186 | 156 | 102

Vay s6 cach xép lich on tap 1a |Sg| = |Ag| + |Bs| + |Cs| = 444.
O

Bai 7 (HAi Phong TST 2023). Cho sé nguyén duong 1 va ky hiéu S, 1a tap hop cac hoadn vi (a1, 4z, . . ., a)
cua {1,2,...,n} sao cho 2 (ay + as + - - - + a;) chia hét cho k véi moi k = 1,2,...,n. Tinh s6 phan
t cua tap hop Sy.
& Loi gidi.
Trudc hét ta tinh duoc [S1] = 1,[S,| = 2,|S3| = 6.
Véin>4taco2(a+ar+---+a,)=214+2+...+n)=nn+1) =2 (mod n —1).
Ma2(a; +ay+ ---+a,_1) chia hét chon — 1 nén 2a, =2 1(mod n—1).
n+

Diéu nay chi xdy ra khi a, = n hodc a, = 1 hodc a, = >

Truong hop 1: Néu a,, = n thi (ay,ay, . . .,a, 1) 1a cic hoan vi thudc tip S, 1 nén c6 |S,,_1| hoan vi

thoa man.

Truong hop 2: Néua, = 1thi(a; —1,a0 —1,...,a,_1 — 1) 1a cic hoan vi thuoc tap hop S,-1. Vi
2[(a1 — 1)+ (a — 1)+ -+ (ax — )] =2(ay +ar+ --- +a;) —2kchiahétchokvéil < k <n—1.
Do d6 ¢6 |S;,—1| hoan vi thoa man.

. 1
Truong hop 3: Neu a,, = %, tachonk=n—2taco

2(m +ax+- - +ap,0) =2[A+2+ - +n)—ap —ay_1]
=nn+1)—n+1)—2a, 1=m+2)(n—2)+ B —2a,_1).
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Do d6 2a,,_1 — 3 chia hét cho n — 2 nén suyra2a, 1 —3€{0,n—22n—4}.
. 1
Ma2a, 1 —3lasolénén2a, 1 —3=n—2suyraa, 1= % (vo ly).
Do d6 ta ¢6 quan hé truy héi |S,| = 2|S,_1| v6i |S3| = 6 nén ta suy ra |S,| = 3-2"2 v6i moi

n > 3. ]

Bdi 8 (Pé thi dé nghi DHBBBB tinh Yén Bdi, nam 2023).

Trong mot phong thi trac nghiém mon Toan c6 24 thi sinh da dugc xép ngéi quanh mét ban tron.
Trong bi dung dé thi ctia gidm thi c6 5 loai dé khac nhau, méi loai dé c6 nhiéu ban. Mot cach phat
dé dugc goi la ding quy ché néu méi thi sinh duge nhan chi mot dé va hai thi sinh bat ky ngoi
ngay canh nhau nhan duogc hai loai dé khac nhau. Héi c6 bao nhiéu cach phat de dung quy ché?
& Loi gidi.

Goi Sy, 1a s6 cach phat dé cho 1 hoc sinh sao cho khong c6 2 hoc sinh nao ngdi canh nhau ¢6 cing
dé thi.

C6 dinh mot hoc sinh 1am vi tri dau tién va cac hoc sinh bén tay phai ctia hoc sinh d6 1a vi tri thi
2,thi 3,..., thi n (hoc sinh & vi tri thit 7 ngoi canh hoc sinh & vi tri thit nhat)

Ta théy,

e Néu hoc sinh & vi tri thit nhat va hoc sinh & vi tri thi n — 1 ¢6 dé thi khac nhau thi sé c6 3

cach phat dé cho hoc sinh & vi tri thi n.

* Néu hoc sinh & vi tri thi nhat va hoc sinh & vi tri thit n — 1 c6 dé thi gidng nhau thi c6 4 cach

phat dé cho hoc sinh & vi tri thi n.

Do dotacohéthucS, =3S,.1+4S, » (n>4).
St dung phuong phap sai phan dé tinh S,,. Xét phuong trinh déc trung

2-3x—4=0&

:>Sn:ﬂ'(—1)n+b'4:n

a+16b =20 a=4
Do Sy =5-4=20,5;=5-4-3 =60nén &
—a+64b =60 b=1.

Vay S, = 4(—1)" +4" = Syy = 4 + 4?4, O

Bai 9 (Harvard-MIT Mathematics Tournament 2022).
Cac 6 1,2,...,10 dugc sdp xép ngau nhién thanh mot vong tron. Tinh xac suat dé véi moi sb
nguyén duong k < 10, ton tai mot sb nguyén k' > k sao cho c6 tdi da mot s6 nam gitta k va k' trén

vong tron.
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& Loi gidi.

Goiay la sb cach sép xép 1,2,3,--- ,n theo hinh tron sao cho diéu kién dugc thdéa man. S6a goi la
"gan" v6i b néu c6 tdi da mot s6 nam gitra a va b.

Dé phat trién mot cong thire truy hoi cho a,, ta xem xét hai truong hgp. Trong truong hop thi
nhét, gia st rang 1 va n — 1 1a ké nhau. Sau d6, bang cach loai b 1 khoi vong tron s6, bat ky sb
nao thod man diéu kién bai vi n "gan" d6 sé c6 n — 1 khoang cach giéng nhau tir nd, vi vay méi s6
trong nhiing s6 nay van théa dé. Do d6, sap xép tron con lai 1a mot sap xép hgp 1é theo a,,_1. Do
do, moi sép xép véi 1 s6 va hai s6 ké nhau c6 thé dugc thu dugce bmeg cach cheén n vao mot trong
cac vi tri lién tiép voin — 1, tacla 2a,_1 truong hop.

Trong truong hgp tha hai, gia su r?mg nvan—1coémdtsdnam gitta ching, goi 1a k. Tiép theo,
xem xét viéc loai bd ca 1 va k. Bat ky s6 nao gan véi n cling gan véi n — 1. Hon nita, k van ké n — 1,
vi vdy n6 van thoa man diéu kién. Do d6, ta con lai mot sap xép ctia n — 2 s6 thod man diéu kién
da cho, tuic 1a a,,_» cach. Cudi cting, moi sap xép véi n va n — 1 khong ké nhau ¢ thé dugce thu
dugc bang cach 1ay mot trong cac sdp xép tron nhd a, 5, chén n lién tiép véi n — 1 (sb 16n nhat
trong sap xép ndy) va chon mot trong 1 — 2 s6 dé bd qua tir sdp xép bén ngoai va thay vao dé chén
gitanvan — 1.

Tir nhitng 1ap luan trén, ta c6 mbi quan hé truy hoi nhu sau:
a, =2a,_1+2(n—2)a,_».

Dat p, = ta co:

_

(n—1)Y
2

pu(n — Dt =2pya(n = 1+ 2pu—2(n =21 & pn = ——= (Pn—1+ pn-2)-

Vips = ps = Lacope— bpre 2 p = Epy = Lvapy = 3
P4 = ps = /aC0P6—5;P7—5/P8—5/P9—4/ P10—90-

B&i 10 (Bdc Ninh TST 2021). Cho # 1a mot sb nguyén duong, ki hiéu [n] = {1,2,3,...,n} va xét

O

o 1a mot phép thé cda tap [n], nghia la mot song anh tir [n] vao chinh né. Mot quij dao ciia x
doi vdi o la tap O(x) = {x,0(x),0%(x),...}, ta ciing c6 thé viét mot quy dao duéi dang O(x) =
{x,0(x),...,051(x)} v6i k 1a s6 nguyén duong nho nhat théa man o*(x) = x.

Vi du, xét n = 7 va phép thé

1234567

5132476

c6 ba quy dao (1,5,4,2), (3), (6,7). Ki hiéu c(n, k) 1a s6 phép thé ctia [1] véi chinh xéc k quy dao.
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a) Ching minh rang cac s6 c(n, k) thda man quan hé truy hoi sau

cn+1,k)y=cnk—1)+n-c(n,k).

b) Dat f,(t) = t(t — 1)(t —2) - (t — n + 1) v6i moi n > 1. Ching minh rang hé s ctia s6 hang
chia t5, v6i0 < k < n, trong khai trién da thic f,(t) la (—1)"He . c(n, k).

c) Giad st n 1a s6 nguyén duong chan. Phép thé o dugc goi dep néu ton tai phan tir i €
{1,2,...,n — 1}, sao cho c(i + 1) — 0(i) = g Ching minh rang s6 phép thé dep nhiéu
hon s6 phép thé khong dep.

& Loi gidi.

a) Xét mot phép thé o cuia [n + 1] véi chinh xac k quy dao. Ta xét hai truong hop n + 1 1a diém
c6 dinh va khéng.

e Néu n + 11a diém c6 dinh cta o thi ta c6 mot phép thé ctia [n] véi chinh xac k — 1 quy

dao. S6 cac phép thé dé la c(n, k — 1).

e Néun + 1khongla diém cb dinh, ta c6 thé bd phan tit n + 1 bang cach anh xa o~ (1 + 1)
thanh o(n + 1) dé thu dugc mot phép thé cta [n] véi k quy dao.
Hon nita moi phép thé p cta [n] véi k quy dao dugc dém n 1an vi thé ta c6 thé thém
n+1 gitra j va p(j) véi moi j.
Trong trudng hop nay ta c6 thé thu duge moi phép thé ctia 1 + 1 quy dao bang cach
dém p. Suy ra ta c6 1 - c(n, k) phép thé va thu dugc diéu phai chitng minh.

¢ Ta ching minh bang phuong phap quy nap theo 7.
Néun = 1tacé f(t)fi(t) = t cé hé s bang 1 va

(=) k. e(n, k) = (=) e(1,1) = ¢(1,1) = 1.

Ménh dé dung véin = 1.
Gia stt ménh dé cling ding vdi 1, ta chitng minh né cting dung véi n + 1.
That vay, do

n+1
copr(t) 5 = Y ctn+1,k) - tF

k=0
n+1

= Y (cn,k—1)+n-c(n k)t
k=0
n+1 n+1

= Z c(n, k — 1)tk + Z n - c(n, k)<
k=0 k=0
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= t-cp(t)+n-cu(t)

= (t+mn)-cald).

Suy ra ¢, 1(t) = t(t + 1)(t +2) - - - (t + n). Kéo theo rang

n+l n+1
Yo ()" e(n, k)t = (1) Y (1) - c(n, k)
k=0 k=0

= (1" cu(—t)

= (=D"=t)(=t+1)- - (=t —n+1).

Ta c6 diéu phai ching minh.

b) Datn = 2m. Goi X la tap cac phép thé dep, X; 1a tap cac phép thé ma hai phan tiivai+ m
m

ké nhau. Khi d6, X = U X;.V6il <i < m,tatao hoan vi cua X; nhu sau
i=1

e Chonméthoanvicaa (1,2,...,i+m—1,i+m+1,...,n),c6 (n—1)! cach.
* Xép phan ti i + m trudc hodc sau i, c6 2 cach.

Suy ra | X;| =2 (n — 1)! cach.
Véimoi 1 <i < j < m,tatao mot phép thé thuoc tap X; U X; nhu sau

¢ Chonmothoanvicua (1,2,...,i+m—-1,i+m+1,...,j+m—1,j+m+1,...,n),cod

(n — 2)! cach.

e Xép phan tir i + m trude hodc sau i va xép phan it j + m trude hodc sau j ¢ 4 cach.

Suy ra ‘XiﬁX]-‘ =4-(x—=2)!voimoil <i<j<m.
Theo nguyén ly bu trtt, ta c6
X > Y |xi| —Z‘Ximxj‘ =20 (n—2)! > .
i=1 i=1

Suy ra s6 phép thé dep nhiéu hon s phép thé khong dep.

Bai 11 (IMO Shotrtlist 2020). Cho 7 1a mot s6 nguyén duong. Tim s6 lugng hoan vi aq, 4y, . . .

cua day s61,2,...,nsaocho
a1 < 2ap; < 3az < -+ - < nay.
& Loi gidi.

Ki hiéu P, 1a s6 lugng cac hoan vi thdéa man dé bai. Dé thay réng Pp=1vapP, =2.

]

an

(*)

Bo de. V6i n > 3, néu mot hoan vi aq, a4y, . . ., a, théa man (*) thi hodclaa, = nhoidclaa, 1 =n
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vaa, =n—1.

Chirng minh. Goi k 1a chi s6 sao cho a; = n. Néu k = n thi b6 dé hién nhién dung.
Néuk=n—1thitr (*)tacén(n —1) = (n — Da,_q < nay,, dovaya, >n—1.Via, #a,_1=n
nén lya chon duy nhat cho a, laa, = n — 1.

Bay gio gid stk < n—2.Voimoéi k < i < ntacédkn = ka, < ia; < na;, do vay a; > k+ 1. Hon
ntta, nay, > (n—1a,_q > n—-1)(k+1)=nk+mn—-1—-k),dodoéa, > k+1.Baygiocéon —k+1
s6 ay, ax,1,...,an tat cd déu 16n hon k, nhung chi cé n — k gid tri, diéu nay la vo ly.

Vay b6 dé dugc chirng minh hoan toan.

Quay lai bai toan, néua, =nthiay,as,...a,1 phai la mot hodn vi ctia cac s61,...,n—1thdaman
a; < 2a; < ...(n—1)a,_1, co P,_1 hoan vi nhu vay. Bat d;fmg thuc cudi cung & (*), (n — 1a,—1 <
na, = n* hién nhién ding.

Néu (a,_1,a,) = (n,n — 1), thiay, as,...a, » phaila mot hoan vi ctia cacsb 1,...,n — 2 théoa man
ay < 2ay < ...(n—2)a, o, c6 P,_» hodn vi nhu vay. Bat dang thic cubi cing & (*), (n — 2)a,_» <
(n —2)*> < n(n—1) = (n — 1a,_, = nay, hién nhién diing.

Suy ra day (Py, P, ...) thda man quan hé truy héi P, = P, 1 + P,_» v6i moi n > 3. Hai hang t
dau ctia day 1a P| = F, va P, = F3, nhu vay bang quy nap tasuy ra P, = F,1. [

Bai 12 (ICO 2020). Seyed c6 998 dong xu mau trang, mot dong xu mau do, va mot dong xu
khong binh thuong voi mot mat mau dé va mot mat mau trfmg. Anh éy khong thé nhin théy mau
clia cic dong xu ma thay vao dé anh 4y c6 mot may quét kiém tra xem tht cd cac mat ctia dong
xu tiép xuc véi kinh cia may quét c6 mau trang hay khong. Co thuét toan nao dé tim ra dong xu
mau do bang cach st dung may quét tdi da 17 1an khong?
& Loi gidi.
B6 dé 1. Xét day Fibonacci. Dbi véi mbi s6 nguyén n > 2:

Fn < 27172
Chitng minh ta tién hanh bang cach quy nap. Véi truong hopn = 2, F, = 1 < 2272 = 0. Gia st
ménh deé dung vai Fy,. Ta co

Fyi1=F,+F, 1 <2F, <22"2 =71

Do d6 b6 dé diing cho tat ca cac s6 nguyén 16n hon 1.
B6 dé 2. Ta c6 thé tim ra dong xu mau dé tir n déng xu gdm mot déng xu mau dé va n — 1 dong
xu mau trang trong t6i da [log, n] budc.

Chirng minh. ta tién hanh bang cach quy nap. Truong hop n = 1 1a trudng hop dé dang.

Gia st rang gia thiét quy nap dugc théa man cho i = 1,2,...n — 1. Ta chitng minh rang né ciing
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- A n X N % - S s . N A 2 N < A v X
dung cho n. Lay LEJ dong xu va dat chung vao may quét. Tir cau tra 10, ta biet dugc rang dong
xu mau dé nam trong nhitng ddong xu nay hoac trong nhitng dong xu khac.

Bang cach st dung gia thiét quy nap, ta c6 thé tim ra dong xu mau dé trong t6i da
n .
Hng(LEJﬂ +1 < [log, n| budc.

Quay lai van dé chinh, ta muén chiing minh rang c6 thé tim ra dong xu mau dé trong bat ky
nhém nao géom k dong xu (véi k < F,), bao gom mdt dong xu khong binh thuong, bang cach st
dung mdy quét t6i da n lan. Mot 1an nia, ta st dung phuong phap quy nap. D6i véi n = 1 va
n = 2, ta c6 thé tim ra dong xu mau dé bang cach str dung mdy quét t6i da 1 va 2 1an, twong tng.
Gia st rang db6i voi mdi i tir 3 dén n — 1, ta ¢6 thé tim ra dong xu mau dé trong F; dong xu (bao
gdom mot dong xu khong binh thudng) bang cach sit dung may quét tdi da i lan. Bay gio, ta lay
F, déng xu va chia thanh hai nhom Ava Bvdéi F,,_yva F,_» déng xu, tuong ing. Sau do, ta quét
nhom B. ta ¢6 hai truong hop:
* Khong c6 mat mau dé trong nhoém B, do d6, dong xu mau d6 nam trong nhom A. Tir gia
thiét quy nap, ta c6 thé tim ra n6 trong t6i da n — 1 budc.
e C6 mot mat mau do trong nhém B. Trong trudng hgp ndy, ta ddo nguge cac dong xu trong
may quét va quét lai. Ta lai c6 hai truong hop:
— C6 mot mit mau do, do d6, dong xu mau dé nam trong nhom nay va theo gia thiét quy
nap, ta c6 thé tim ra né trong t6i da n — 2 budc.
— Khéng ¢6 mat mau d6, ngu y rang nhém A ¢6 F,_1 — 1 dong xu mau trang va mot dong
xu mau dé. St dung b6 dé 1, ta c6 F,_» < 2"2, do do, ta c6 thé tim ra dong xu mau dd
bang cach st dung bé dé 2 véi tbi da n — 2 budc.
Vay céu tra 16i cho bai toan la "Co". O
Bdi 13 (Ha Tinh TST 2016-2017). Cho tap S = {1,2,3,...,2016}. Héi c6 bao nhiéu hoén vi (a1,
ap, as, ..., Ax1e) cha tap S sao cho 2(a; +ay + ... +ax)k véi vk =1,2,3,...,2016.
& Loi gidi.
Ta xét truong hop S = {1,2,3,...,n}
Goi F, 1a s6 hoan vi thdo man tinh chat. Ta c6
F=1FK=2FK=6.
Xét mot hoan vi (ay, as, a3, . . ., a,) thoa man yéu cau, ta goi dé 1a hoan vi dep.
Vé&i mbi hoan vi dep ta déu c6

2a1+a+---+a,1):(n—1) = nn+1)—2a,:(n—1)
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= (n—1)(n+2)—2@a, —1)):n—-1)

1
=2, —1){0;n—-12(n—-1)} = a, € {1; %;n}.

) 1
Truong hop 1. Neu a,, = ! ;— ta co

2m +ax+ - +ap2)i(n—2) = nn+1)—2a,1—m+1)(n-2)
= ((n—2)(n+2) — (2a,_1 — 3)):(n —2)
= 2a,_1—3€{0;n—2,2(n—2)}
= ap—1 € {E, n_+1;n — 1}
27 2 2
Ta théy ca 3 truong hgp nay déu khong thda man.
Truong hgp 2. Néua, = n,tacé (ay,a,4a3, . ..,a, 1) lamodthodn videp cta tip S; = {1,2,3,...,n—
1}.
C6 F,_1 hoan vi (ay,az,a3,...,a,-1) caatap S = {1,2,3,...,n — 1}.
B6 sung 7 vao cudi mbi hoan vi ta duge mot hoan vi dep (aq, 42,43, . .., a,) chatap S = {1,2,3,...,n}
va nguoc lai.
Truong hop 3. Néu a, = 1 ta thdy (ay — 1,40 — 1,,...,a,_1 — 1) 1a mot hoan vi dep cta tap
$1=1{1,23,...,n—1}.
Modi hoan vi dep (by,by,bs,...,b,_1) cta tap S; = {1,2,3,...,n — 1} cho ta mot hoan vi dep
(b1 +1,bp+1,b5+1,...,b,_1+1;1)caatap S = {1,2,3,...,n} va nguoc lai.
Vi c6 F,_1 hoan vi dep (b1, by, b3,...,b,—1) cia tap S = {1,2,3,...,n — 1} nén c6 F,_1 hoan vi

dep (a1,az,a3,...,a,) caatap S = {1,2,3,...,n}.

Suy ra
F, =2F, ;.
Tix gia thiét
(F =1
=2
{ = F, =32"2
=6
\Fn =2F,
Vay Fojg = 3.22014, O

Bdi 14 (Pé nghi DHBBB 2013). Vdi n 1a sb nguyén duong, mot tap con cta tap {1,2,3,...,n}
duoc goi la tét néu sau khi ta sdp xép thit tu ting cac phan t ctia né thi thu dugc cac s6 1€, chan,
1é, ...theo thut tu. Vi du cac tap con tét 1a {1,4,5,6},{3,4,7}, tap @. Tap {2,3,4,7} khong la tap

con t6t do né bat dau bdi sbé chan. Tinh sb6 tap con tot ctia tap {1,2,3,...,n}.
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& Loi gidi.
Goi f, 1as6 tap con tot cua {1,2,3,...,n}.
Ta 1ap hé thic truy hdi ctia f;,.
» Néu tap con tot ctia {1,2,3,...,1n} khong lay n thi f,, = f, 1.

» Néu tap con tét ctia {1,2,3,...,n} lay n thi f, = f, ».

Vay ta co
fn = fn1+ fa—2.
Hon nura
f1=2, =23
Phuong trinh ddc trung

) 1+5

—x—1=0 —
X~ —x S ox 5

1-v5\" 1+5\"
() (1)
Thay 2 gié tri dau ta dugc

Al—\/5+Bl+\/5 A:2<2‘/5_1)
& V5 -5

Suy ra

2 2 =2 i
() () o

2

Suy ra

Soe (1 _2ﬁ>n+5+2¢5 (1 +2\@>” - N\g/ﬁ_l (1 _2\@>”‘1+% <1+2\@)”‘1.

fn_ \/5_5

O

Bai 15 (IMO 2011). Gid st n > 0 1a mot s6 nguyén. Cho mot cdi can dia va n qua can co khoi
luong lan luot 1a 29,21,22, ... ,2"~1 Ta mudn dat 1én cai can mdi mot trong n qua can, lan luot
tiing qua mot, theo cach dé dam bao dia can bén phai khong bao gio ndng hon dia can bén tréi. O
méi bude ta chon mot trong cac qua can chua duge dat 1én rdi dat no 1én dia bén phai, hoic dia
bén trai, cho dén khi tat cd cdc qua can déu dugc dit 1én dia. Hdi c6 bao nhiéu cach dé thyc hién
viéc dat can theo dung muc dich dat ra?

& Loi gidi.

Goi s;, 1a s6 cach dé thuc hién viéc dat can theo dung muc dich dat ra.

Xét cach dat n + 1 qua can co khoi lugng 20,21 22  on
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Do 20+ 28 422 ... 4271 = 2" _ 1 < 2" nén trong moi cach dat can thod man bai toan thi qua
can c6 khéi lugng 2" luén duge dat & dia can bén tréi.

Néu qué can 2" dugc chon cubi ciing chi c6 mot cach dat (vi qua 2" chi dat 1én dia bén trai ) va sb
cach dat n qua can con lai la s,,.

Néu qué can 2" dugc dat 6 budc thiri (i = 1,2,...,7n). Khi d6 c6 n cach chon i va trong truong
hop nay qua can 2" ! ¢6 2 cach dat (dia bén phai hay bén trai déu thoa man), do d6 sb cach dat

1+ 1 qua can trong trudng hgp nay 1a 27 - s,,. VAy ta c6 hé thirc truy hoi
Sp+1 =21 Sy + 5, = 2n + 1)sy,.

Tacosy =1néns, =2n—-1)2n —3)---3-1. ]

Bai 16 (VMO 2009). Cho sb nguyén duong n. Ki hiéu T 1a tap hgp gom 27 s6 nguyén duong dau
tién. Hoi c6 tat ca bao nhiéu tap con S cta T c6 tinh chat trong S khong ton tai cac s6 a,b ma
la—0b|l € {1;n}?

& Loi gidi.

V&i mbi n € IN*, ki hiéu d,, 1a s6 can tim theo yéu cau dé bai.

Xét bang 6 vuong kich thudc 2 x n. Dién vao cac 6 vudng con ctia bang, lan luot tir trai qua phai,

tir trén xudng dudi, cac sb tir 1 dén 2n.

n+1 n—+2 2n—1 2n

Goi 6 tht n cia hang 1 va 6 thi 1 ctia hang 2 1a hai 6 dac biét. Khi d6 hai s6 a,b € T thoa
la — b| € {1;n} khi va chi khi chiing nam & 2 6 ké nhau hodc & 2 6 dic biét. Vi thé d,, chinh bang
s6 cach chon 1 s6 6 ctia bang (ké ca s6 6 dugc chon bang 0) ma & mdi cach khong c6 2 6 ké nhau
hoac 2 6 dac biét dugc chon.
V&i moéi n € N*, ki hiéu

* ky 1a s6 cach chon ma 6 mdi cach khong c6 2 6 ké nhau dugce chon. (%)

* s, 1a 86 cach chon ma trong cac 6 dugc chon & méi cach c6 2 6 dac biét va khong c6 2 6 ké

nhau.

Tacod, =k, — s,.
Tinh k,,.

Dé thay, tat ca cac cach chon 6 thoa man diéu kién (x) bao gom
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* ky,_1 cach chon ma & mdi cach khong c6 6 nao thudc cot 1 ctia bang duge chon.

® 2t, 1 cdch chon ma & mdi cach déu c6 6 thude cot 1 ciia bang duge chon;

trong d6 t, 1a s6 cach chon 6 thoa man diéu kién (x) ctia bang khuyét don 2 x .

Do do
kyn =ky,_1+2t,_1. (1)
Lai c6, tat ca cac cach chon 6 thod man diéu kién (x) tir bang khuyét don 2 x 1 bao gom
e k,_1 cach chon ma & méi cach 6 danh dau “x” khong duoc chon.
e t, 1 cach chon ma & mdi cach 6 danh dau “x” déu duoc chon.

Vithét, = kp_1+t,—1
T do6 va (1) suy ra

kn = knfl + z(kn—Z + tn—Z) = 2kn71 +kn—2. (2)

Béng cach dém truc tiép, ta c6 ky = 3,k = 7. Do d6 ta tim dugc

(1 n \/E)nJrl i (1 B \/E)nJrl

kp = 5 . 3)

Tinh s,
Dé théy s =0,5p =s3=1vavéin >4tacods, = h,_p, trong do6 h, la s6 cach chon 6 thod man

diéu kién (*) tir bang khuyét kép 2 x 7 .

B

Dosy =1,dath; = 1. Béng cach dém truc tiép, taco hy, = 4.
Xétn > 3.

Dé thdy, tat ca cac cach chon 6 thoa man diéu kién () tir bang khuyét kép 2 x n bao gom
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* ky_» cach chon ma & méi cach ca 2 6 A va B déu khong duge chon.
® 2t, 5 cach chon ma & moi cach c6 dung 1 trong 2 6 A, B dugc chon.
® t, 5 cach chon ma & moi cach ca 2 6 A, B cung duoc chon.
Do doé
hy =ky2+2ty 2+ hy2=ky1+hy 2. 4)
Tur (2) va (4) suy ra
2hy —ky = 2hy, o —ky_0,¥Yn > 3.

Vi thé
kn—Z + (_1)7172

> ,Vn > 3.

Sp=hp_p =

Vay di = 3,d, = 6
o 2kn - kn—Z + (_1)”73

,Vn > 3 (k, theo (3)).
[

Bdi 17 (VMO-2002). Cho tap S gdm tat ca sb nguyén trong doan [1;2002]. Goi T la tap hgp gom

tat cd cac tap con khong réng cta S. Voi méi tap X thudc T ki hiéu m(X) 1a trung binh cong cta
2 m(X)
IT]

tat c cac s6 thudc X. Dat m = , & day tong lay theo tat ca cac tap hop X thudc T. Tim m.

& Li gidi.

Véi méi k thudc 1,2, ...,2002 dat my = Y m(X) & day tong lay theo tat ca cac tap hop X thude T
ma |X| = k.

Xét 56 a bat ki thuoc tap S. Dé thay a c6 mat trong C’z‘001 tap X thuéc T ma |X| =k

Suy ra
k-mg=(1+243+ - +2002)Ch, = 10012003 - C5\.
nén
2002 2002 Ck—l 2003 2002 2003 - (22002 _ q
Y m(X) =Y my=1001-2003- ) 21201 == Y Chon = (2 ).
k=1 k=1 k=1

OJ

Vi|T| =222 _1nénm= (Zm(X)) = 2003.

| T| 2
Bai 18 (VMO 1990 - bdng A). Céc em nhé ctia mot 16p ding thanh vong tron choi tro chia keo.
Co gido cho mbi em mdt s6 chan chiée keo. Mot em nao d6 dua nira s6 keo ctia minh cho ban &

ngay bén tay phai minh. Tiép d6 em vira nhan dugc keo cua ban xong cliing lam nhu thé néu sb
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keo ctia minh 1a s6 chan, con néu 1a s6 1é thi nhan dugc moét chiée keo ctia ¢d trude khi dua cho
ban. Cac em ctr dua keo nhu thé theo vong tron. Chiing minh rang sé dan dén truong hop 1a c6
mot em dua mot nira s6 keo ctia minh khéng phai cho ban ma 1a cho cé gido thi khi d6 s6 keo ctia
mdi em déu bang nhau.

& Loi gidi.

Gia st hai hoc sinh A va B ding lién nhau theo thit tu chuyén keo. Xét thoi diém thi n khi A
dang chuyén x,, chiéc keo cho B va git lai a, chiéc keo ma B chua nhan keo.

Luc do gia su s6 keoma AvaB dang gitr 1a a,, b,. Goi M,,, T, theo thu tu la s6 keo 16n nhat va s
keo nho6 nhat ciia moi hoc sinh tai thoi diém thit n khong tinh dén x,,.

Tai thdi diém thit 7 + 1 khi B dang chuyén s6 keo x,,, 1 cho ngudi tiép theo thi s6 keo ctia B theo
by + xy

>
by +x, +1

2
Luc d6 nguoi dung tiep sau B chua nhan keo va so keo ctia moi nguoi trir B ra khong doi so voi

glé thlét lé bn+1 = Xp+1 =

thoi diém thi n (%),
e Néua, = x, # by, ta xétrieng M, 1 va T, 1.

- Xét Mn—|—1 co bn_|_1 < == Ml’l + =.

- 2 2
Do My, va b, 1 déu la sé nguyén thi b, ;1 < M,,. Tir d6 va (x) suy ra M, 11 < M,,.

xn—l—bn—|—1<Mn—|—Mn—i—1 1
2

Vay day (M) 1a day tu nhién khong tang.

a,+1>T,+1.

Xy +b, T,+T,+1 1
> =T, + ~.

2 = 2 ”+2

Vay ta co b1 >

Do T, va b, déulasd nguyén thib,; > T, + 1.

Tir d6 va (x) suy ra hodc T, 11 > T, néu & thoi diém thit n chi c6 duy nhat mét s6 b, = T, hodc
Tyu+1 = Ty, néu c6 it nhat mot hoc sinh khac B c6 s6 keo 1a Tj,.

Vay day (T,) la day tu nhién khong gidm, hon nita khi b, = T, < a,, thi dén thdi diém tha n + 1
c6 b, 1 > T, + 1nén sb T, sé mat di mot 1an, va ci tiép tuc chuyén keo sau htru han lan thisb T,
mat hét, nghia la day (T,) tang thuc su.

Do day (M,) la day tu nhién khong tang con day (T,) la day tu nhién khong giam va c6 lac tang
thuc su nén dén mot thoi diém nao d6 phai c6 My = Ty, Iic d6 s6 keo ctia moi hoc sinh déu nhu

nhau. O
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Bi 19 (Trung qudc 1989). C6 thé nao chia duoc 1989 diém thanh 30 nhém ¢6 ¢& ctia cac nhém
do6 khong bang nhau dé cho s6 cac tap hgp gom 3 diém ma méi diém duge chon tir 3 nhém khéc
nhau 1a 16n nhét.

& Loi gidi.

Giasucaccocua30nhomlaa; < ap < az < --- < ag

Ta sé goi nhom ¢6 ¢d a; van tat 1a nhom k.

Gia st ax < agq — 3.

Khi d6 xét viéc thay a; bdi a; + 1 va ar,q bdi ar,; — 1 ta van con dugc cac nhém c6 cd khong bang
nhau. S6 tit cd cac bo ba ma khong c6 phan tir nao thudc nhém k hodc k + 1 thi khong bi anh
hudng, chi ¢6 cac bo ba cé ding mot phan tir thudc nhoém k hodc k + 1 bi &nh hudng. Nhung sb
cac bo ba c6 ding mot phan tir thudéc nhém k va mot phan tir thudc nhém k + 1 tang Ién, bsi vi
agag 1 < (ag + 1) (ag — D).

Nhu thé khoang trong 16n nhat 1a 2.

Gia st c6 hai khoadng trong do dai 1a 2. Ta gia st aj+1<ajq <ag<ag—1

Bay gio ta c6 thé thay a; va ag;q bdiaj + 1 va g — 1.

Lap luan giéng nhu trude sb cac bo ba ciing tang lén.

Vay c6 nhiéu 1dm 1a hai khoang tréng do dai 2.

Diéu nay chi du cho ta xac dinh cac cd. Gia st cac ¢d tao thanh mot day don gian c6 tat ca cac

khoang tréng bang 1.
0@1+29)

Néu thanh phan dau tién 1a n thi thanh phan sau ctung la 7 + 29 va téng 1a 5

tong nay khong thé bang 1989 vi 1989 khong 1a bdi cda 5.

Do d6 ta gia st cac ¢ tao thanh mot day don gian c6 tit ca cac khoang trong bang 1, ngoai trir
mdt thanh phan bi bé qua, dé c6 mot khodng tréng bang 2.

Néu thanh phan dau tién 1a v va thanh phan bi b6 qua la m thi ta c6

w — m = 1989.
Néu n < 50 thi m < 2015 — 1989 = 26, s6 nay quéa nhé vi ta phai c6 m gitta n va n + 30.
Néu n > 52 thim > 2077 — 1989 = 88, s6 nay qua lén.

Vay n = 51 vam = 57

Suy ra cac co la 51,52,56,58,59, 60, . . ., 81. OJ
Bai 20 (IMO-1967). Trong mot cudc dau thé thao tong s6 huy chuong la m duge phat trong n
ngay thi dau. Trong ngay thi nhat ngudi ta phat mot huy chuong va mot phan bay s6 huy chuong
con lai.Trong ngay thit hai nguoi ta phat hai huy chuong va mot phan bay s6 huy chuong con lai.

Trong cac ngay tiép theo dugc tiép tuc va phat tuong tu nhu thé. Ngay sau cing con lai n huy
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chuong dé phat. Hoi ¢ bao nhiéu huy chuong dugc thudng va da phat trong bao nhiéu ngay?
& Loi gidi.

Gia stt s6 huy chuong con lai khi bat dau ngay thi dau thi r 1a m,. Khi d6 my = m; m, = n va véi
moi k < n ta co

6(mp — k
—( k7 ):mk+l-

Bien doi va rut gon ta c6

7 7 2 7 n—1
m:1+2'g+3'(—> +-~+n<—> :

hay

m = 36 !l —(n+ 1)<g)n +n<g)n+1] =36+ (n— 6)651.

Do 6 va 7 nguyén t6 cing nhau nén 6"~ ! phai chia hét n — 6.
Nhung lai ¢6 6" ! > n —6nénsuyran = 6vam = 36.

Vay ¢6 36 huy chuong va phat trong 6 ngay. O

5.3. Bai tap dé nghi

Bdi 21. Tir cac chir s6 1,2,3 c6 thé 1ap duge bao nhiéu s6 tu nhién c6 s6 lugng chix s6 1a 18, sao
cho méi chi s6 1,2, 3 xuat hién dung 1é lan.
& Loi gidi.
Goi x,, 1a sb cac sb tu nhién duge lap thanh tur cac chu s61,2,3 c6 n chit s6, n 1é va cac chit sb trén
xuat hién 1é 1an. ()
Xét mot s6 bat ki c6 n chir s6 n = 2k + 1.
Truong hop 1. S5 d6 thda man diéu kién (x), c6 3 cach thém hai chit s gidng nhau vao cubi sb
do6, dé duoc mot s6 c6 n + 2 chir s6 théa man diéu kién bai toan.
Truong hop 2. S6 d6 khong thda man (x). Vi n 1é nén trong trudng hgp nay c6 dung 2 chi s6 xuat
hién chén lan (goi 1a a, b) va 1 chir s6 xuat hién 1é lan.
Nén trong trudng hgp nay c6 diing hai cach thém hai chir s6 d6 (ab hoéc ba) vao cudi dé duge mot
s6 c6 1 + 2 chir s6 thoa man diéu kién bai toan.
Vay co

Xpao = 3x, +23" —xy) = x, +2- 3"
Tir d6 tim dugce

3371 —1)

Xn = 4
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Bdi 22. Chotaphop S = {1,2,3,...,n}. Tim s6 cach chia tap S thanh 3 tap con khéac réng sao cho
méi tap con khong chita hai s6 nguyén lién tiép.

& Loi gidi.

Ki hiéu S(n) 1a sb cach chia tap S thanh 3 tap con khong chita khac réng ma bat ki tdp con nao
cting khong chita 2 phan t lién tiép nhau Ta sé tim cach tinh S(n + 1) theo S(n).

Gia st ta da chia dugc 3 tap con va téng s6 phan ti ctia chung 1a 7. B6 sung thém phan tir 1 + 1.

Sé c6 2 kha nang xay ra:

* Kha ning 1: n + 1 khong tao thanh 1 tap con mdi (tic tap chita n + 1 ¢6 it nhat 1 phan tu
khac). Khi d6, o rang ta c6 2 cach bd sung 1 + 1 (vao 1 trong 2 tap khong chia n).
Vay s0 cach xay dung tap con trong trudng hop nay la 25(n).

* Khé ning 2: 7 + 1 tao thanh 1 tdp con méi. Khi d6, n s6 tir 1 dén n phai nam trong 2 tap hop
con lai. C6 thé thay ngay chi c6 1 cach chia thda man (1 tap chira cac s6 chan va tap con lai
chita cac s 18).

Do d6, s cach trong trudng hop nay 1a 1 cach.
Vay ta thu duoc cong thire truy hoi
S(n+1) =25(mn)+ 1.
Mat khéc, kiém tra truc tiép ta c6 S(3) = 1, nén

Sm+1)=25(n)+1< Sn+1)+1=2(5n)+1)
&Sm+1)+1=2""1

Nhu vay, s6 cach chia tap hop thda man dé bai la
S(n) =2""2-1, S(1) = S(2) = 0.

O

Bdi 23. Cho s6 nguyén duong n. C6 bao nhiéu s6 ty nhién chia hét cho 3, ¢6 n chit s6 va cac chit
s6 déu thuoc {3,4,5,6}?

B Loi gidi.

Goi xy, 12 86 cac s6 6 n chit s6 1ap tir {3,4,5,6} va chia hét cho 3.

Goi y,, 1a s6 cac s6 ¢6 n chit s6 1ap tir {3,4, 5,6} va khong chia hét cho 3.

Xét mot s6 c6 n chit s6 thoa man bai toan 1a x = aya; ... ay,.

Truong hop 1. Néu aja; . .. a,_1:3 thi xi3 < a,,:3, do d6 ¢6 2 cach chon ay,.
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Nhu vay truong hgp nay c6 2 x,,_1 cach chon x.
Truong hop 2. Néu a14; ...4,, 1 khong chia hét cho 3. Khi d6 ta chi chon dugce 1 s6 a, thuoc
{3,4,5,6} dé x = ayay ... a,'3.
Nhu vay truong hgp nay c6 v, cach chon x.
Nhu véy ta ¢

Xp = 2Xp—1+ Yn—1.
Tuong tu ta thu duoc

Yn = 2Xp—1 + 3Yn-1.
Bién déi ta thu duogc

Xp41 — Oxp +4x,-1 =0.

Giai phuong trinh sai phan nay véi chi y rang x; = 2; xp = 6 ta tim dugc

x_4”+2
"3

O

Bdi 24. Cho tap S = {1;2;...;n} v6i n 1a s6 nguyén 16n hon 2. Tim s6 tap con cta tap S sao cho
trong mbi tap con déu c6 it nhat hai phan ti 1a hai s6 nguyén lién tiép.
& Loi gidi.
Goi Sy, 1a tap hop céc tap con khac @ ctia tap {1;2;...;n} ma trong mbi tdp con khong c6 hai phan
tir nao 1a hai s6 nguyén lién tiép.
Chia cac phan tt ctia S;, thanh hai nhém:

¢ Nhém khong chita phan ti n: SO cac tap con nhu vay 1a |S,,_1];

e Nhoém chita phan ti n: {n} hodc {ay;az;...;a;n}(1 <k <n—1).

Roranga; #n—1(=1,2,...,k) nén sb cac tap con nhu vay 1a |S,_,| + 1.
Do vay

Véichay |Sy| =2,|S3| =4,taco

1Su] = |Su_1] + |Su—a| + 1.
1
|Sn| = =

1+\/5n+2 1_\/511—&-21
A7) (57) ]

Mat khéc, s6 tap con khac @ cua tap {1;2;...;n} 142" — 1.

€ +2¢5)”” - —f)””] |
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O
Bai 25. Cho sb nguyén n > 2. Hay tim sb cac hoan vi (ay,ay, . ..,a,) cta (1,2,...,n) sao cho ton
tai duy nhat mot chisdi € {1,2,...,n — 1} thoA man a; > a; 1.
& Loi gidi.
Goi S, 1a s6 cac hoan vi thoa man diéu kién bai toan.
* 4, = n = s6 cac hoan vi c6 dang (a1,4s,...,a,_1,n)1a S, _1.
® 4, 1 =n = s6cachoan vi c6 dang (a1, a2, ...,a,-2,1,a,) la CZ:%.

e g, =n = s6cachoan vi (aj,ay,...,a,) thod man la Cln’_l1 voiVi=1;,n—1.

Do vay ta co
n—1
Su=Sp1+ 3y Cl=5_14+2"1-1
i=1
Laico S =1nén S, =2" —n — 1. (]

Bdi 26. Cho s6 nguyén n > 1. Tim sb cac bo s6 nguyén (aq,4as, . ..,a,) thod man |a;] < 1 voi
Vi=1,2,...,nvala;—aj1| <1véivi=1,2,...,n—1.

& Loi gidi.

Trong tdp S, cac bd s6 nguyén thoa man bai toan, goi A, B,, Cy lan luot 1a tap hop cac bd c6 a,

bang —1, 0, 1 tuong tng.

Ta co

|Sul = [An] + [Bu| +[Cal .
Mt khac, dé thiy tir m6i bd thudc A, hodc By, ta c6 thé bd sung 4,1 = —1 dé duge mot bo thudce
Apy1 nén

|Ant1| = [An| + |Bal.
Tuong tu ta c6 |Cpy41| = |Cu| + |Bn| va |Byy1| = |An| + |Bn| + |Cu| = |Sn]-
Tu do ta co
Sut1l = [Auta| + |Busa| + [Cuga| = (|An| + [Bu| + [Cul) + [Buy1| + [Bn|
=21Su| + |Sn-1] -

Két hop voéi |Sy| = 7,|S3| = 17 ta tinh dugce

(1 n \/§>n+1 n <1 B \/i>n+1

ISn| - 2
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Bdi 27. Cho s6 nguyén duong 1. C6 bao nhiéu s6 ty nhién c6 n chit s6, trong mdi s6 cac chit sd
déu 16n hon 1 va khong c6 hai chi s6 khac nhau cting nhé hon 7 ditng canh nhau?
& Loi gidi.
Ki hiéu X,, 1a tap tit ca cac sb ty nhién c6 n chit s6 thod man dé bai, Ay, B, 1a cac tap con cta X,
theo thit ty gom cac s6 c6 tin cing nhé hon 7; cac s6 ¢6 tan cting 16n hon 6.
Ta co

Xp=A,UBy,, AnNB, =0 = |X,| = |Aun| + |Bx|.
Lay mot phan tir ctia X,,; 1 bo di chit s6 tan cung ta dugc mot phan tir cta X,
Néu chit s6 tin cting nhé hon 7 (thudc A,,) thi chi c6 1 cach thém vao chit s6 cubi dé duge 1 phan
tlr ctia A, 1 va c6 ding 3 cach thém vao chit s6 cudi dé duoc 1 phan ti ctia By, 1.
Néu chtr s6 tan cting 16n hon 6 (thudc By) thi c¢6 5 cach thém vao chit s6 cudi dé duge 1 phan ti
ctia A, 41 va c6 ding 3 cach thém vao chit s6 cudi dé dugce 1 phan tit ctia By, 1.

Tix cac lap ludn trén ta c6
[Ant1| = |An| +5[Bul

(1)
Bus1| =3 |Au| + 3By
Tir (1) suy ra
|Ans1] + [But1| =4[An| + 8By
— 4(|Au] + |Bal) + 4|Ba
— 4| A| + |Bal) + 12| Ap1| + [Baor ) (n 2 2).
Kihiéu x, = | X,|, ta coé x,42 = x41 + 12x,,n € N*.
T do ta co
Xnt2 — 6Xp11 = —2 (X1 — 6Xp) N Xp42 — 6Xp 41 = (=2)"(x2 — 6x7)
Xp42 + 2%, 11 = 6 (Xpy1 + 2%y) Xny2 +2x501 = (6)"(x2 + 2x7).
Suy ra
Xpt1 = % [(xz +2x1) - 6" — (xp — 6x7) - (—z)n} .
Dé thay x; = 8, ta tim xo. Xétu € Xp = u = ab; a, b € {2,3,4,5,6,7,8,9}.
e Néua € {2,3,4,5,6} thi c6 4 cach chon b.
e Néua € {7,8,9} thi c6 8 cach chon b.
Vay xp =5-4+ 3-8 =44. Do do
Xp = %[15 6" (=2 .
U]
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Bdi 28. Kihiéu f(n)1a sé hoan vi (a1, ay, . .., a,) ctia (1,2, . .., n) thoa man dong thoi cac diéu kién:
a) ap = 1.
b) |a;—a;1| <2,Vi=1,2,...,n—1.
Thiét 1ap hé thuc truy hoi caa f(n).
& Loi gidi.
Taxétvéin >5.Doay =1val|a; —ap| <2nénap; =2hoaca, = 3.
e Néua, =2thi(ay,as,...,a,)1ahoan vicaa (2,3, ...,n) thod man:
+ ap = 2.
+ |aj—ajq| <2,Vi=23,--- ,n—1

S6 cac hoan vi nhu vay chinh 1a f(n — 1).

e Néua, =3thiaz € {2,4,5}.
Gidsacoay =23 < k < n)thido |ag_1 —ax| <2, |ax—agq] < 2vaag_q,a;khacl, 2,3
nén Ap—1 = Qg1 — 4 = voli.

Vay a3 = 2 hoac a, = 2.
Néu a3 = 2 thiay = 4,do d6 (ay, as, . .., a,) la hoan vi ctia (4,5, . . ., n) thod man:
+ a4 = 4.
+ |a;—ajq| <2,Vi=4,5,...,n—1

S cac hoan vi nhu vay chinh la f(n — 3).

Néu a, = 2 thia, 1 = 4nénaz = 5, két hop vdi gia thiét suy ra
ay_p=6a,=7,a,_3=28,...

Ctt nhu thé chi c6 moét hoan vi thoa man.
Dé dang tinh duoc
f2)=1,f3)=2,f4) =4

Toém lai, ta c6 hé thuc truy hoi

f@)=1,fB) =2, f(4) =4
f(n)=f(n—-1)+ f(n —3),Vn > 5.
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Badi 29. Xép 10 hoc sinh ngdi quanh mot ban tron. Ngan hang dé c6 tat ca 5 loai dé thi. Hdi c6 bao
nhiéu cach phét dé cho hoc sinh sao cho khéng c6 2 hoc sinh nao ngéi canh nhau c6 cting dé thi?
& Loi gidi.

Goi S, 1a s6 cach phat dé cho hoc sinh sao cho khong c6 2 hoc sinh nao ngéi canh nhau c6 cung
dé thi.

C6 dinh mot hoc sinh 1am vi tri dau tién va cac hoc sinh bén tay phai ctia hoc sinh d6 1a vi tri thi
2, thtt 3,.. ., thit n (hoc sinh & vi tri thit 7 ngdi canh hoc sinh & vi tri thit nhét).

Ta théy:

e Néu hoc sinh & vi tri thit nhat va hoc sinh & vi tri thit n — 1 ¢6 dé thi khdc nhau thi sé c6 3

cach phét dé cho hoc sinh & vi tri thit n.

* Néu hoc sinh & vi tri thit nhat va hoc sinh & vi tri thit n — 1 c6 dé thi giéng nhau thi c6 4 cach

phét dé cho hoc sinh & vi tri thi n.

Do do ta c¢6 hé thuc
Sy =35,-1+4 (n>4).

St dung phuong phép sai phan dé tinh S,,. Xét phuong trinh dac trung

x2—3x—4=0

= S, =a(—1)" +b-4"

DoS,=5-4=20,55=5-4-3=60.Tacod
a-+16b =20 a=4
<~
—a+64b =60 b=1.

Sy =4(—1)"+4" & Sy = 44419,

A

Vay

O
Bai 30. Con quabong by, by, ..., by va2n hop hy, ha, ..., hy,. Biét rang qua bong b;(i = 1,2,...,n)
chi bo dugc vao cac hop hy, hy, . .., hyi. Hoi ¢6 bao nhiéu cach bo k (1 < k < n) qua bong vao cac
hop, biét rang méi hop chira nhiéu nhat mot qua béng? (Hai cach bd béng duge goi 1a khac nhau

khi c6 it nhat mot qua béng duge bd vao hai hop khéac nhau trong hai cach do).
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& Loi gidi.

Dit S,  1a s0 cach bd k qua béng vao cac hop. Gid st 2 < k < n.

Néu mot trong k qua béng duge chon 1a by, thi k — 1 qua bong con lai c6 thé bd vao cac hop bang
Sp—1k—1 cach. Déng thoi, b, c6 2n — (k — 1) = 2n — k + 1 cach chon mot hop trong cac hop con lai
dé bo.

Do d6 s6 cach bo bong trong truong hop nay la 2n —k+1) - S, 141

Truong hop qua bong b, khong duoc chon, luu y rang k < n — 1. Moi qua béng trong cac qua

bong by, by, . .., b, 1 déu c6 thé bd vao cac hop bang S,,_1 x cach, suy ra
Sn,k = Sn—l,k +@2n —k+ 1)Sn—1,k—l (n>3,2<k<n).
Nhan thay
Snpn=(M+1DSp—1n-1; Sy =n(n+1); 511 =2.
Tir d6 bang quy nap ta ching minh dugc

_ (n+DkCh)’

Suk n—k+1

O

Bai 31. Xét da gidc déu n dinh véi tam O. Nguoi ta td mau cac mién tam gidc OA; A1 (1 < i < n)
(An41 = A1) bang k (k > 3) mau sao cho hai mién ké nhau dugc t6 bdi hai mau khac nhau. Hoi c6
bao nhiéu cach t6 mau nhu vay?

& Loi gidi.

Goi S(n, k) 1a sb6 cach t& mau thoa man bai toan.

Ta c6 k cach t6 mau mién OA1 Ay, k — 1 cach t6 mau mién OA,As, ..., k — 1 cach t6 mau mién
OALA;.

Do d6 c6 tat ca k(k — 1)"~! cach t6. Tuy nhién, ta phai trir di cac cach t6 sai, chang han khi cac
mién OA,A; va OA{A, cung mau, khi d6 ta coi OA, A, nhu mét mién tam giac (b6 qua dinh A

), s6 cach to nhu vay la S(n — 1, k). Do do6 ta c6 hé thuc

S(n,k) = k(k —1)" ' = S(n —1,k)
= k(k — 1)1 = [k(k — 1)" 2 — S(n — 2,k)]

=k(k—1)""'—k(k—1)" 2+ + (=" *k(k — 1)> — S(3, k)]

Suy ra S(n, k) = (k — 1)" + (—=1)"(k — 1). 0
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Bdi 32. C6 n ngudi ngodi thanh mot hang ngang vao n chiéc ghé. Hoi ¢6 bao nhiéu cach lap hang
mdi cho n ngudi d6 ma trong moi cach 1ap hang mdi moi ngudi hodc gitt nguyén vi tri ctia minh,
hodc d6i chd cho ngui lién bén trai, hodc d6i chd cho ngudi lién bén phai.

& Loi gidi.

DPénh sb thi tu vi tri cac ghé tu trdiquaphdilal,2,3,...,n

Goi Sy, 1a 56 cach 1ap hang méi cho 7 ngudi thda man dé bai.

Dé thay S; = 1,5, = 2.

Véin > 3 Xét mot cach 1ap hang maéi thda man diéu kién. C6 hai loai hang dugc lap
e Loai 1: Nguoi & vi tri s6 1 gitr nguyén vi tri. Ro rang sO hang dugc lap loai nay 1a S, cach.

* Loai 2: Nguoi 6 vi tri s6 1 d6i chd, khi d6 ngudi & vi tri s6 1 chi c6 thé xép vao vi tri s6 2 va

ngudi ¢ vi tri 2 phai chuyén sang vi tri 1. S6 hang loai nay 1a S, ».

Tedotaco S, =S5,,_1+S,,_o,n> 3.
Vay §51 =1,50=2,5,42 = Sy41 + Sp,n € IN*. ]

Bdi 33. Trong thanh phd A c6 n c6 gai va n chang trai va cac c6 gai déu quen biét cac chang trai.
Trong thanh ph6 Bconcodgaigr, g, --.,8n va2n —1 chang trai by, by, ..., by,—1. Cac cd gdi g; chi
quen céc chanh trai by, by, . . ., by;_1 va khong quen biét cac chang trai khac.

Ki hiéu A(r), B(r) 1an luot 1a s6 cac cach thitc khac nhau dé r co gai tir thanh phd A va thanh phé
B c6 thé khiéu vii véi r chang trai tir chinh thanh phé ctia ho tao thanh 7 cip, mdi cd gai voi mot
chang trai ma c6 dy quen biét.

Chung minh rﬁng A(r) = B(r).

& Loi gidi.

Ta ki hiéu A(r) va B(r) boi A(n,r) va B(n,r)

Ta c6 thé chon r ¢6 gai trong 1 cd géi ctia thanh phd A bang Cl, cach.

Ta c6 thé chon r chang trai trong 1 chang trai ctia thanh phé A bang C, cach.

Vi méi cd gai trong A déu quen vdi cac chang trai nén bat ki nhém nao gdm r cd gai dugc chon ra

déu c6 thé xép cdp véi r chang trai nén ta cé

n!
Amn,r)y=C,-C;,-r! :Cz'(n—r)!'

Chon > 3va2 < r < 3.Xét moi cach chon r cdp ban khiéu vi trong B sao cho moi ¢d géi déu
quen biét ban nhay ctia minh. C6 hai truong hgp dé chon lya
e Néu mot trong cac cd gai dang khiéu vii 1a g, thi r — 1 ¢6 géi kia c6 thé chon ban nhay bang

B(n — 1,7 — 1) cach. Khi d6 g, c6 thé chon bat ki nguoi nao trong (2n — 1) — (r — 1) chang
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trai bdi vi co géi y quen biét tat ca 2n — 1 chang trai. Do vay tong s6 cach chon trong truong

hgpnayla (2n —r)-B(n —1,r —1).

* Gia str khong c6 cd géi g, nao ca. D€ y rang diéu nay khong xdy ranéun =rnénr < n — 1.
Bay gio moi co gai trong cac cd g1, 82, - - -, §n—1 déu c6 thé chon ban nhay ma cdc c6 quen biét

bang B(n — 1,r) cach.
Tir do ta co d:fmg thurc sau véi moin > 3
B(n,t) =B(n—1,r)+@2n—r)-B(n—1,r —1)

voir=2,...,n—1vaBn,n)=n-Bn—1,r—1).

Ta ciing thay rang A(n, k) cling théa man hé thic truy hoi tuong tu.

Vi A(n,1) = B(n,1) = n? v&i moi n va A(2,2) = B(2,2) = 2nén A(n,r) = B(n,r) véimoin > 1va
r=1,2,...,n.

Do do A(r) = B(r). ]

Bdi 34. Cho mdt bang hinh vudng gdm 1 x n 6 vuong. Hoi ¢ bao nhiéu cach t6 hai mau xanh
hodc dé vao cac 6 vudng trong bang sao cho médi hinh vudng 2 x 2 c6 s6 6 dugc t6 bdi hai mau
bang nhau. (Hai cach t6 dugc goi 1a khac nhau néu c6 mot 6 vudng nao dé ma trong cach nay thi
dugc t6 mau do con cach kia thi dugce t6 mau xanh).

& Loi gidi.

Goi S,, 1a s6 cach to trong bang n x n, Vn > 1.

Xét tap T, gdbm cac 6 vudng nam trong cot n (tinh tir trai sang) va hang 7 (tinh tir trén xudng).

Ta goi Ay la sO cac cach to sao cho hai 6 ké nhau trong T}, c6 cung mau va By, la sO cac cach to sao
cho céc 6 trong T, c6 mau xen ke.

Nhaén xét 1. M6i cach td thudc B, sé tng v6i mot cach to thudc B,,_1, con moi cach td thude A,
sé ung voi mot cach to6 thudc A,_; va mot cach to6 thudc B,,_1. ( biéu nay suy ra khi xét bang 6
vuong (n — 1) x (n — 1) c6 dugc ti bang n x n sau khi bo T, ).

Nhén xét 2. Mo6i cach t thudc Ty, sé ting vdi mot cach to thudce T, 1, Mdi cach t6 thudc T, 1 sé
ung véi moét cach to thudc Ty, —»,. ..

Tu doé ta co

|Bu| = |Bn—1l, |An| = |An=1| + |Bn-1|,Vn > 2.
Sn = |An| + |Bn| = [Ay_1] 4 |By—1] 4 |Bu|, V1 > 2
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Suy ra

Sn = 2(|An—1| + [Bn-1]) = (|An—2| + [Bp—2|),Vn > 3

=25,.1—5y-2,Vn > 3.

Nhan xét 3. S, = 6 va S3 = 14.

(1)

D | X X | D X

X | Db D | X b
X DX bD|X|D X | D X
X DX X|D|X D | X X
b|X|b X|b|X X | Db X
b| X |D X DX D | X b
b| X |D b|X|D X |D b
X b|X b|X|Db D | X b

Tix (1) ta suy ra

Sn—S1-1=8,1—S,2=---=5—-5 =38

&Sy =8+ 5,1

&S, =Sy + (n—2)8 = 8n — 10.
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Vay
Sn - 8” - 10.
O
Bai 35. Mot con xe duoc dat trén ban cd kich thude 3 x n, véin € IN*. Con xe di tir vi tri (1,1) dén
vi tri (3, 1) bang mot duong di khong tu cat. Hoi c6 bao nhiéu dudng di nhu thé trén ban c&?
& Loi gidi.

Goi s6 dudng di 1a r,. C6 6 cach di nhu cac hinh vé sau

—

1) Puong di qua caco6(1,1), (2,1), (3,1). Co 1 duong di loai nay.

2) Puong di khong qua 6 (2,1). Mbi duong di loai nay bat dau la (1,1) — (1,2) va két thic la
(3,2) — (3,1). C6 r,,—1 duong di loai nay.

3) Puong di bat daula (1,1) — (2,1) — (2,2) va khong trd lai hang 1. Mbi duong di nhu vay dén
hang 3 tir 6 (2, k), v6i 2 < k < n va di doc theo hang 3 dén 6 (3,1). C6 n — 1 duong di loai nay.

4) Puong dibatdaula (1,1) — 2,1) = -+ — (2,k) — (1,k) — (1,k + 1), két thicla 3,k + 1) —
Gk)y—---—=@G1),v6i2<k<n—-1.Cbéry_o+r,_3+ -+ r; duong di loai nay.

5) Puong di bat dau la (1,1) — (1,2) va két thic1a (2,1) — (3,1). C6 n — 1 duong di loai nay.

6) buong dila (1,1) =+ (1,2) — --- = (Lk) = (L,k+1) = 2,k+1) = B k+1) = 3,k) —
2,k)—-—=2,1) —=@3,1).Céry_3+1ry_2+ -+ r; duong di loai nay.

Vay
'n = 1+7’n71 +2(n - 1)+2(rn—2+rn—3+ T —|—1”1) =2n-—1 + 11 +2(rn—2+rn—3+ o +rl)-

Suy ra
Tpe1 =2n+14+1r,+2(rp—1+1rp—2+ - +r1).
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Do do

Tnil —tn =2+t +1 1S Ty1 =24+2r,+ 141

Srp1+1=20r,+1)+r,1+ 1
Dé théy r1 = 1, rp = 4. St dung phuong trinh ddc trung tim duoc
1 n+1 n+1
m= o [(1+ﬁ) ~(1-v2) } 1.
O]

Bdi 36. Cho A = 1,2,...,2n. Mot tip con ctia A dugc goi la tot néu né c6 ding hai phan t x,y
va |x —y| € {1,n}. Tim s6 cac tdp hop Ay, A, ..., A, thod man diéu kién A; 1a tap con tot véi moi
i=12,...,nvaAiUAU...UA, =A.

& Loi gidi.

Tir gia thiét, ta sé viét lai bai toan nhu sau “Cho 1 hinh chit nhat kich thudc 2 x n dugce chia thanh
cac 6 vuong don vi. Danh sb cac 6 tur trai quaphdilal,2,...,n(hangl) van+1,n+2,...,2n
(hang 2). Lat ching bang cac quan d6-mi-nd 1 x 2 sao cho ching phti kin hinh chit nhat va khéng
c6 2 quan nao de lén nhau. Ngoai ra, vdi n 1é, ta dugc bo sung thém 1 quan d6-mi-n6 “dic biét”
c6 thé phua kin 2 6 7 va nn + 1. Dém sb cach 1at théa man dé bai.

Véi bai toan nay, xét S, la sO cach 14t thda man dé bai véi hinh chir nhat kich thudc 2 x n. Ta sé
tim cach xay dung cong thirc truy hoi cho Sy,.

Gia st ta da 14t duge hinh chir nhat 2 x (n + 1) bang cac quan do-mi-no6. Xét quan d6-mi-ndé pha

lén 6 vudng n. C6 3 kha nang xay ra

1) Quéan do-mi-n6 d6 phtilén 2 6 (1;2n). RS rang phan con lai 1a 1 hinh chit nhat kich thudc 2 x 7,

va s0 cach 14t trong tinh hudéng nay 1a S,,.

2) Quan d6-mi-n6 d6 phu lén 2 6 (n, n + 1). Nhu vay, budc phai ¢6 1 quan d6-mi-né phu lén 2 6
(2n — 1,2n) va khi d6, phan con lai 1a 1 hinh chi nhat kich thude 2 x (n — 1). Tic s6 cach lat

trong tinh huéng nayla S, ;.

3) Quan do-mi-nd d6 phti1én 2 6 (n,n + 1) (v6i n 18). Khi d6, phan con lai chi c6 thé 14t duge bang
cdc quan do6-mi-n6 ndm ngang (néu c6 1 quan d6-mi-nd nao nam doc thi né sé chia hinh chir
nhat thanh 2 phan, mdi phan c6 1 s6 1é 6 chua dugce 1at (do quan do-mi-nd “dac biét” gay ra)).

Tic trong truong hop nay chi ¢6 1 cach 14t duy nhat.
Nhu vy ta xdy dung dugc cong thic truy hoi nhu sau
Sok = Sok—1+ Sk — 1,
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(Iuu y rang khi # chan thi khong c6 quan d6-mi-nd “dac biét” nén phai bot di 1 cach ctia Syr_1)

Sok+1 = Sok + Sok—1-

(lap luan tuong tu véi quan do-mi-nd “dac biét”).
Va béng quy nap ta sé thu duoc Sy = Fok, Soxr1 = Foxy1 + 1, trong do Fi la s Fibonacci thit k ctia

day Fibonacci dugc xac dinh bdi cong thirc
Fp=F =1,F 4> =F,41 + F.

Cudi ciing ta dugc cong thic téng quat
S_i_1+ﬁ”_1—ﬁ”+}44w
"5 2 2 2

Bai 37 (THTT 5/2010). T cacsd 1, 2, 3, 4, 5 c6 thé lap dugc bao nhiéu s6 tu nhién cé n chit s6

O

sao cho trong moi s6 d6 déu chita mot s6 1é cac chit s6 1 va mot s6 chan cac chit s6 2 (1 1a mot sd
nguyén duong cho trudc)?

& Loi gidi.

Vé6i méi s6 nguyén duong 1, ki hiéu M, 1a tap tat cd cac sb tu nhién c6 n chir s6 duoc 1ap tir cac
s61,2,3,4,5.

Ki hiéu A,; By; Cu; Dy la tap cac s6 tu nhién ¢6 n chir s6 dugc lap tu cac s61, 2,3, 4, 5 theo ti
tu chira mot s6 18 cac chit s6 1 va chan cac chit s6 2, chirta mot sb 1é cac chit s6 1 va 1é cac chir s6 2,
chita mét s6 chan cac chit s6 1 va chin cac chit s6 2, chita moét s6 chan cac chit s6 1 va 1é cac chir
s 2.

Dé thdy Ay; By; Cy; Dy d6i mot roi nhau va

1 5"

Lay mot phan tir cia M, 1, bd di phan tr cudi ta duge mot phan tir cia M, ngugce lai ldy mot

phan tit x ctia M.
e Néu x € A, thicé 3 cach thém vao chit s6 cudi dé tao ra mot phan tir ca.
* Néu x € By, thi c6 1 cach thém vao chit s6 cudi dé tao ra mot phan tir ctia A, 1.
* Néu x € C, thic6 1 cach thém vao chit s6 cudi dé tao ra mot phan tir ctia A, 1.
e Néu x € D, thi khong c6 cach thém nao vao chi s6 cubi dé tao ra mot phan tir ctia A,y 1.
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Vay
|Anga| = 3[An| 4 |Bu| + |Cu| = |Au| + (|An| 4 |Bu| + |Cu| + [Dn]) = [An| 45"
Tu
) 5n+1_1
(A1l = L] Apa] = [An[ +5" = [Apia] = |A] +54+574 - +5" = ——
5" —1
= |An| — 4 .
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6. Dém bang anhxa

6.1. Kién thitc co ban

Pinh nghia 6.1. Anh xa

Mot anh xa f tir tap X dén tap Y 1a mot quy tac dat tuong ing méi phan tir x ctia X véi mot
(va chi mét) phan tir ctia Y. Phan i nay dugc goi la anh ctia x qua dnh xa f va duoc ki hiéu

la f(x).
i) Tap X duogc goi la tap xac dinh cua f. Tap hop Y dugc goi la tap gia tri cua f.
ii) Anhxa f tir X dén Y dugc ki hiéu la
f:X=Y
x =y = f(x)
iii) Khi X va Y la cac tap sb thuc, anh xa f duoc goi la mot ham sb xac dinh trén X.

iv) Choa € X,y € Y. Néu f(a) = y thi ta néi y 1a &nh ctia a va a 1a nghich anh ctia y qua anh xa

f.

v) Taphop Y = {y € Y | 3x € X,y = f(x)} goi la tap anh ctia f. N6i cach khac, tap anh f(X) la

tap hop tt ca cac phan tit ctia Y ma c6 nghich anh.

Dinh nghia 6.2. Don anh
Anh xa f: X — Y duogc goila don anhnéu véia € X,b € X maa # b thi f(a) # f(b), tucla
hai phan tir phan biét sé c6 hai anh phan biét.
Tir dinh nghia ta suy ra anh xa f la don anh khi va chikhivéia € X,b € X ma f(a) = f(b), ta phai

c6a=>b.
Dinh nghia 6.3. Toan anh

Anhxa f : X — Y dugc goi la toan anh néu véi mbi phan tir y € Y déu ton tai mot phan tir

x € X sao cho y = f(x). Nhu vy f la toan anh néu va chi néu Y = f(X).

Pinh nghia 6.4. Song anh

Anh xa f : X = Y duoc goi la song anh néu né vira la don anh vira 1a toan anh. Nhu vay
anh xa f : X — Y la song anh néu va chi néu v6i méi y € Y, ton tai va duy nhat mét phan

tdx € Xdéy = f(x).
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Dinh nghia 6.5. Anh xa ngugc cua mot song anh

Anh xa nguoc cta f, duge ki hiéu bdi f1, 1a 4nh xa tir Y dén X gan cho méi phan try € Y

phan tir duy nhat x € X sao cho y = f(x). Nhu vay

ffl=ye f=y

Néu f khong phai la song anh thi ta khong thé dinh nghia duge anh xa ngugce caa f. Do d6

chi né6i dén anh xa ngugc khi f la song anh.

Pinh nghia 6.6. Anh xa hop

Néug: A — Bvaf:B— Cvag(A) C Bthianhxahgp fog: A — C duge xac dinh boi

(f o 8)(a) = f(g(a)).

Kihiéu p" = popo...op.
n

6.2. Phuong phap anh xa

Nguyén ly anh xa. Cho A va B la céc tdp httu han khac rong va f : A — B la mét anh xa. Khi d6,
a) Néu f 1a don anh thi |A| < |B].
b) Néu f 1a toan anh thi |A| > |B]
c) Néu f la song anh thi |A| = |B].

Phuong phap anh xa dua vao y tudng rat don gian:

* Néu ton tai mot song anh tir tap hiru han A vao tap hiru han B thi |A| = |B|. Do d6, mudn
chiing minh hai tdp hop c6 ciing s6 phan tt, chi can xdy dung mdt song anh gitta chung.
Hon nita, ta ¢ thé dém dugc s6 phan tir cia mot tap hgp A bang cach xay dung song anh

tir A vao mot tap hgp B ma ta da biét cich dém hodc dé dém hon.

* Néu ton tai mot don anh (tuong ting toan anh) tir A vao B thi |A| < |B| (twong tng |A| >
|B|). Do d6, don anh va toan anh chu yéu duoc sit dung dé chitng minh cac bai toan lién
quan dén bat dang thiic t6 hgp. Chuyén bai toan can chitng minh vé viéc so sanh s phan t
cta hai tap hop, trong dé c6 mét tap hop da biét cich dém hodc dé dém.

Tuong tu nguyeén ly Dirichlet, vé mat y tudng thi hét stiic don gian tuy nhién thuyc té thi khong

phai don gian nhu thé. Dé sit dung phuong phéap nay ta can xac dinh dugc mot song anh gitra tap
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can dém va mot tap da biét cich dém viéc lam nay khong phai ltic nao cling thuc hién dé dang.

Sau day la mot s6 bai tap 4p dung phuong phép trén.

(¢ Dinh li 1 (Bai toan chia keo cta Euler).

Cho k, n 1a cac s6 nguyén duong. S6 nghiém nguyén khong am ctia phuong trinh
X1+Xo+...+x,=n

5 k-1
la Cn—l—k—l‘

. J

& Loi gidi.

Ta cho tuong ing mo6i nghiém nguyén khong am ctia phuong trinh
X1+X2+...+x,=n

v6i mot xau nhi phan do6 dai n + k — 1 trong d6 c6 1 bit 1 va k — 1 bit 0, cu thé xau gdm x; bit 1, sau
dolalbito, tiép theo 14 x, bit 1, sau d6 1a 1 bit 0, ctt nhu thé, cudi cung la x; bit 1. Dé dang ching
minh dugc day la mot song anh tir tap A cac nghiém nguyén khong am ctia phuong trinh da cho
vao tap hgp B cac xau nhi phan d6 dai n +k — 1 v6i n bit 1 va k — 1 bit 0. Tir do6, theo nguyén ly
song anh ta ¢6 |A| = |B| = Cﬁ;}cfl (dpcm). O
Bdi 1. Cho céc sb tu nhién k, . Hay xac dinh sbcacanhxa f : {1,2,...,n} — IN théa man

Y fG) =k
i=1

& Loi gidi.

Day chinh la bai todn chia keo Euler. Dap s6: C5 1 . O
Bdi 2. Méi hoan vi (x1,x,...,%,) cia 1,2,...,2n goi la c6 tinh chat P néu |x; — x;,1| = n véi it
nhat mot gid tri i € {1,2,...,2n}. Ching minh rang vi méi s6 1, s6 hoan vi c6 tinh chat P 16n
hon s6 hoan vi khong c6 tinh chat P.

& Loi gidi.

Tachial,2,...,2nthanhncap (1,n+1),(1,n +2),...,(n,2n). Bay gio ta thiét lap mot anh xa f tu
tap cac hoan vi khong c6 tinh chét P vao tap cac hoan vi c6 tinh chat P. Gia st (xq, xp, . .., x2,) la
mot hoan vi bat ki khong cé tinh chat P va gid st x; 1a s6 ciing cdp vdi xo,, k < 2n — 2, khi d6 4nh

xa f xac dinh nhu sau
(X1, X2, .., Xou) = (X1, X2, -+ o, Xky X201, X2n—1, X202, - - - s Xet1)
Ta chiing minh f 1a don anh nhung khong toan anh. Suy ra diéu phai ching minh. [
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Bai 3. V6i s6 nguyén duong 1, chitng minh rang s6 cach biéu dién n thanh téng cac s6 1é nhiéu
hon s6 cach biéu dién 7 thanh tong cac s6 nguyén duong doi mot khac nhau.

& Loi gidi.

Gia str A 1a tap tat ca cac cach biéu dién 1 thanh téng cac s6 1é va B 1a tap tat ca cac cach biéu dién

n thanh téng cac s6 nguyén duong d6i mot khac nhau. Tic 1a,
A= {(ai) | a; lé,Zai = n} va
i
B = {(bl) | bl‘ ?5 b],l #],Zbl = Yl}
i

= {Zsiri —1 | si € IN,r; lé,Zbl = Vl}

1
Ta xay dung toan anh f tir A vao B.
Vi mdi bo (a;) € A, gid st c6 kq s618 by, kys618 by, ... ki s61é by. Tacla ta ¢ Zle kib; = n.

Biéu dién k;,i = 1,2,...,t theo hé nhi phan

ki=1ls il 1. I1ilo; = 2505 ; + 2% g g4 ...+ 2y, + 2%,

Ta thay
t

t
(25,5 + 25 g -+ 2, + 200, b = Y kibi =
i=1 i=1
Va céc s6 hang trong biéu dién nhi phén cta k; trit truong hop I, ji # 0 do6i mot khac nhau. Do
do

(Zsllslllbl,251_1151_111191, . ,2010,1191, . ,2Stlst11bt, 2St_llst_1,1bt,. . .,ZOlo,tbt) €B

Khi dé anh xa f : A — B dugc xac dinh nhu sau

(bl,bl,...,bl,bz,bz,...,bz,...,bt,bt,...,bt)i—>

(251151,1191/251_115171,1[91/ o, 20g1by, ., 2%, 1 by, 2% g g 1y, ,ZOlo,tbt)
Ta chiing minh dugc f 1a toan dnh. Do d6 ta c6 diéu phai ching minh. [

Bai 4 (APMO 1998). Gia st F 1a tap hop tat ca cdc bd gom n tap (A, Az, ..., Ay), trong d6 A; 1a

tap con cta tap {1,2,...,2012}. Tinh Y. |[A1UAU...UA,|
(A1, Az,...,An)EF

& Loi gidi.
Vé6i i phan t ny,ny,...,n; € {1,2,...,2012}, ta dém xem c6 bao nhiéu bd (Ay, Ay, ..., A,) thda
man AjUAyU...UA, = {ny,ny,...,n;}(*).

Ta cho cac phan tu ny, ny, . .., n; dang ki c6 mat trong tap Ay bang cach voi moi phan tu n; ta gan
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B Oifnl-géAt
cho 1 b0 so (aq1,4ay,...,a,) sao cho a; = Vi =1,n.
1 ilei € At

Mot bo dang ki 1a hgp 1€ néu c6 it nhat 1 s0 1 (néu khong thi phan tr tuong ing khong c6 mat

trong tap A U A U...UA,).

Vé6i i phiéu dang kinq,ny, ..., n; (ta goila nhom phiéu dang ki), ta sé 1ap duocbd (Ay, Ay, ..., Ap).
Nguogc lai, voi 2 nhom phiéu dang ki khac nhau ta s€ c6 2 bo tap hop (Ay, Az, ..., Ay) khac nhau,
do d6s6 bo (Aq, Ay, ..., Ay) théa man (x) béng s6 nhém phiéu dang ki hop 1é.

Viphiéu dang kictia n,j = 1,2,...,1n gom n chit s6 0 hoac 1 va phai c6 it nhat 156 1 nén ¢6 2" — 1
cach ghi phiéu cho nj, suy ra c6 (2" — 1)’ nhém phiéu déng ki hop 1é khéc nhau.

, i 2 . PN 2 A
Co Cyy, cach chon i phan tu nén suy ra

2012 ,
Z |[ATUAU...UA,| = Z iChopp (2" — 1)1 =2012 (2" — 1) on(2012-1)
(Al,Az,.‘.,An)GF i=1

= 2012 (2" — 1) 221",

Bai toan nay khong dung phuong phap song anh theo nghia thuong, & day sé khong c6 anh xa
nao ca. Nguyén ly 4nh xa & day dugc dung bang cach, thay vi tinh tdng nay ta tim cch tinh mot
tong khac dé hon va c6 gid tri bang téng da cho. V6i méi {1,2,...,2012} ta goi S; 1a s6 cac bd trong
F ma i thudc hgp cac phan tir cta ho. R6 rang trong S thi i dugc dém S; 1an, do d6 S = ¥ S;. Dé
thay céc S; bang nhau va bang (2" — 1) 220117 va téng can tinh bang 2012 (2" — 1) 220117, O

BGi 5. Chon >3vaX C {1,2,...,n°} = E gom 3n? phan tit. Chiing minh rang c6 thé tim dugc
ax +ayy +azz =0

956 ay,az,...,49 € X d6i mot khac nhau sao cho hé a4x + asy + agz = 0 ¢6 nghiém nguyén

azx +agy + a9z = 0
(x0, Y0, 20) théa man xo, yo, zo # 0.
& Loi gidi.

Sap xép cac phan tir ctia tap X theo thi tu x; < xp < ... X3,2. Dat

Xl — {XllXZI"'IXnZ}IXZ — {Xi’l2+1’X1’12+2"'"XZVIZ}’X?’ — {X2n2+1'X2n2+2" . .,Xsnz}
Xét anh xa
f: X1 xXpxXs = EXE
(a,b,c) — (b—a,c— D)
Ta c6 | X1 X Xo x X3| = |X1||X2[|X3] = n%. Doa € Xi,b € Xp,c € Xgnéna < b < ¢, suy ra

b—a>1,c—b>1va(b—a)+(c—b) =c—a < n’ Vivay tap anh clia f 1a tap con ctia tap A véi
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A= {(m;n) |mneX,m+n< n3}.Méta co

n°—1 n3 (1’13 _ 1) 1’16

|A| = ;;1 k= — < UR
Do do, theo nguyén ly Dirichle ton tai 3bo sb (a;,b;,C;),i = 1,2,3 cho cung mot anh (xo, yo) nghia
lataco bi —a; = Xg va Cl’ - bi = yo,i =1,2,3. Chon Z0 = —Xp — Yo thi Z0 = a; — Ci,i =1,2,3. Do

vay véimoii = 1,2,3 thita co
Cixo + aiyo + bizo = C; (b — a;) + a; (C; — bj) + b; (a; — C;) = 0.

Chung t6 hé phuong trinh
Cix+ay+bz=0
Cox +ay +byz=0
Csx+aszy+bsz=0

c6 nghiém nguyén (xo, Yo, zo) théa man xo, yo, zo # 0. Do
a; € X1,b; € Xp,C; € Xznén a; 75 b; 75 C;,Vl< i,j,k < 3.

Giased1<i<j<3:a4 =ajthidob —a = bj—ajnénb; = bjsuyraC; = Cj dodo
(Eli, bi,Ci) = (ll]', b]',C]'),VG 1}’7 Véy a; 7& a]-,V1 <i< ] < 3. Tudng tu, bi ?5 b]',Ci 75 C]',Vl <i< ] <

3. Vay bai toan dugc chirng minh. 0

Bdi 6. C6 n ngudi xép hang doc. Hoi c6 bao nhiéu cach chon ra k ngudi sao cho khéng c6 hai
ngudi lién tiép duge chon.

& Loi gidi.

Ta danh s6 n nguoi bﬁng cac s6 tha tu 1,2, ...,1n. Mot cach chon thich hgp chinh 1a mét bo sO
1<a; <ap <...<ar<nthdéaman diéukién a;,1 —a; > 1 (ticla > 2). Vay ta can tim s6 phan

t cuia

A= {(al,az,...,ak) 11<m<ap<...<ay<n, aj1—a;>2v6ii=1k—1
Xétanh xa f (ay,az,...,ar) = (b, by, ..., by) v6ib; = a; — i+ 1 thiro rang ta ¢
i) by =a1 > 1.
i) biy1—bi=@n—@(+D+)—@—i+1)=a1—a;—1>0.

iii) bk:ak—k+1§n—k+1.
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Suy ra (by, by, . . ., by) 1a phan tir ctia tap hgp B:
B = {(bl, by, ..., by) | 1<bh<bh<... <bk§n—k+1}

Dé thay f 1a mot don anh.

Ngoaira, anh xa g (b1, by, ..., by) = (a1,a2,...,a5) voia; = b; + i — 1 cho chung ta mét don anh tu
Bvao A. Vay |[A| = |B| =Ck_, . O
Bai 7 (Putnam 2002). Cho n > 1 1a mot s6 nguyén duong va T, 1a sd cac tap con khéc rong cta
tap {1,2,...,n} sao cho trung binh cong tat cd cdc phan t ctia n6 1a mot s6 nguyén. Chiing minh
rang T, — n 1a mot s6 chan.

& Loi gidi.

C6 n tap con 1 phan t¥ va cac tap nay déu thoa man diéu kién trong dau bai. Vay ta chi can ching
minh s6 cac tap con nhiéu hon mot phan tir c6 tinh chat d6 1a mot s chan 1a xong. Ta hay ghép
cdc tap con nay thanh tirng cdp nhu sau: Céc tap c6 trung binh thudc n6 di véi moét tap co trung

binh khong thudc no. [

Bdi 8. C6 n ngudi xép thanh mot hang doc. C6 bao nhiéu cach chon ra k ngudi, sao cho khéng c6
hai nguoi ké nhau dugc chon?
& Loi gidi.
Cach 1. (Phuong phéap song anh) Bat E, = {1,2,...,n}. Goi u1 < up < ... < uy la sb tha
tu cta nhimng nguoi duge chon thi ta ¢6 uj4 g —u; > 2véimoii = 1,...,k—1. bat A =
{(ul,uz,...,uk) €Ef |ujp1 —u; >2 v6imoi i =1,...,k—1}. Xét anh xa f: A — B, trong d6
B = {(vl,vz,...,vk) € E’};_kﬂ |l <y <...< vk} xac dinh nhu sau
f(bll,uz,. . .,uk) = (01,02,. . .,Uk)

v6iv; = u; — (i — 1). Ta kiém tra (v1, vy, ...,vx) € B:

a) Rorang v —v; = (i1 — ) — (i —(—1) =wjpy—u; —12>1

b)) vi=u1 >1Lop=u—(k—-1)<n—k+1.
Ta kiém tra f 1a mot song anh. Néu (uy, u, ..., ux) # (u1',u2, ..., u;’) thiro rang anh ctia ching
khac nhau. Suy ra f la mét don anh. Nguoc lai, véi (vq, vy, ..., vk) thude B, tachon u; = v; +i—1
thi (41, up, ..., ug) thudc Ava f (uq,...,ux) = (v1,v2,...,0x ). Suy ra f la toan anh.
Vay |A| = |B|. Ma | B thi r6 rang 1a bang sb cac tap con k phan tit ctia E,,_;1, do d6 bang Cﬁ_kﬂ.
Cach 2. (Str dung bai toan chia keo ctia Euler). Gia stf ta chon dugc k ngudi. Goi x1 1a s6 ngudi

tinh tir nguoi dau tién dén trude ngudi thir nhat duge chon, x; la sb ngudi nam gitta ngudi thi
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nhat va nguoi thi hai, ..., x; 1a s6 ngudi ndm gitta ngudi tha k — 1 va ngudi thu k, va x;,q 1a sd

ngudi nam sau ngudi thi k dén cudi. Khi do ta c6
X1+x+...+x1=n—k (1)

va x1, Xy la cac sO nguyén khong am, con x», . .., x la cac s6 nguyén > 1.
Ngugc lai, néu (xy, . . ., X, 1) 1a mot nghiém ctia (1) v&i x1, x5 > 0,2, ..., x; > 1 thi ta cho tuong

ung véi cach chon nguoi tha 1+ x1,2 +x1 +xp,...,k+ x1 + ... 4 x thiro rang do
G+x1+...+x)—((—1+x1+...4+x.17)=14+x,2>2

nén khéng c6 2 nguoi lién tiép dugc chon.

Pé hoan tat 10i giai bai toan, ta dat y; = x1, yxk41 = X1 vay; = x; — 1véii =2,..., k thi dugc
yi+y2+ ...+ Y1 =n—-2k+1 @)

vdi y; 1a cac s6 nguyén khong am.
Theo két qua ctia dinh Iy chia keo ctia Euler, ta c6 s6 nghiém ctia (2) bang Cﬁ_ k41 PO cing chinh

la két qua ctia bai toan ban dau ctia ching ta. O

Bdi 9. C6 n ngudi xép thanh mot vong tron. Cé bao nhiéu cach chon ra k ngudi, sao cho khong
6 hai nguoi ké nhau dugc chon?

& Loi gidi.

Bai toan nay c6 thé giai bang két qua ctia bai toan trén va phuong phép cit duong tron. Gia st n

ngudi dé dugc danh s61,2,...,n. Taxét cac truong hop sau:

a) Ngudi s6 1 duge chon. Khi d6 ngudi s6 2 va s6 n khong duogc chon. Nhu vay ta phai chon
thém k — 1 ngudi tir 3 dén n — 1 sao cho khong c6 hai nguoi ké nhau duge chon. Vin — 1
khong ké 3 nén c6 thé coi day 1a n — 3 ngudi xép theo mot hang doc. Theo két qua ctia bai

A A s 3 k—1 k-1
toan trén, so cach chon bang Cnfo(kfl)Jrl =C, i1

b) Ngudi sb 1 khong duge chon. Khi d6 ta can chon k ngudi tir s6 2 dén n sao cho khong c6 2
nguoi ké nhau dugc chon. Vi 2 va n khong ké nhau nén ¢6 thé coi day la n — 1 ngudi xép

theo mot hang doc. Theo két qua cuta bai toan trén, s6 cach chon béng C’:l_ B

Vay dap so ctia bai toan la

(n—k—1)! n—k! (mn—k-1)
(k — 1D)!(n — 2k)! + k!(n —2k)!  k!(n — 2k)!

n

!(k—l—n—k) p

k-1 koo k-1
Coio1 TG = C i1
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Bai 10. Chok,n € N* val < k < n. Hoi c6 tat ca bao nhiéu cach chon ra k s6 d6i mot khac nhau
tir n s6 nguyén duong dau tién sao cho trong méi bo k sb duge chon ra, khong ¢ hai s6 nao la hai
s6 nguyén lién tiép.

& Loi gidi.

Goi m 1a s6 can tim. Ta c6 m = |A|, v6i A 1a tap gom tat ca cac bo khong c6 thu tu (aq, 4o, . .., ax)

théa man a; € {1,2,...,n} véii = 1,2,...,kva ai—aj‘ ¢ {0,1} véimoii # j € {1,2,...,k}.

Khong mét tinh téng quat, véi mdi (ay, aa, . .., ax) € A, ta c6 thé gia s
m<ap<... <a.

Xét tuong ung

(a1,ap,...,ar) € A — (a1,ap—1,...,0p, —k+1)

Dé thly, tuong ting ndi trén xac lap mot song anh tir A dén B, v6i B la tap gom tat ca cac bo

(b1, b2, ..., br) khong c6 thu ty thoa man
bie{1,2,...,n—k+1},Vi=1,2,... kvab; #b;,Vi #j€{1,2,...,k}

Tirday suyra |[A| = |[B| =Ck_, . O

Bai 11 (VMO 2012). Cho mdét nhom gf)m 5 ¢6 gai, ki hiéu la Gi, Gy, G3, G4, G5 va 12 chang trai.
C6 17 chiéc ghé dugc xép thanh mot hang ngang. Ngudi ta xép nhém nguoi da cho ngdi vao cac
chiéc ghé d6 sao cho cac diéu kién sau dugc déng thoi thoa man:

i) Méi ghé c6 ding mot ngudi ngoi;

ii) Thu tu ngéi cda cac cd gai, xét tur trai qua phai, 1a G, Gy, G3, Gy, Gs;
iii) Gitta G; va Gy c6 it nhat 3 chang trai;
iv) Gitta G4 va Gs c6 it nhat 1 chang trai va nhiéu nhat 4 chang trai.
Hoi c6 tat ca bao nhiéu cach xép nhu vay? (Hai cach xép duoc coi 1a khac nhau néu ton tai mot
chiéc ghé ma nguoi ngdi & chiée ghé d6 trong hai cach xép 1a khac nhau).
& Loi gidi.
Cach 1. Danh s6 thu tu cac ghé tir trai sang phaila 1,2,...,17.
Goi x1 1a s6 chang trai dugc xép bén trai Gy, x; 1a s6 chang trai & gitra G; va Gy, x3 1a s chang trai
& gitta Gy va G3, x4 1a s6 chang trai & gitta G5 va Gy, x5 1a s6 chang trai & gitta G4 va Gs, x4 1a 56
chang trai dugc xép & bén phai Gs. Khi d6 bd s6 (x1, x2, . . ., X6) hoan toan xac dinh vi tri cac co gai

va ta co
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a) x1+x+ ...+ x5 = 12.
b) 3 < xp.
0 1< x5 <4

Déibiényz =xy—3vays = x5 —1taduocx; + vy +x3+ x4 + Y5+ x6 = 8.
Véi cac an khong am va c6 thém diéu kién ys < 3.

Tiép theo, st dung bai toan chia keo ctia Euler & dang
X1+ Y2+ x3+ x4+ x5 =8 — ys.
ta dugc s6 cach phan ghé cho cac ¢ géi la
Ci, +Cj; +Cj, + Cé = 1161.

Vi con ¢6 12 chang trai c6 thé hoan déi vi tri ¢ 12 chiéc ghé danh cho ho nén s cach xép théa man
yéu cau bai toan la 12!1161.

Cach 2. Ciing danh s6 thu tu cac ghé tir trai sang phaila1,2,...,17. Goi g1, 92, $3, 84, g5 1a vi tri chd
ngoi clia cac cd gai G1, Gy, Gs, Gy, Gs tuong ing. Khidotacd1 < g1 < g2 < g3 < g4 < g5 < 17.
Ngoairataconco3 < g —g1val < g5 — g4 < 6.Dat

A=1{(81,82838685) | 1<81 < <B<u<gG<17,3< g —g1,1 < g —g <6}
thi ta can tim | A|. Dat

B={(81,8283848)|1<81 <8 <g<8 <8 <173<g—g,1 <8 —g}
C={(81,82/838585) [ 1 <81 <82 <83 <84 <8 <17,3 < g2—g1,6 < g5 —ga}
thi ro rang ta c6 A = B\C(v6i C C B),suyra |A| = |B| —|C].
Dé tinh |B|, ta dat D = {(hy, hp, h3, hy, hs) | 1 < hy < hy < h3 < hy < hs < 13} va xét anh xa

f:B—=D,f (81,883,885 — (81,82 —3,83—3,84 — 3,85 — 4)

thi dé dang kiém ching dugc f 1a mot song anh.

Nhung |D| bang s6 cach chon 5 phan tir ra tit 13 phan tinén ta c6 |D| = C3;. Vay |B| = |D| = C3,.
Mot cach hoan toan tuong tu, ta tinh duge |C| = C3. VAy s6 cach xép chd cho 15 co gai bang
C3, — C5 = 1161. O

Binh luan.

* Bai toan chia keo Euler 1a mot ting dung truc tiép ctia phuong phap song anh hét sttc quan

trong dé giai cac bai toan t6 hop.
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» Day 1a mot bai t6 hgp co ban. Cac van dé nay da dugce trinh bay kha ky trong cac tai liéu boi

duong hoc sinh gioi.

 Ngoai cdc phuong phép trinh bay & trén, con c6 thé trinh bay theo 16i ham sinh, da thic.
Chang han s6 cach xép 5 co gai théa man yéu cau dé bai chinh 1a hé s6 ctia x8 trong khai

trién (1+ x4+ 22 4...)° (1+x+ 22+ 13).
e Mot sai lam phd bién c6 thé gap 1a quén nhan 12!.

* Trong loi gidi, nén chitng minh chat ché f (trong 16i giai 2) la anh xa, sau d6 chiing minh né

la song anh.

* Néu khong chitng minh lai dinh ly bai toan chia keo ctia Euler thi it nhat ciing can phat biéu
ro rang dinh ly nay.

* Bai tap tuong tu: C6 bao nhiéu cach chon ra k ngudi tir n ngudi xép thanh mot hang doc sao

cho khong c6 hai ngudi lién tiép duge chon?

Bdi 12. Cho n,k,m € N* thoa man diéu kién m > 1va 1 < k < n. Héi c6 tat ca bao nhiéu chinh
hop chap k(ay,a, . ..,a;) cta n s6 nguyén duong dau tién ma méi chinh hop (a1, ay, . . ., a;) déu
thoéa man it nhat mot trong hai diéu kién:

a) Tontaihais6i #j € {1,2,...,k} saochoi < jvaa; > aj.

b) Tontaii € {1,2,...,k} sao choa; — i khong chia hét cho m.
& Loi gidi.
Trudc hét ta chiing minh bd dé sau
B6 dé: Cho céc s6 nguyén duong k va n. Néu A 1a tap gom cac s6 nguyén duong a khong vuot
qua n va théaman n : k thi |A| = [%} :
Ching minh. Dé thdy A = {k, 2k, ..., mk}, véi m 1a s6 théa man diéu kién mk < n < (m + 1)k. (1)
Trdésuyra A ~ {1,2,...,m}. Vithé |A| = m = H (do (1)).
Trd lai bai toan, goi A la tap gom tat ca cac chinh hgp chap k ctia n s6 nguyén duong dau tién. Goi
A* 1a tap gom tat ca cac chinh hgp thda man yéu cau bai toan, va goi B 1a tap gom tat ca cac chinh

hgp khong théa man yéu cau bai toan. Hién nhién ta c6
A* = A\B (1)
Xét tap B. Ta co
B=A{(ay,ap,...,a0) € A|lm <y <...<aga;—i:mVie{l,2,...,k}}
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Xét tuong ung
(a1,a2,...,ay) € B~ (a1 +(m—1),ap+2(m —1),...,a;+ k(m — 1))
Ta chitng minh duoc tuong tng trén 1a mot song anh tir B dén By, trong d6 By 1a tap gom tht ca cac

bo khong o thi tu (by, by, ..., by) thdoamanb; € {1,2,...,n+k(m—1)} vab; :m, Vi € {1,2,...,k}.
Tit d6 suy ra |B| = |By|. Mat khac, theo b6 dé ta c6 |By| = Ck K . Vivay, tu (1) ta duoc

n_
+k
m

x| _ k
|A*|=nn—-1)...(n—k+1)—C n—k

OJ

Chi y: Trong bai toan trén, khi cho m = 2 ta sé c6 bai 3 ctia dé thi qudc gia chon hoc sinh gidi
toan THPT nam 1996 (bang A).
Bdi 13. Cho da giac déu c6 103 canh. T6 mau dé cho 79 dinh ctia da giac va t6 mau xanh cho céc

dinh con lai. Goi A 1a s6 cap dinh d6 ké nhau va B 1a s cip dinh xanh ké nhau.
a) Tim tat ca cac gia tri c6 thé nhan dugc cta cip (A, B).

b) Xac dinh s6 cach to mau cac dinh ctia da giac dé B = 14. Biét rang, hai cach t6 mau dugc
xem la nhu nhau néu chiing c6 thé nhan dugc tir nhau thong qua 1 phép quay quanh tam
duong tron ngoai tiép da giac.

& Loi gidi.

a) S6 dinh mau xanh 1a 24 dinh (103 — 79). Néu tat ca cac dinh do chia thanh mot cum thi
A = 78. Néu bi cat thanh 2 cum thi A = 77. Va ctt thé tiép tuc, tirc 1a néu ¢ k cum (mdi cum
1a cac dinh cting mau dé ding sat nhau) thi A = 79 — k. Néu c6 k cum dé thi ciing c6 k cum

xanh nén c6 B = 24 — k. Cac gia tri c6 thé cta k 1a tir 1 dén 24, nén c6 24 kha nang tat ca.

b) Dé c6 B = 14 thi k = 10 (phai chia quan xanh thanh 10 cum, quan d6 thanh 10 cum).
Goi X 1a s6 cum cac diém do lién nhau, thi B = 24 — X. Do vay B = 14 thi X = 10. Ap dung
cong thurc chia keo cua pt chia keo, ta suy ra dugc s6 cach chia 24 diém xanh vao 10 cum la
C55. Tiép theo, ta sé xem xét viéc xép cac diém xanh—do6 nhu la véc c6 san 79 diém do & trén
dudng tron, va ta b di 10 cum diém xanh va cac khoang trong gitra 2 diém dé lién tiép, moi
khoang c6 t6i da 1 cum. Nhu vay thi s6 cach chon ra 10 khodng tréng trong 79 khoang la
CL5. Su trung 1ap theo phép quay 1a & chd ta chon 10 vi tri trong 79 vi tri theo dudng tron.
C6 (79,10) = 1 ma ta k1}016r91g phai lo vé "cac cAu hinh 16n xdn”, mébi cach to bi lap ding 79

\ ) C
1an, do vay dap s6 la —2-23
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[

Bdi 14. V&i mbi dinh cta da gidc déu 9 dinh (ctru giac) duge t6 bdi mau doé hodc xanh da troi.
Chiing minh rang ton tai 2 tam giac don sac dong dang, trong d6 tam gidc don sac 1a tam gidc c6
tat ca cac dinh la cung 1 mau.

& Loi gidi.

Ta goi don gidc d6 (xanh) néu tat cac dinh ctia tam giac 1a d6 hodc xanh. Vi da gidc c6 9 dinh, méi
dinh chi t6 2 mau xanh hodc dé nén cé it nhat 5 dinh c6 dung 1 mau. Khong mat tinh tong quat,
gid sit d6 la mau do. Suy ra c6 it nhat C2 = 10 don gidc do. Gid ta chiing minh c6 2 tam gidc do
dong dang.

Dat Ay, Ap, Ag 1a cac dinh ctia da gidc va w la dudng tron ngoai tiép da giac. 9 dinh da giac chia
duong tron nay thanh 9 cung bang nhau. Goi méi cung trong 9 cung nay 1a 1 manh. Goi AjAjAg
la tam giac thoa man A;A; < AjAr < ApA;. Dinh nghia a;; 1a s6 manh ctia cung A;jA; khong
chira diém Ay. Ta dinh nghia tuong tu véi ajk va ag;. Khi d6 AA;AjAx duge xac dinh bdi bo ba
(ai,j, aj ks ak/i). Do 1 tam gidc c6 3 dinh, nén ta dé thay 1 < aij < ajx < ag; < 7 (truong hop
goc 16n nhat 1a 3 dinh nam ké nhau trén duong tron). Do A;A; + AjAx + AxA; = 180°, do do
aij+ajx +ax; = 9. Vidu vdi tam giac A Ay A4Asg ta xac dinh dugce bo ba tuong ung la (2,3, 4). Dé
thy cac tam gidc dong dang cho ciing 1 bo ba, trong khi 2 tam giac khong dong dang c6 cac bo
ba khac nhau. Tir d6 ta xay dung song anh A — B nhu sau:

A: tap cac tam gidc dong dang.

B:tépcécsé)tunhiéna,b,cthéamén1 <a<b<c<7vaa+b+c=09.

Ta c6 thé liét ké ra cac phan tir ctia B 1a
(1,1,7),(1,2,6),(1,3,5),(1,4,4),(2,2,5),(2,3,4), (3,3,3)

c6 tat ca 7 phan tu.
Suy ra A cling c6 7 phan tir hay c6 tit cd 7 dang tam giac khac nhau. Trong khi d6 ta c6 10 tam

giac don sac, nén ton tai it nhat 2 tam giac don sac dong dang. [

Bdi 15. Cho n nguyén duong. Hoi c6 bao nhiéu cac biéu dién n thanh tong ctia it nhat 2 s6 nguyén
duong. (Vi du c6 3 cach biéu dién sb 3 thanh tong ctia cac s6 nguyén duong: 3 = 1+1+1 =
142=2+41)

& Loi gidi.

Ta viét n duéi dang sau:

(1_1_..._1) g6m nsd1l.Xétn—1 khoang tr6ng trong do la aja; ... a,_1, khi d6 cac khoang tréng

\l "

sé c0 2 trang thai la 0 hoac 1. Néu trang thaila 0, thi ta sé thay khoang tréng bdi dau "+", néu trang
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théi 1a 1 thi thay béi ")+(". Vi du nhu 4 = (1_1_1_1) = (a1, a2, a3). Khi d6 néu (a1, a2, a3) = (0,0, 1)
thi4 = (14+1+1)+ (1) = 3+ 11a mot cach biéu dién.

Ta c6 tat ca 2"~ ! cach biéu dién cho day nhi phan (n — 1) bit a1a; ... a,_; va mbi day nhi phan
cho mot cach biéu dién duy nhat ctia n.

Trong day nhi phan nay, chi c6 truong hop duy nhéat 1a day 00...0 la khong biéu dién dudi
dang tong ctia it nhat 2 s6. Do d6 ¢6 2"~ ! — 1 cach biéu dién n dudi dang tong ctia it nhat 2 s6

nguyén duong [

Bdi 16. Cho 7 1a s6 ty nhién véin > 2, vadatday S = (1,2,...,n). Mot day con ctia S dugc goi la
day con s6 hoc néu né c6 it nhat 2 phan tir vané 1a 1 cap sd cong. Day con s6 hoc dugc goi la cuc
dai néu day nay khong thé kéo dai bang cach thém vao mot phan tit khac ctia S. Xac dinh s day
con s hoc cuc dai.

& Loi gidi.

Ta c6 cong sai a; — a1 phai 16n hon a; dé khong thé dién thém phan tir nao vao bén trai day con(
phia trudc a; ), nén a; > 2a;. Lai c6 ap < 2m nén a; < m. Khi d6 dé mot day con 1a cyc dai thi
1 <a; <mva2a; <ap; <n(l). Tacing cd, voi moi bd (a1, a;) thoa man diéu kién trén thi cing
cho ra duy nhat 1 day con cuc dai c6 phan tit ban dau a; va cong sai a; — a7. Suy ra day sb con cuc
dai va bd (a1, a3) thoa man dk (1) la song anh. Ta c6, v6i mdi cach chon a; thi ¢6 n — 2a; + 1 cach
chon a,. Do c6 m cach chon a; nén sb bo (a1, a,) théa man dk (1) la:

_zm(m-|—1)+m

m
Y (n—2a1+1)=mn 5

111:1
=2m® —m? = m?
Vay c6 m? day con cuc dai v6i n = 2m.
Xét voi n = 2 m + 1, vi m 1a s6 nguyén duong.

Tuong tu ta c6: ay > 2ay, suy ra a; < m. Ly ludn tuong tu, ta cé sO day con cyc dai la:

2m(m—l—l) +m

m
Z(n—2a1+1):mn— 5

lZl:l
=m@2m+1)—m?> =m>+m

2

~ Lo Re & ca .| n ~ A .
Vay, v6i moi so tu nhién n, ta ¢ Z] day con so hoc cuc dai O]

Song dnh c6 thé duoc si dung giira cdc tdp hop ma cdc tdp hop nay khéng can hwu han. Dudi ddy
la mot vi du.
Bdi 17. Gia st rang c6 2 quan tri PEA, 1a nhitng ngudi duy nhat c6 quyén quay sb truy cap vao

tép tai liéu Internet ctia hoc vién, biét rang tai mot thoi diém tép nay chi xir Iy cho mot yéu cau
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truy cap. Voi 15 phut st dung tép cho 1 1an truy cap va tép chi duge sit dung tir 4 gid chiéu dén 6
gid chiéu trong ngay. Biét rang khong c6 yéu cau truy cap nao dugc thuc hién sau 5k45 chiéu, va
1 ngudi khong dugc yéu cau truy cap qua 1 1an. Tt nhéat 1 ngudi trong s6 ho thuc hién thanh cong
cudc goi. Hoi xac suat 1a bao nhiéu dé ca 2 ngudi déu c6 thé thyc hién thanh cong cudc goi cta
minh?

& Loi gidi.

Goi An va Giang 1a 2 quan tri ctia PEA. Ta biét rang yéu cau truy cap vao tép internet ctia hoc vién
chi dugc thuc hién trong 105 phut. Gia sit An goi sau 4 gio x phut, Giang goi sau 4 gio y phut, khi
d6 ta c6 thé anh xa bo thoi gian goi ctia 2 ngudi téi diém (x, y) trén mat phang toa d6. RS rang day
la mot song anh.

Tap hop cac diém (x,y) la hinh vuéng OA,PZ,. R6 rang mét nguoi khong thé giri yéu cau truy
cap thanh cong néu ngudi con lai dang lam viéc véi tép, do d6 dé ca 2 ngudi c6 thé déu truy cap
duoc tép tai liéu thi ta phdi ¢ |x — y| > 15. Xét mién ctia tap hop cac diém (x, y) duogc xac dinh
bdi |x — y| < 15. Day la giao ctia 2 phuong trinh dudng thang vé6i hinh vuéng, cat tai cac diém
71,72y, Ay, Az. Taxac dinh dugc Z; = (0,15), Z3 = (90,105), A; = (15,0), Az = (105, 90).

Tir d6, xac suat dé ca 2 ngudi cling truy cap dugc vao tép la:

_ 507,273+ SnA Ay 90? _ 36
Somrz, 1052~ 49°

OJ

Bdi 18. Cho 8 chiéc nhan khac nhau, tim s6 cach xép 5 chiéc nhan xép trén 4 ngén tay (khong tinh
ngon cai) trén mot ban tay. Biét rfﬁng thu tu tung chiéc nhan trén mot ngon tay la quan trong va
khong bat budc ngén nao ciing phai c6 nhan.

& Loi gidi.

Ta co Cg cach chon ra 5 chiéc nhan bat ky dé deo trong 8 chiéc nhan da cho. Bita, b, ¢, d 1a s6 chiéc
nhan trén ting ngon tay. Ta cé a + b+ ¢ +d = 5. Ta c6 C3 cach sap xép cac chiéc nhan vao 4 ngén
tay (gia thiét 1a cdc chiéc nhan ko phan biét). Lai c6 v6i mbi cach sap xép 5 chiéc nhan ko phan

biét thi twong ting c6 5! cach sap xép dbi véi 5 chiéc nhan phan biét. Vay ta c6 s6 cach sap xép la:
C3 - C3 - 5! = 376320.

O

Bdi 19. Ngan hang Bio Hiém ctia nudc cong hoa Fatand c6 15 nhan vién diéu hanh cap cao. Méi
nhan vién nay c6 1 thé truy cap vao kho ctia ngan hang va trén méi thé bat ky déu c6 1 bang gom

m ma héa khac nhau. D€ md dugc kho, mbi ngudi sé dat thé ctia minh vao khoa dién tir ctia kho.
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May tinh sé thu thap tit cd cic ma khac nhau trén thé va ham sé dugc md khi va chi khi tap cac
ma héa c6 7 ma héa (khac nhau) dat trude. Vi ly do bdo mat, hAm c6 thé duge md néu va chi néu
c6 it nhat thé ctia 6 nhan vién cao cap. Tim 7 va m thda man n nhd nhat dé c6 thé thuc hién dugce
chinh sach bao mit néu nhu trén.

& Loi gidi.

Dé thdy vdi m6i mot nhém goém 5 nhan vién cao cap thi sé thiéu it nhat 1 ma hoéa so vdi n ma
héa dat trude dé md duge hAm. Dit A 1a tap hgp cac nhom c6 5 nhan vién va B la tap hop gom n
ma hoa can dé md ham. Xét anh xa tir A vao 1 trong cac ma hoa c6 thé thiéu trong nhém 5 ngudi
(s6 ma hoéa thiéu c6 thé nhiéu hon 1, nhung chi xét anh xa 1-1 dé dé thuc hién). Goi anh xa nay
la f, ta sé chiung minh né la don anh. That vay, goi 41,42 € A la 2 nhém khac nhau thoa man
f (a1) = f (a2) = ¢, c la ma con thiéu. Do a; khéc a, nén

ton tai nhom 6 ngudi lay tir 2 nhém a; va a; ma van thiéu it nhat 1 ma (ma c), (vo Iy so véi gia

thiét). Vay f la don anh. Ro rang f 1a 4nh xa tir A vao B nén ta co:
n=|B| > |A| = C35 = 3003

Ta sé chiing minh # = 3003 thoa man. Khi d6 cho m6i nhém 5 ngudi 1 nhan duge 1 ma c(a) khéc
nhau trong 3003 ma cho trude (diéu nay c6 thé thuc hién dugc vi ta c6 tat ca 3003 nhom). Tiép
theo ta viét m6i ma c(a) nay vao thé ctia cac thanh vién khong nam trong nhém. Khi d6, mdi ma
sé dugc viét cho 10 ngudi khong trong nhom, suy ra ta viét tat ca 10 - C3; cdc ma, dong thoi duge
chia déu cho 15 ngudi nén thé méi ngudi sé c6 % = 2002 ma khac nhau.

Xét mot nhém gom 6 ngudi bat ky. Theo nhu cach sap xép ma nhu trén, véi nhém a gdm 5 ngudi
bat ky sé chi thiéu duy nhat mot ma c(a). Ta sé chitng minh nhém 6 ngudi c6 du 7 ma khac nhau.
That vay, xét 2 nhém 5 nguoi bat ky a1 va ap tir 6 nguoi dugc chon. Khi dé ta ¢ ¢ (a1) # c(a2). Ta
sé chitng minh rang nhém a, c6 ma c (a1). Gia s trong a; khong 6 ma c (a1), khi d6 theo dinh
nghia ham ¢ nhu ban dau, ta ¢6 c (a1) = ¢ (a2) (v6 ly). Vay mot nhém 6 ngudi sé ¢6 dd ma dé mé
kho, hay m = 2002.

Két luan: n = 3003, m = 2002 O

Bai 20. Bart hién la nhan vién ctia rap chiéu phim. Rap nay c6 stic chira 200 ché ngoi. Trong ngay
khéi chiéu phan I Star War: The Phantom Menace, ¢6 200 ngudi ding xép hang dé mua vé xem
phim. Gia mbi vé la 5$. Trong 200 ngudi mua vé, 100 trong s6 ho c6 héa don loai 5$, nira con lai
1a héa don loai 10$ (mdi ngudi ¢6 1 héa don). Bart von bat cdn va van khong chiu thay déi. 200
ngudi d6 xép hang 1 cach ngdu nhién va khong ai mudn cho dé thay déi vé cia minh khi ho mua
vé. Xac suat la bao nhiéu dé Bart c6 thé ban dugc hét tat ca cac vé c6 1gi nhat (thanh cong).

& Loi gidi.
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Dé dé dang hon ta thay 100 bang 7. Ta xem xét nhitng ngudi la khong phan biét duge. Ta can nhéc
su sap xép ctia n ngudi s hitu héa don 5$ va n ngudi sd hiru héa don 10$ (n6i cach khac ta lam
phép nhan 1én (n!)? t6i ca hai mau s6 va ti sd, viéc nay khong anh hudng tdi gia tri cia xac suat).
C6 C4, cach sap xép xac s6 ma khong han ché. Bart sé thanh cong khi va chi khi: ta sap xép 2n s6
vao mot hang ngang va danh s vi tri ctia ching tir trdi qua phai tr 1,2,3,...,2n. V6i1 < i < 2n,
dat a; (b;) 1a sb6 ngudi c6 hda don 5$(10$) ding trudc vi tri thi i. Ta can dém sb su sap xép thoa
man a; > b; voi 1 < i < 2n. Goi S la tap hop tat ca cac sap xép nhu vay. Goi T la tap hop cac sy
sap xép khac nhau nhu trén. Ta sé tim |T]|.

Taco |S| =Ch, —|T|.

Mot phén tat € T,t = (t1,t,...,t) c680i,1 < i < 2n thdéa man a; < b;. Goi f(t) 1a ky hiéu
cta s6 chi dau tién. Béi su xac dinh ca ta, a ) = f (t)z_ 1, brpy = f (t)2+ !
nhiéu hon s6 héa don 10$ so véi 5$ tinh dén (tai) thdi diém thi f(t). Ta thay déi toan bo cac dong
5% thanh 10$ va cac déng 10$ thanh 5% sau thoi diém thu f(#), thi khi d6 ta thu dugc mot hoan vi
¢(t) ctia n + 1 dong 10$ va n — 1 dong 5$.

Vidu: véin=6tacot = (5,10,10,5,10,10,10,5,10,5,5,5).

va tf(t) = 10. Vi Véy co

Ta co
(all az, ..., alZ) = (1/ 1/ 1/ 21 2/ 2/ 21 3/ 3/ 41 5/ 6)

(b1,b2,...,b2) =(0,1,2,2,3,4,5,5,6,6,6,6)

f(t) =3, =1,by = 1,15 = 10

g() = (5,10,10,10,5,5,5,10,5, 10,10, 10)
Do d6 ta xac dinh mot 4nh xa tir T vao U-la tap hgp hoan vi ctia nn + 1 dong 10$ va n — 1 dong 5$.
Ta sé chiing minh ¢ la moét song 4nh va 10$ bang nhau. Khong kho dé thdy day méi nay thuoc T,
do do g Ia moét toan anh.
Bay gio ta chiing minh g 1a don anh. Xét ¢ va t' 1a 2 phan ti thuoc T. Gia s rang tai thoi diém thi
i,1 <i < 2nlathoi diém dau tién t va ' c6 su khac nhau. Khong gidm tinh tong quét ¢/st; = 5 va
,thi f(t) # . &éu f(t) < ithif(t') = f(t)bdii—1vitri dau cta ¢ va t' 1a hoan toan giong nhau.
Khi d6 tai thoi diém thu i, g(f) va g (') c6 gia tri la 10 va 5 tuong tng, do d6 g(t) # g (+'). Ta lai
xét f(t) > i. Thi tai thoi diém thi i ctia g(t) 1a t;, c6 t; = 5. B&i vi (i — 1) vi tri dau ctia ¢ va ¢’ nhu
nhau, f () > i. D6 d6 tai thoi diém thi i ctia g (#') 1a #/, né bang 10. Do d6 g(t) # g (/). Suy ra g
la song anh.
Tir d6 theo ta co:

o _ 1

4 1
Tré lai bai toan, ta c6 n = 200, vay xdc suat la 201" O]
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Bdi 21. Ching minh rang
2 2 2 2
(CR) +(Ch) +(C) +...+ (C)* =3,
& Loi gidi.
Ta thiy C# bang s6 cach chon ra n ddi tugng tir 2n dbi tugng d6i mot khac nhau.
Mt khéc, chia 2n d6i tugng nay ra thanh 2 nhém: & hém 1 va nhém 2 déu gdm n doi tuong. Khi
dé dé chonran ph:?m tr ta thuc hién nhu sau. Chon k phén tir tt nhom 1: co Cﬁ cach chon, sau do
) . 2
chon n — k d6i tugng tir nhém 2: c6 C' % = CK cach chon. Theo quy rac nhan cé (Cl,g) cach chon
ra n dbi tugng ma trong d6 c6 k d6i tugng thudc nhoém 1. Chok = 0, 1,..., 1 va theo quy tac cong

ta c6 dpem. ]

Bdi 22. Ching minh rang

- k\2 1
— n—
Y k(Ch) =nCp).
k=0
& Loi gidi.
Hudng dan: Xét bai toan c6 n hoc sinh nam va n hoc sinh ntt. H6i ¢6 bao nhiéu cach chon ra n hoc

sinh sao cho ¢6 1 hoc sinh nam lam 16p trudng? O

Bai 23. Ching minh rang
e, = ch
k=0

& Loi gidi.

Xét bai toan "chon 1 sb tir 21 + 1 s6 khac nhau" theo 2 cach:

Céch 1: chia 27 + 1 56 thanh 1 c&p gdm 2 s6 va 1 56 x

* Budc 1: chon ra k cdp, tir méi cap nay chon ra mot s6.Co le1 cach chon ra k cdp va c6 2 cach
chon ra 1 sb trong mbi cap. Vay theo quy tac nhan c6 25Ck cach chon theo budc 1

} cap trong 1 — k cap con lai, ngoai ra s6 x sé dugc chon néu n — k 1é va

154

khong chon duge thém x néu 1 — k chan. Khi d6 ¢6 C w_y cach chon trong budc 2

12

Theo quy tdcnhan ¢6 C, * ' - Ck - 2F cach chon ra n 86 trong méi lan chon. Chok = 0,1,2,...,nta

e Budc 2: chon {n

c6 dugc tong & vé trai dang thic.

Céch 2: chon theo t6 hop chap n ctia 21 + 1 phan tir: ¢6 C4, ; cach chon.

Vay ta c6 dpcm. [
Bdi 24. Cho tap A = {1,2,...,n}. Mbi tap con khong rdng ctia A ta xac dinh duy nhat mot tong

dan dAu nhu sau: sdp xép cac phan tir ctia A theo thit ty ting dan sau d6 gan luan phién cac dau

+ va — sao cho phan tt 16n nhat mang dau cong. Tinh tong cac tong dan dau trén.
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& Loi gidi.
Coi tap r6ng c6 téng bang 0.
Véi cac tap A; khac rong ta chia ching lam 2 loai: tap A; chita cac tap chita phan tr 1, tip A, chita
cac tap khong chita phan tir 7. Khi d6 tuong tng sau la song anh:
f : A2 — A1

Ai:{al>a2>...>ai}—>f(Ai):{n>a1>a2>...>a1~}

Khi d6 téng ctia tong dan diu ctia A; va f (A;) bang n. Vi A c6 2" tap con nén c6 2"~ ! cdp tap con

A; va f (A;). Suy ra tong cac tong dan dau bang n2" 1. O

Bdi 25. Chotap S = {1,2,...,n}. Goi T la tap tat ca cac tap con khong réng ctia S. Voimédi X € T,
\ X

goi m(X) la trung binh cong cac phan t cua X. Tinh m = ZTT(|)

& Li gidi.
Xétsonganh f: T — T, f(X) ={n+1—x} voix € X.
Ta thay m(X) + m(f(X)) = n + 1. Do dé:

n+1

2) m(X) =) _(m(X)+m(f(X) = |T|.(n+1) = m = —

6.3. Bai tap dé nghi

Bdi 26. Cho n,k,m € IN* thoa man diéu kién m > 1va 1 < k < n. Héi c6 tat ca bao nhiéu chinh
hop chap k(ay,ay, .. .,a;) cia n s6 nguyén duong dau tién ma mdi chinh hop (a1, 4z, ..., a;) déu

thoa man dong thdi hai diéu kién sau:
i) Ton tai haisdi #j € {1,2,...,k} saochoi < jvaa; > aj.
ii) Tontaii € {1,2,...,k} sao cho a; — i khong chia hét cho m.

Bdi 27. Cho cacsdn,k € N*val < k < n,n > 3. Cho da giac 16i Ay, A, ..., A,. Hoi c6 tat ca
bao nhiéu cach t6 mau k dinh ctia da giac d6 sao cho trong méi cach t6 khong c6 hai dinh ké nhau
nao cung duogc t6 mau.

Huong din: Goi T 1a thp gom tat ca cc cach td mau thdoa man yéu cau dé bai. Goi T; 1a tap gom
tat ca cac cach t6 mau thudc T ma trong mbi cach t6, ta déu thiy dinh A; khong dugc t6 mau. Dat
T, = T\T;.Hiénnhiéen T=TiUT,vaTy N T, = ¢. Tt do, theo bai toan trén, ta ching minh dugc

n
IT| = — kCn_k.
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Badi 28. Cho m, n1a cac s6 nguyén 16n hon 1. Cho S 1a mot tap hop co n phén ta, Ay, Ay,..., A la
nhiing tap con cda S. Gia thiét rang bat ki hai phan tir x va y trong S bao gid cting c6 mot tap hop
Aj sao cho x & trong A; va y khong & trong A; hodc x khong & trong A; va y & trong A;. Chiung
minh rang n < 2",

Hudngdan: Xétdonanh f : S — T = {(x1,x2,...,%m) | x; € {0,1}} trong d6 f(x) = (x1, %2, ..., Xm)

thod man x; = 1 néu x & trong A; va x; = 0 néu x khong & trong A;.

Bdi 29. C6 mot nhém ngudi ma trong d6, mdi cdp khong quen nhau c6 ding hai ngudi quen
chung, mdi cp quen nhau thi khéng c6 ngudi quen chung. Chitng minh rang s6 ngudi quen ctia
moi nguoi la nhu nhau.

Huéng dan: Gia st a, b 1a hai nguoi tuy y.

* Néu a quen b thi a,b khong c6 ngudi quen chung. Goi A, B 1a tap cac ngudi quen ctia a,b
tuong ting. Ta chi ra mot tuong ung 1 — 1 gitta A, B nhu sau: V&i moi ngudi tuy y a’ € A
thi 4’ khong quen b nén a’ va b ¢6 ding hai ngudi quen chung. Mot trong hia ngudi d6 1a a

nguai con lai la ¢, mot ngudi quen caia b (hay ¢ € B).
* Néu a khong quen b thi ho ¢6 ngudi quen chung 1a c¢. Khi d6 |A| = |B| = |C|( dpcm)

Bai 30. Goi C,, 1a s6 hoan vifchatapS = {1,2,...,n} thoaman f(i) >i—1,i=1,2,...,n. Goi
E, 1a s6 hoan vi f cta Ssaocho f(i) <i+1,i=1,2,...,n. Chiung minh rﬁmg E, =C,.
Hudng dan: Thiét 1ap song anh f — ¢: g()) =n+1— f(n —i+1).

Bai 31. Goi M la s6 nguyén duong trong hé thap phan c6 2n chit sb, trong d6 ¢6 1 chir s6 1 va n
chir s6 2 . Goi N la s6 nguyén duong trong hé thap phan c6 1 chit sd, trong d6 chi c6 n cac chir s6
1,2,3,4 vas6 chirs6 1 béng s6 chir s6 2. Chung minh M = N.

Hudng din: Thiét 1ap tuong ing nhu sau

frmay...apby by... by —Cic2. Gy

Trong d6, ajay ... a,b1by ... by, € M va C; = a; + b; theo qui tac

1+1=1
1+2=3
24+1=4
242=2
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Khi do, f 1a mot anh xa tor M vao N. That vay, dat

X={i|(@,b)=21,1<i<n},|X|=x
Y={i|(@,b)=(12),1<i<n},|Y=y
Z=A{il@,b)=qQ1,1<i<n}, |Z|=z

T={i|(a,b)=2,2),1<i<n},|T|=t

thi s6 s6 1 trong ajay...ayby by ... by lax +y = 2z,cons6 sd 21a x +y = 2t. Suy ra z = t. Vay

c1Cyp...Cpy chttasds6 1 vasdsd?2 béng nhau hay ¢1C,...C,; € N. Hon ntra,

fraay...anby by... by —Ci02 .. Cy

la mot song anh vi phép toan quy ude xac dinh tuong ing 1 — 1 gitta (4, b) va c. Vay |[M| = |N|.

Badi 32. Cho nnguyén duong va rnguyén duong thodmanr < n—r+1.Giasa X = {1,2,...,n}.
C6 bao nhiéu tap con ctia X c6 r phan tit ma khong c6 hai s6 tu nhién lién tiép nao.
Hudng din: Goi A 1a tap cac tap con ctia X, c6 r phan tir va khong chira hai s6 tu nhién lién tiép va

B 1a tap cac tap con c6 r phan t ctia tap hop

Y ={1,2,...,n —r+1}. Thiét 1ap song anh

f:S={x,x,.... 0} —=T={x,xp—1,x3—2...,x, —r+1}.

Trong d6 S C X, x1 +1 < x, Xo+1 < x3,...,X,1 +1 < x4 (vi S khong chua hai sO nguyeén lién
tiép).
Dé thay Y € B va tuong ung trén 1a mot song anh. (Tap T 1a tap c6 r phan t va c6 thé c6 hai sd

tu nhién lién tiép). Vay |A| = [B| =C_, .,

Bdi 33. Cho tap S gdm tht ca cac s6 nguyén duong c trong doan [1,71]. Goi T la tap hop ta ca cac

tap con khéac rong ctia S. V6i méi X thudc T, goi m(X) la trung binh cdng cac phan tir cia X. Tinh
_ Lxer m(X)
-
Huong dan: Ta thiet 1ap moét anh xa

f:T—=T
X—=fX)={n+1-—xx¢€c X}

Khi d6, f 1a song anh nén m(X) = m(f(X)), do d6 2m = ZXGT(mO?[T MmN s m(x) +
m (F(X) = n+1.Vay m = ”erl.
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Bdi 34. Tinh trung binh cong cac s6 tu nhién N gom 2013 chir s6 thod man N chia hét cho 999 va
cac chit s6 cia N nam trong tap {1,2,3,4,5,6,7,8}.

Hudng dan: Goi X 1a tap céac sO tu nhién thoa man dé bai. Ta thiét lap mot song anh

f: X=X

x=may. . ay = f(x) = O —a1)(9—az)...(9—an)

99...9

Ro rang x + f(x) = 99...9 nén trung binh cong cac phan ti ctia X 1a

Bdi 35. Cho cacsb 1,2,...,8 dugc dién bat ky 1én mat cta 1 bat phuong sao cho mdi méot mat la
1 s6 khac nhau. Tinh xac suat dé khong c6 2 s6 lién tiép nao (8 va 1 ciing dugc cho 2 s6 lién tiép)

duoc viét trén 2 mat co chung canh.
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7. Sit dung s6 phiic trong phép dém
7.1. S& dung sb phdic trong tinh toan cac biéu thirc td hap

Bdi 1. Tinh tong S; = Z 3k,
0<3k<n+1
& Loi gidi.
n
Xét da thitc P(x) = (1 +x)" = Y Chat
. 1 V3. s T
Goiw = —5 + 17 la mét can nguyén thuy bac ba cua don vi (c6 w” +w + 1 = 0) thi w™ +w" +1
bang 0 néu k khong chia hét cho 3, bang 3 néu k chia hét cho 3.

n
Vithé P(1) + P(w) + Pw?) = Y Cka1+wr + ) =3 Y &k
k=0 0<3k<n+1

Suyra S = ! P(1) + P(w) + P(w?)). Mat khac
Y 3

P(1) = (1+1)" = 2"

) () ()

7T TT\" nrt
= cos——l—zsm3 —cos——l—zsm—

3 3
2\ " n
1 ﬁ
2 L Vo 1 .Vo
P(w)—<1+< 2—|—12 >
( <—z> + isin (_E ) = cos <ﬂ>+isin (—_nn)
2 3 3 3
Vay S —1(2"+2cosﬂ) 0
We1T g 3 )
n
Bdi 2. Tinh tong S, = Y Ck coskx.
k=0
& Loi gic°|i.
n
Xét T, = Z Cﬁ sinkx, ta co
k=0
n n .
Sp+iTr = Y Ch(coskx +isinkx) = Y Cke™
= (14" = (1+ cosx + isinx)"
X\ " X .. x\"
= <2cos E) (COSE + isin §>
— 2cos" (cos ™ 4 isin ™
= 2"cos > (cos > + isin 2)
, A X X nx
So sanh phan thuc, phan 4o ta dugc S; = 2”(:05”5 cos —-. [
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Bai 3. Tinh cac tong sau:

a) S;= Y. (-DfCE
0<2k<n+1

b) S4= Y (—DFCHFL
0<2k+1<n+1

QSs= Y C¥

0<4k<n+1
4k+1
d) Se= Y Ch
0<4k+1<n+1
& Loi gidi.

n n
Xét (140)" = (\/E (cosg + isin %)) = 27(cos% —i—isin%)

Ma (1+i)" = Z Ci' = Yy )G+ Y (nfat
0<2k<n+1 0<2k-+1<n+1
Tir d6é suy ra: S3 = 2% cos %, S, = 2%sin %T

Laic62"=(1+1)"= Y ChLo=@1-1"= Y} (-DFC suyra

0<k<n 0<k<n
2k __ 2k+1 __ An—1
DS e S L
0<2k<n+1 0<2k+1<n+1

_1 2k n—1 nrt
Ss==(S3+ ). C= (2 —|—22cos4)

2 0<2k<n+1 2
1 1 n
Se = 5(54 + Z C%kﬂ) = 5(2”_1 + 22 sin %).
0<2k+1<n+1
. . m=l 1
Bdi 4. Chiing minh rang 22"~ 1cos?"x = Z Ck,, cos(2m — 2k)x + EC%
& Loi gidi.
Ta co
e = cosxisinx eix 4 p—ix
. = COS X = T
e =cosx—isinx
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Do doé
szcoszmx = (2 coS x)zm — (eix + e—iX)Zm

— chm(ezx)k(e—zx)Zm k _ ch Z(k m)ix

k_O k=0
— Z Ck 2(k m)zx+ Z Ck 2(k m)ix
k= m+1
— Z Cléme—Z(m—k)ix_F Z C%x—teZ(m—t)ix_i_C?m
t=0

— Z Ck —2(m— k)1x+ Z CZm k Zm k)zx_l_Cg1
m

m—1
= Z Ck (e~ 20m=hix o 2m=Rixy L cm — 2 ) Ck ... cos(2m — 2k)x +Cl,
— k=0

1
Vay 22"~ 1¢ Z Ck . cos(2m — 2k)x + ECTm O
Vi cdch lam twong tw nhir trén, ta ciing chitng minh dwoc ding thirc

n
2%cos?tlx = Y 5, 4 cos@n + 1 — 2k)x.
k=0

Sir dung cong thirc 2isinx = e'* — e~ va bién doi twong tu trén, ta ching minh dwoc cic diang
thirc sau

221 gin?" x = (—1)" (Z (—1)*C5,, cos(2n — 2k)x + St CZn) ;

22gin?ly = (—1)" Z (—1)*Ch,,,q sin(@n + 1 — 2k)x.
k=0
Xin gidi thiéu véi ban doc hai bai todn cd cdu triic twong tu.
Bdi 5. Chiing minh rang
Y (=1)k2kCE = n(v/2)" 3 sin(n — 1)%

0<2k<n+1

n
Bai 6 (IMO 1974). Chung minh rang s6 ) C%ﬁflf’k khong chia hét cho 5 véi moi sb6 nguyén
k=0

n > 0.

7.2. S& dung da thirc va sb phic trong cac bai toan dém

Dé tién cho viéc doc ndi dung tiép theo, tac gid xin gidi thiéu lai mot sb kién thire vé sb phic va

da thuc.
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2 22 2 21 .. 27 AL v ~ 5 A A, » - v A ,
Bo dé 1. SO ¢ = cos — 4 isin — la mot can bac n cua 1. Khi d6 tap hop tat ca cac can bac n cua
n n
11a {1,¢,¢%, €%, ..., "1}

Chung minh. Xét phuong trinh z" — 1 = 0. Ta c¢:

T .. n-2m ..
" = cos 4 isin =cos2wt+isin2mr =1

Dodo’slémétcénbécncﬁa1.V(’jim61]':0,1,...,n—1,tac():

. )
" = cos]nTn +isin

in-2
]nTn = cos2mj+isin2mrj =1

3,...,6" 1} . Déyrang e" = 1.

Neén 1céncanbacnla {1,¢ ¢ ¢
Ngoai ra, biéu dién hinh hoc cac can bac n véi n > 3 ctia don vi 1a n dinh ctia n gidc déu noi tiép
duong tron luong giac.

n

d X : 2 2
B6 dé 2. Cho da thiic f(x) = Y axi vae = cos 7” +isin 7” 1a cin bac k cta don vi. Goi S 1a
i=0

tong cac hé s6 ing vdi tat ca liy thita 1a bdi cda k, ta co:
1 _
S= 1 (fO+FE+FE) +fE) +...+fE).

Chung minh.

Ta co
f(x) = ag + arx 4+ apx® + ... + ayx"
f)=ap+a+ax+...+ay
fle) = ag + are + are® + ... + aue”,
f(€%) = ag + me® + ax(e?) + ... + an(e?)",

f(s3) =ay+ a183 + 912(333)2 + ...+ an(s3)”,

f(sk_l) = a4+ a e+ a2+ ap (™

Véimbii=0,1,g00 Aj =1+ ¢ + ()2 + () +... + (L.

Néu ila boi cta k thi A; = k.

Néu i khong 1a boi cta k thi

- () _ 1= _
1-—¢ 1—¢

Ar=14e+(EV+EP+.. 4=

4

viek =1.Do do

n

FO)+ fE) + fE+FE+... 4+ f(FH =k .Z a; = kS.

i=0
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Tir d6 ta duogc
S = (F)+ F©) + @) + ) + ...+ f ).
Tiép theo xin gidi thiéu mot bai toan quen thudc, c6 thé giai bang cac phuong phap dém thong
thuong, & day tac gia xin gidi thiéu mot cach lam st dung cong cu da thic va sé phuc.
Bdi 1. C6 bao nhiéu s6 nguyén duong c6 5 chir s6 ma tong cac chit s6 ctia n6 1a mot s6 chan?
& Loi gidi.

Goi S 1a s6 nguyén duong c6 5 chir s6 ma tong cac chit s6 ctia n6 1a mot s6 chan. Xét da thuc

45
T I R T
a 750,112,113,114,115 k=1

Nhan xét rang méi s6 hang x1 T2 H43+04%05 ca f(x) trong khai trién tuong tng véi mot s6 co 5
chit s6 ayazazazas. Do d6 sb cac s6 nguyén duong c 5 chit s6 ma téng cac chit s6 ctia né 1a mot s6
chan 1a tong cac hé s6 cta cac s6 hang tng vdi lity thira chan trong khai trién da thic f(x). Vay ap

dung bé dé ta dugc

22 1 5 1 9-10*
S=) e =5 (fO+fE) =5 (F-D+ 1) = = 45 000,
k=1
vdi € 1a cac can bac hai cua 1. O

Bing cdch chon cdc da thirc phit hop, ta co thé gidi mét sé bai todn sau:

Bai 2 (Chon doi fuyén PTNK 2009). Tim s tat ca cac s c6 n chit s6 lap tur cac chir s63,4,5,6
va chia hét cho 3.

& Loi gidi.

Goi ¢, 1a 86 cac s6 ¢6 n chit s6 thda man dé bai. Goi a 1a mot nghiém ctia phuong trinh 22 +z +1 =
0. Khi d6 a® = 1 va a® + aF + 1 = 0 néu k khong chia hét cho 3 va a?* + af +1 =3 néuk: 3.

Xét da thirc P(x) = (x> + x* + x> + x6)" dé thdy c, chinh bang tong cac hé s6 ctia cac s6 mii chia

61 2n
hét cho 3 trong khai trién ctia P(x). N6i cach khac , néu P(x) = Z apx® thic, = Z asg.

Mat khac ta c6
61 2n
P(1) + P(&) + P(@®) = }_ ax(1 + a* + a®) = ¥ 3a.
k=0 k=0
Do

Pl =1+1+1+1)"=4",
Pa)=(@+a*+a®+a®' =1 +a+a’>+a3)'=1Q+a+a’+1)" =1,
Pa?) = @®+ab+a®+a?)' =1 4+a2+a+1)"=1"=1,

2n

néntacodc, = ) ag =
k=0

(P() + P@) + P (a?)) = 4n;2. 0

W[ =
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Bai 3 (VMO 2015). Cho k € IN*. Tim cdc s6 tu nhién n khong vuot qua 10F théa man dong thoi
céac diéu kién sau

i) n chia hét cho 3.

ii) TAt ca cac chit s6 trong biéu dién thap phan ctia n déu thudc tap hop A = {2,0,1,5}.
& Loi gidi.
Vi 10% khong chia hét cho 3 nén ta chi can xét cac s6 tir 0 cho dén 99....9 (k chit s6 9). B6 sung cac
chir s6 0 vao trudc néu can thiét, ta dua vé xét viéc dém cac bd day g6m aay . ..a; voi a; thudc
{2,0,1,5}. Ta can dém cac s6 nhu vay va chia hét cho 3.
Chti y 1a aga; - - - a; chia hét cho 3 khi va chi khi a; + a, + - - - + a; chia hét cho 3, ta dua bai toan
vé viéc dém sb cac bo (a1, a, ..., a;) € AFsao cho aj + ap + - - - + a; chia hét cho 3.

Tiép theo, hoan toan tuong tu nhu & bai trén, xét da thuc:
P(x)=(x*+14+x+ x5)k

Ta co

P(x) = (®+x+1+20)F = y 1ot hay

(a1,az,...,a;) € AF
Tong cac hé sb ctia P(x) bang sb cac bd (ay,az,...,a5) € A¥ va bang 4%, Hon ntta sb cac bod
(a1,a2,...,a;) € A¥saochoay+ap + -+ +a bang téng cac hé sb ctia cac s6 mt chia hét cho
3 trong P(x).

it P(x) = ag + ayx + axx* + azx® + agx* + - - - . Ta can tinh:
S=ay+az+ag+---
Goi € 1a nghiém cta phuong trinh x>+ x+1=0thitacoe® = 1. Tir d6 dé dém S ta xét P(x) nhan
gia tri bang 0 v&i moi k khong chia hét cho 3 va bang 3 véi k chia hét cho 3. (*)
Ta co
P1)=ap+a1+ar+az+---
P(e) = ag + are + are® + aze® + - - -

P(ez) = ag + a1€> + ape* + aze® + aued + - -
Ap dung tinh chét ¢ = 1, ta suy ra

P(1) 4 P(e) + P(¢?) = 3ag + 3a3 + 3a6 + - - -

P(1) + P(e) + P(e?) 4k 4 %k 4 ¢tk

3 3
k_ k
_ - néu k khong chia hét cho3va S = 2

Suyra S = . Cubi cung, lai 4p dung tinh chét (*), ta suy ra

S néu k chia hét cho 3. U
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Bdi 4 (IMO 1995). Cho p 1a mot s6 nguyén t6 1é, tim s6 cac tap con A ctia tap {1;2;3;...;2p} biét

rang
i) A chia ding p phan tt.
ii) Tong cac phan ti ctia A chia hét cho p.

& Loi gidi.
Xét da thirc P(x) = xP~1 4+ xP~2 + ... + x + 1. Da thiic nay ¢6 (p — 1) nghiém phtic phan biét. Goi
a 12 mot nghiém bat ky cta P(x). Chu y rang a, 42, ..., 4P~ 1a p — 1 nghiém phan biét ctia P(x) va

«f = 1. Theo dinh ly Viet ta c6
xXF—1=@x—-1Dx—a)x—a?)...(x —aP™ 1
Xét da thirc Q(x) = (x — a)(x — a?) ... (x — a?F) va goi

H={AcC({1,2...,2p}: |A| =p}.

2p
Gid st Q(x) = Y axx* khi do
k=0

ay = — Z 2> véi S(A) = Z X.
A€eH xXEA

Vinéu S(A) = j (mod p) thi a°(4) = &/ nén
p—1 ,
ap =), nj,
j=0

trong do n; la s6 cac A € Hsaocho S(A) = j (mod p). Mat khac Q(x) = (xP —1)%, suy ra ap = —2.
Thanh tha

p—1 .
Z njol = 2. (*)
=0

p-1 )

Xét da thuc R(x) = Z njx] + np — 2. T dang thuc (*) suy ra « 1a mot nghiém cta R(x). Vi
j=0

deg P(x) = deg R(x) va ala mot nghiém bat ky ctia P(x), nénP(x) va R(x) chi sai khac nhau hang

s6 nhan. Tir d6 Np-1=MNp_p="+-=Mn1 =1ng—2,suyra

pyfmpattmtng—2 G, -2
p p

n0—2=

14
ch, 2

Vay s cac tap con A ctia tap hgp {1;2;3...,2p} théa man dé bailany = 2 + >
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Khi lam viéc vdi nhimng tdp con, tirc té hop khong lip thi mo hinh nhitng da thirc trén ddy khéng
str dung duwoc nira. Voi bai todn sau, ta can ding dén mét mé hinh khdc.

Bdi 5. Cho X = {0,1,...,25}. Tim sb cac tdp con 7 phan t c¢6 téng cac phan t chia hét cho 19.
& Loi gidi.

V6i méi tap con A C X, goi S(A) 1a téng cac phan tir ctia A. Ta cling quy udc S(@) = 0. V6i mdi
i=0,1,...,18, dat:

P(i)={A C Xsaocho |A| =7vaS(A)=i (mod 19)}.

Ta can tinh P(0). Goi « 1a c&n nguyén thiy bac 19 ctia 1. Khi d6 1 +a +a?+ --- +a!® = 0 va
P —1=x-1Dx—a)...(x —a®).

Xét da thic Q(x) = (x — 1)(x — a)(x — &?) - - - (x — «?). Ta tinh hé sb ctia x!° trong Q(x) bang 2
cach. Mot mat, néu khai trién Q(x) thi dé duoc x'%, ta can 1y tir 19 dau ngodc, con 7 dau ngodc

khac sé lay cac s6 c6 dang a* véi k thuoc {0,1,...,25}. Nhu thé ta sé c6 téng cac s6 c6 dang a>)

5(4) chi phu thudc vao sb du

v6i A chay qua tat ca cac tp con c6 7 phan tr cia X. Cht y rang a
khi chia S(A) cho 19 (d6 1a ly do tai sao ta lay can bac 19 ctia don vi) nén tir day dé dang suy ra
tong noi trén bang:
— [|P©)|+ P(1)- &+ PQ)-a®+ -+ P(18) - '] .
Mit khac, Q(x) = (x¥ —1) (x — 1) - - - (x — a%). Suy ra hé s6 ctia x¥ bang —1 -4 - - - a® = —a?. Tix
day suy ra
[PO)| + |[P(D)] - &+ [|P@)| —1] -a® + -+ + [P(18)[ - a'® = 0.

Diéu nay ding véi moi « 1a nghiém cta phuong trinh:
l+x+x*+--+2% =0

Suy ra da thuc [P(0)| + |P(1)| - a + [|[PQ)] — 1] - a® + - - - + |P(18)| - a’® ty 1& v6i da thic 14+ x +

<o+ x18 ya vi thé:

[PO) = [P()] = [PQ)| =1 =--- = [P(8)].
A A 2z N Y R CZg -1 PN . . .
Nhu vdy, tat ca cac |P(i)|,i # 2, bang nhau va bang BECEE Riéng |P(2)| 16n hon ding 1 don vi!
(o Clo—1
Vay dap s6 la 191 5 O
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8. Két luan

Trong chuyén dé “Mot sb phuong phap dém trong cac bai toan t6 hgp” ching t6i da dua ra
ting dung quan trong nhat ciia mot sé6 phuong phap dém trong t6 hgp nhu dém bang xay dung
md hinh, dém bang hai cach, dém bang quan hé truy hoéi, dém bang dnh xa, dém bang s6 phc.
Chuyén dé c6 hé thong kha day du, chi tiét cac phuong phap va cach thirc 4p dung cac phuong
phép trén cling nhu céc kién thitc co sd lién quan ctia ting phuong phap. Chuyén dé nay ching
toi cling da cb gang cap nhat va tong hop nhiing bai toan mdi trong cac ki thi Olympic ctia cac
nude, khu vuc va quéc té cé st dung mot sé phuong phap da trinh bay & trén. Hé thong cac bai
tap dua ra theo thit tu ting dan do kho dé gitip cac em hoc sinh thdy dugc nét dac trung riéng ctia
titng phuong phap dém, tir d6 cac em hoc sinh c6 thé stt dung ching mét cach linh hoat trong
tirng bai toan cu thé. Ching t6i hy vong chuyén dé “Mot s phuong phap dém trong cac bai toan
t6 hgp” nay sé gép mot phan nhé vao qua trinh giang day phan t6 hgp va rat mong nhan dugc
nhitng y kién déng gép ctia quy thay cé cling nhu cac em hoc sinh dé chuyén dé ngay cang dugc

hoan thién hon.
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