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Tém tat noi dung

Trong chuong trinh phd thong 16p 11 ching ta da dugc lam quen véi dinh 1y nhj thitc, hay ta hay goi la
cong thuc nhi thic Newton theo d6 1a cac dang bai tap co ban nhu tim hé s trong khai trién, chiing minh déng
thic t6 hop... Tuy nhién di theo cong thiic nay 1a cic dang toan tuong dbi hay va kh6 ma cac ban khong dugc
tim hiéu sau, chinh vi thé ma trong chuyén dé nay, minh sé dé cap t6i gan nhu la day dt cdc dang todn cac ban
c6 thé gap trong dé thi THPT Quéc Gia hay dé thi hoc sinh gidi cAp tinh méng khong chuyén, nham gitip cac
ban c6 mot cai nhin bao quat nhat vé chi dé nay. Dé hoan thanh duge bai viét nay, khong thé khong nhac t6i su
trg gitip va dong gop tir ban bé ctia minh, xin giri 16i cdm on tdi
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4. Thay Tran Van Diing - Tu Duy Mo.
Trong bai viét 6 st dung tu liéu trong va ngoai nudc, ban doc c6 thé xem & phan cubi tai liéu. Moi y kién dong
g6p ciing nhu thac mac vui long giri vé
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1 Ki hiéu to hop.
1.1 Hé s6 nhi thirc.
Hé s6 nhi thic ky hiéu 1a (Z) la hé sb ctia x* trong khai trién ctia nhi thitc

£ (1)

k=0

n

k
sdch trén thi truomg, ciing nhu trong cdc tai ligu thuong ki hiéu la CK, tuy nhién trong tai ligu nay minh sé viét theo quy

Ta doc ( ) 1a s6 t6 hogp n chap k (n choose k). Luu 1f ring c6 mot s6 qudc gia & chiu A va trong dé cé Vigt Nam, cdc

P o, 4q1s (1
wdc quoc té la o)

1.2 Coéng thic t6 hop.

Trong Toan hoc, t6 hgp 1a cach chon nhitng phan ti tir moét nhém 16n hon ma khong phan biét thi ty. Trong
nhitng trudng hgp nhod hon ¢6 thé dém dugc sb t6 hgp. Vi du cho ba loai qua, mot qua tdo, mot qua cam va mot
qua 1&, c6 ba cach két hop hai loai qua tir tap hop nay: mot qué tdo va mot qua 1&; mot qua tdo va mot qua cam;
mot qua 1é va mot qua cam. Theo dinh nghia, t6 hgp chap k ctia n phan tir 1a mot tap con cta tap hgp me S chia
1 phan tt, tdp con gom k phan tit riéng biét thudc S va khong sap thit tu. S6 t6 hop chap k ctia n phan tir bang

v6i hé s6 nhi thic. Ta ¢6
<n>_n(n—1)...(n—k+l) n!

k k(k—1)...1 Tk —k)!
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trong d6 k < n, néu k > n thi két qua bang 0. Chu y & day n! = 1.2...1n va quy wdc 0! = 1.

2 Tam giac Pascal va su hinh thanh caa cong thirc nhi thie Newton.

2.1 Su hinh thanh cta cong thirc nhi thic.

Cac truong hop dic biét cta dinh Iy nhi thitc da dugc biét dén tur it nhat 1a vao thé ky thi 4 trude Cong nguyén
khi nha toan hoc Hy Lap Euclid da dé cap dén truong hgp déc biét ctia dinh ly nhi thirc cho s6 mii 2. Cac hé s6
nhj thitc, nhu cac dai lugng t6 hgp biéu thi sb cach chon k dbi tugng trong s6 7 ma khong thay thé, dugc cac
nha todn hoc An D ¢6 dai quan tdm. Tai liéu tham khdo sém nhét vé vin dé két hop nay la Chandahsastra, mot
nha tho trit tinh An Do Pingala (khoang nam 200 trudc Cong nguyén), trong d6 c6 dé cap tdi mot phuong phap
gidi quyét van dé nay. Nha binh luan Halayudha tir thé ky thit 10 sau Cong nguyén giai thich phuong phap nay
bang cach str dung cong cu d6 1a tam gidc cta Pascal. Vao thé ky thit 6 sau Cong nguyén, cac nha toan hoc An

D0 da biéu thi gid tri ciia hé s6 nhi thiic nay theo cong thic diéu nay dugc dua ra trong tai liéu Lilavati

n!
(nk)!k!’
ctia Bhaskara vao thé ky thi 12.

Cong thirc dau tién cta dinh Iy nhi thic va bang cac hé s6 nhi thic, c6 thé duge tim thy trong mot tdc pham
ctia Al-Karaji , dugc nha toan hoc Al-Samaw’al trich dan trong tac phdm "al-Bahir" ctia 6ng. Al-Karaji da mo ta
mo hinh tam gidc ctia cac hé s6 nhi thiic va dua ra 16i chiing minh cho dinh ly nhi thitc va tam giac Pascal bang
phuong phap quy nap toan hoc. Khai trién nhi thitc véi da thirc ¢6 bac nho duge biét dén trong cac cong trinh
toan hoc ctia thé ky 13 ctia 2 nha toan hoc Trung Qudc la Yang Hui va Chu Shih-Chieh. Nam 1544, Michael Stifel
da gidi thiéu thuat ngir "hé s6 nhi thic" va chi ra cach sit dung chiing dé biéu dién (1 + a)" (1 + a)" thong qua
(14+a)" 1 (14a)"1 béng cach str dung "tam gic Pascal". Tuy c6 rat nhiéu nha todn hoc nghién ctru ra dinh ly
nhi thic, nhung né van mang tén cua Newton vi y tudng ctia Newton khong du’ng lai & viéc ap dung cong
thuc nay cho truong hop cac s6 mii la s6 nguyén duong ma cho s6 mii bat ki: s6 duong, sb 4m, sb nguyén va
phan sb. Chinh y tuéng méi d6 cho mot y nghia 16n lao déi vdi viéc phat trién ctia toan hoc. Cac nha toan hoc
duong thoi thdy ngay tim quan trong ctia cong thirc va cong thite duge 4p dung rong rai trong nhiéu cong trinh
nghién ctru todn hoc, ddc biét trong dai s6 va giai tich. Nhan day ciing phai néi thém rang cong thirc nhi thirc
Newton khong phai 1a sy dong gép 16n nhét ciia Newton cho todn hoc. Newton da déng gép rat nhiéu cho viéc
md dau nhiing hudng toan hoc cao cap, d6 la cac phép tinh ddi vdi cac dai lugng vo cling bé. Va do vay doi lic
Newton dugc coi la nguoi sang lap ra nganh Giai tich toan hoc.

2.2 Cau chuyén vé nhi thitc Newton.

Dé ghi nhd cong lao ctia Isaac Newton (1642 — 1727) trong viéc tim ra cong thitc khai trién nhi thitc sau, dugc
goi la nhi thitc Newton.

-1 -1 -2)..32.1
1 1 My MO D) o 1) (n=2)..821,

1! 2! ml M

Trén bia mo ctia Newton tai tu vién Wesminster (1a noi an nghi ctia Hoang gia va nhiing ngudi néi tiéng cua
nude Anh) ngudi ta con khac hoa hinh Newton cting v6i ca nhi thitc Newton. Vay ¢6 phai ching loai ngudi da
khong hé biét gi vé cong thirc khai trién nhi thiic trude khi ¢6 phat minh ctia nha bac hoc vi dai nay ? Theo cac
van ban con Iuu gitr duge tir rat 1au triude Newton, ngay tir 200 ndm trude Cong nguyén cac nha toan hoc Anbo
da quen biét v6i mot bang tam giac s6 hoc. Trong tic phdm ctia nha toan hoc Trung Qudc Chu Sinh viét tir ndm
1303 ngudi ta tim thay bang s6 sau

1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 3 21 7 1
1 8 28 56 70 56 28 8 1
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R6 rang do6 1a cac hé sb ctia cong thirc khai trién nhi thitc Newton tir cip 0 dén cp 8, du nha toan hoc nay da
khong néi gi cho cac hé s tiép theo cling cong thitc téng quét ctia chiing, nhung theo cach thitc 1ap bang cta
ong, ta c6 thé dé dang tim ra quy luat cho phép viét duge cac hang méi.

Vao nira ddu thé ki XV trong tac phdm chia khéa s6 hoc viét bang tiéng A rap ctia nha toan hoc, thién vin hoc
Xamacan c6 tén 1a Giém Xit-Giaxedin Casi ngudi ta lai gdp tam gidc s6 hoc ma tac gia da goi tén ro hon 1a cac hé
s6 nhi thitc cing v6i nhitng chi dan cach thanh 1ap cac hang ké tiép ctia nhi thic. Vi 16i chi dan (khong ching
minh) d6 Casi da cho ta kha nang khai trién nhi thic & mot cap bat ki. C6 thé coi d6 1a sy phat biéu bang van
dau tién trong lich st ctia dinh 1i vé nhj thitc Newton. O chau Au, tam gidc s6 hoc duge tim thdy dau tién trong
cong trinh ctia nha toan hoc ngudi Pic Stiffel M. Cong bb vao nam 1544. Trong cong trinh nay cting da chi dan
ra cac hé s6 cta nhi thic cho dén cép 17.

Gan mot traim nam sau, hoan toan doc lap v6i nhau, Cac nha toan hoc nguoi Anh Bo-rit-gon (1624), nha toan
hoc Phéap Fermat (1636) roi nha toan hoc Phap Pascal (1654) da dua ra cong thiic hoan hao vé hé s6 ctia nhi thiic
Newton. Dac biét trong cong trinh mang tén Luan van vé tam giac s6 hoc cong bd vao nam 1665, Pascal da trinh
bay kha chi tiét vé tinh chat ctia cac hé s6 trong tam gidc s6 hoc va tir d6 tam giac s6 hoc duoc st dung mot cach
rong rai va tén tam giac Pascal ra doi thay cho tam gidc s6 hoc. RS rang ma néi vé mit lich st thi tam giac s6 hoc
da duoc cac nha toan hoc A dong xét dén trudc Pascal rat nhiéu.

Vay vai tro ciia Newton & dau trong qud trinh hinh thanh c6ng thitc nhi thitc Newton ? Nam 1676 trong buc thu
thit nhat gtri O-den Hiaro — Cht tich Vién Han Lam hoang gia Anh, Newton da dua cong thitc (1) ma khong
dan giai cach chitng minh. Sau d6 it 1au trong birc thu thit hai giri dén Vién Han Lam, Newton da trinh bay ro
rang bang cach nao 6ng di dén cong thirc do. Thi ra bang cach nay Newton da tim ra cong thitc Newton tit ndm
1665 khi ma 6ng chi mdi 22 tudi. Nhung du vay thi viéc dua trinh cong thitc cia minh Newton cling khong néi
duge diéu gi méi cho cac nha toan hoc duong thoi.

2.3 Tam giac Pascal.

Trong toan hoc, tam gidc Pascal la mot mang tam gidc ctia cac hé s6 nhi thirc. Trong phan 16n thé gi6i phuong
Tay, n6é duogc dat theo tén nha toan hoc ngudsi Phap Blaise Pascal, mac du cac nha todn hoc khac da nghién cttu
né hang thé ky trudc Pascal & An D¢, Ba Tu (Iran), Trung Qubc, Diic va Y.
Cac hang ctia tam gidc Pascal dugc liét ké theo quy udc bat dau bang hang n = 0 & trén cting (hang 0). Cac muc
trong mdi hang dugc danh s6 tir dau bén trai véi k = 0 va thuong duge dit so le so véi cac sb trong cac hang
lién ké. Tam gidc c6 thé dugc xay dung theo cach sau. Trong hang 0 (hang trén cting), c6 mot s6 1 duy nhat. Méi
s6 cia m&i hang tiép theo dugc xay dung bang cach thém s & trén va bén trdi voi s6 & trén va sang bén phai, coi
cac muc trong la 0. Vi du s6 ban dau trong hang dau tién (hodc bat ky s6 nao khac) 1a 1 (t6ng caa 0 va 1), trong
khi cac s6 1 va 3 trong hang thit ba dugc thém vao dé tao ra s6 4 & hang thit tu. Hay ta c6 thé hiéu don gian 1a
e Ohang dau tién, chung ta viét mot con s6 1.
e O hang tiép theo, ching ta viét hai con s6 1.
e Tiép tuc cac hang tiép theo,
1. con sb dau tién va con sb cubi cung bao git ciing 1a 1;
2. con méi con s6 & bén trong thi bang téng ctia hai con s6 diing ngay & hang phia trén.
Vidu.1+1=2,14+2=32+1=31+3=43+3=63+1=4.
Ta ¢6 so do sau.

n=20 1
n=1 1 1
n=2 1 21
n=23 1 3 31
n==4 1 4 6 41

n=5 1 5 10 10 5 1
Nhin xét.

i) Xét hang thi nhét, tacé 1 = (é), = G)
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s . (3 o (2 (2

if) Ohang tht2,tacé1 = (O)'Z_ <1>,1— <2)

VIR . . 3 3 3 3

iii) Ohang thu 3,tacé1 = (0>,3— (1>,3— <2),1 = (3>

Nhu vay cac sb & hang thu n trong tam gidc Pascal 1a day gom (1 + 1) s6
n\ (n\ (n n n
0/’\1)'\2)"""\n—-1)"\n)’

Chiing ta diing tam gidc s6 Pascal dé khai trién cac biéu thitc (x + y)" va (x — y)" nhu sau.
Khai trién (x +y)".

o

1 — (x+y) =1
11 - (x+y)=x+y
1 21 — (x+y)* = x2 4 2xy + 2
1331 — (x+y)® = 23 4 3x% + 3xy? +
1 46 41 — (x+y)* = x* + 4x3y + 63292 + 4xy® +
1 5 10 10 5 1 — (x+y)5 :x5 +5x4y+10x3y2+10x2y3+5x}/4+y5
Khai trién (x — y)"
1 N (x—y)o =1
11 — (x—y)'=x—y
1 21 — (x—y)? =2 —2xy + 12
1331 - (x —y)® = 23 = 3x2%y + 3xy? —
L4641 = (x-y=x—ady+62y’ —dxf+y
1 5 10 10 5 1 = (x _y)5 — 45 —5x4y+ 10x3y2 _ 10x2y3 +5xy4 —]/5

Chting ta danh s6 méi hang ctia tam giac Pascal theo thit tu bat dau 1a hang s6 0, tiép dén la hang s6 1, hang sb
2, v.v... Con trén mdi hang, chiing ta sap xép thit tu cc con sb bat dau 1a con sb thit 0, tiép dén 1a con s thir 1,
r0i con s6 thit 2, v.v... Chiing ta sé goi con s6 thit k & hang thi 1 1a p,, . Tir d6 suy ra cong thic dé xdy dung tam
giac Pascal la
Pn—1k-1 + Pn—-1k = Pnk-
Ta ¢6 so do.
Hang thi 0
Hang thu 1
Hang tha 2
Hang tha 3
Hang thu 4
Hang thu 5

L4l 11l

N PR L . . A n!
Tir d6 ta c6 cong thic tong quat py, x la p, = (k) D
5> 5/  1x2x3x4x5

Vidupsa =1, ) =53 " Txaxix2x3 ¥

Ngoai ra tir cong thitc xay dung tam giac Pascal, ta c6 cong thirc sau
n\y (n-—1 i n—1
k)  \k-1 k
Cong thic ngudi ta goi no theo tén ctia nha toan hoc Pascal - Cong thiic Pascal.

2.4 Ching minh cong thitc tong quat p,, ; va cong thirc nhi thic Newton.

Bay gid ching ta sé chitng minh bang quy nap theo bién s6 n cong thitc sau day

_(n\ n!
Prk=\k) = ki(n—k)

4
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0!

Véin =0, chingtacd ppg =1 = W' nhu vay cong thitc ding véi truong hop n = 0. Chiing ta luu y rang 0!
bang 1 chit khong phai bang 0. Gia st cong thirc duing véi cac truong hop 0 < n < N. Bay gio ta sé ching minh
cong thic cing dung véi truong hgp n = N + 1.

That vay, véi truong hop k = 0 hoac k = N + 1 thi khi d6 ta co

B L (NFDU_(NHTY (N1
PN+10 = PN+1,N+1 = —m— 0 “\na1

Véi truong hop 1 <k < N tacd pyi1x = PNi_1 + P Theo gid thiét quy nap thi cong thitc ding véi trudng
hgp n = N, do vay ma

(N N! _(Ny_o _ Nt
PNEL= \ g 1) T N k)P T k) T RN R

Tir d6 suy ra dugc

N N
PN+Lk = PNI-LHPNE= Gy (N k1)1 | KN —F)!
. NK NI(N —k+1)
THIN k1D T R(N—k 1 D)
CONIN+1) (N4 (N+1
THIN—kL D! KR(N—k+1)! ( k )

Nhu vay ching ta da ching minh coéng thitc dung cho truong hop n = N + 1. Tom lai, theo nguyén ly quy nap
thi ching ta da ching minh dugc cong thitc cho cac hé s6 trong tam gidc Pascal la

_(n\ n!
Prk=\k) = ki(n—k)!

2.5 Chung minh cong thirc nhi thirc Newton.
Chirng minh. Bay gi¢ chung ta dung quy nap dé ching minh dinh ly khai trién nhi thiic Newton
n
n__ PN n—kpk _ (TN ny\ n-1 M\ n—kpk N\
(a+Db) _k; (k>a b= (0>a + (1)a b+ ..+ <k>a '+ + (n)b :

Véin = 0 hodc n = 1 thi hién nhién ta c6 diéu phai chitng minh. Gia st cong thirc ding trong trudng hop
0<n < N,v6iN > 1, bay gio ta sé di chitng minh né dung trong truong hgp n = N + 1.
That vay, ta co
(N =@ +y)(x+ "
= (x+ ) N+ N Ty pnpN TR e p ey T penyN T )

_ xN-H + pN,lxN]/ + PN,ZXN_l]/Z 4ot pN,N—2x3]/N_2 + pN,N—lxzyN_l + xyN

+ xNy + pN,lxN71y2 + PN,ZxNiz]/g N PN,N—sz]/Nil + PN,Nflx]/N + yN+1

bé y ré”mg theo cong thirc xay dung tam giac Pascal thi ta c6

pN1+1=pNy11,PN2 T PN1 = PN412/ - PN N1+ PNN-2 = PN4+1,N-1,1 + PN,N—1 = PN+1,N/
tu do suy ra
N+1

(x+ )N =N 4 iy + pngaaxdN T+ e YN T panayN +y

Vay chung ta da ching minh cong thic dung cho truong hop n = N + 1. Theo nguyén ly quy nap thi ching ta
da ching minh xong dinh ly khai trién nhi thic Newton.

(x +y)n — " + Pn,lxn_l]/ + pnlzxn—ZyZ 4+t pn,n72x2]/n_2 + Pn,n—lxyn_l +yn

N n\ n-1 n\ n—2 n 2. n—2 n n—1 n
=x +<1>x y+(2>x Y-+ +<n2>xy +<n1)xy +y
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Hodc ta c6 10i gidi cling sit dung tam gidc Pascal nhung nhin tuong minh hon nhu sau.
Loi gidi 2. St dung phuong phap quy nap, ta thay rang n = 0, 1,2 thi dang thic diing, ta gia st dang thic
dung véin —1tacla
n—1 n—1 o
(X + y)nfl — 2 ( . )xnllyz'
i=0
Khi d6 thi
n—1 n—1 oy
() = Gty =@ (")
i=0

Str dung tinh chat phan phéi, ta duge

n—1 n—1 n—1 n—1
n—1 P n—1 P n—1 P n—1 .
X Z ( ] >xnlzy1 +y Z < ] )xnlzyz _ Z ( ] >xnzy1 + Z ( . >xnllyl+l.
i—o \ ! i—o \ ! i—0 \ ! i—o \ !
Bay gio ta bién d6i mot chiit dé dua vé mot tong, ta duge

! n—1 n—i, i = n—1 n—1-—i i+1
L e p ()

i=0

Chd y rang & budc tiép theo, ta da st dung cong thirc (n 8 1) = (n) va (Z B 1) = (n) .
Nhu vdy dinh ly dugc ching minh. O
3 Mot so tinh chat co ban.

3.1 Nhac lai khai trién nhi thitc Newton.

Trudc tién ta sé c6 cong thirc khai trién nhi thitc Newton duge phét biéu nhu sau.

DINH LY. (3.1)
Véi a, b la cdc s6 thuc va n la s6 nguyén duong, ta co

n
(a+b)" =) <Z> a"kpk = (g) a + <711> a" o4+ <Z> a"Rpk 4
k=0

Quy uéc a® = b° = 1. Cong thitc trén duoc goi la cong thitc nhj thiic Newton.

+
N
S =
~__
Sy
=
ey
-
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Trong biéu thitc & vé phai clia cong thic (1) ta co
a) S6 cac hang tirlan + 1.

b) S6 cac hang tir c6 s6 mii ctia a gidm dan tir n dén 0, s6 mi cta b téng dan tir 0 dén n, nhung tong cac s6 ma
ctia a va b trong mbi hang tir luon bang .

c) Cac hé sb ctia méi hang tr cach déu hai hang tir dau va cuébi thi bang nhau.

HE QUA.

1. Véia:bzl,thitacéZ”:(n>+<n)+...+<n).
0 1 n
T A ,77’1_11 _kn _nn
2. Véia=1;b= 1,tac00—(0> (1>—|—...—|—( 1) (k>—|—...—|—( 1) (n)

CAC CONG THUC CO BAN LIEN QUAN TOI KHAI TRIEN NHI THUC NEWTON.
n n
: <k> - (n_k)
2 n — ("™ =1
' k+1 k+1) V77
knt  nn-1)! o n—1
Kkt (n—k)!(k—1)! k—1)

k.n! n(n—1)! 1 (n—kl).

4 k+1<k> D) =Rk~ D) (=R k1)~ n1\k+1

NGOAI RA TA CON CO MOT SO CONG THUC KHAC NHU SAU.

() () )
= () () () ()
b

== (002 o)

Ngoai ra tir cong thuc k. Z

8 @ +2<k11> " (k—72> - (ZE)
> <k> +3<k+1> +3<k12> " (k—7—3> - (ZI:)

3.2 Déiu hiéu cac bai toan sir dung nhi thirc Newton trong cac bai toan ching minh dang
thuec.

) ( ) ta md rong dugc 2 cong thirc sau.

Sau day 1a mot s6 dau hiéu gitp ta nhan biét dugc cac dang toan trong phan nay, cac dang todn nay sé dugc
hudng dan ky hon & phan sau. Mot s6 dau hiéu la
N 2 £ 2 " n L1s 4 CA 1AL i A
+ Khi can ching minh dang thitc hay bat dang thitc ma c6 ) | (1) vdi i 1a so tu nhién lién tiep.
i=1

+ Trong biéu thirc c6 2 i(i—1) ( ) thi ta dting dao ham (i € IN), ngoai ra néu
i=1

e Trong biéu thic c6 Z i+k) (z ) thi ta nhan 2 vé v6i x* r6i lay dao ham.
i=1

n
e Trong biéu thic cd ) a (:l) thi ta chon gid tri ctia x = a thich hop.
i=1
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. L | .
e Trong biéu thitc 6 ) | P <TZ> thi ta lay tich phan xdc dinh trén [a; b] thich hop.
i=1""

e Néu bai toan cho khai trién

(xa +xb)” _ i <111) (20" (xb) _ i (?) caln—i)-+ib

i=1

thi hé s0 ctia x™ la (7) sao cho phuong trinh a (n — i) 4+ bi = m c6 nghiém i € IN.

. ) -1 ) 1 .. . .. <
° (?) datgiétril(mnhétkhiz:nThayz:n; lenle,z:gvmnchan.

Nhu vay ta da tim hiéu dugc cac dau hiéu nhan biét khi nao thi ta st dung dén cong thic Nhi thitc Newton,
sau day chuing ta sé di giai quyét cac dang bai tap ctia phan nay.

4 Cac dang toan lién quan t6i nhi thiuc newton.

4.1 Bai toan khai trién nhi thitc va chiing minh dang thitc co ban.

DAu tién ta sé di tim hiéu mot thuat toan khai trién nhanh tam thitcc Newton (a + b + ¢)” nhu sau.
CAC BUGC THUC HIEN.

e Budc 1. Viét tam gidc Pascal dén dong thit 1, dé c6 dugc hé sb ctia nhi thitc Newton (b +¢)".
e Budc 2. O cic diu dong ta viét cac don thitc 1a khai trién nhi thirc Newton (a +1)".

e Budc 3. Nhan 1an luot cac don thie & dau dong moi ot vdi cac don thirc con lai trén mo6i dong do roi
cong cac két qua lai, ta thu dugc két qua khai trién.

Cu thé ta c6 & dudi day

1.a" 1

;l a1 16 1c

ny 42 2 2

5 .a 16 2bc 1c

’I an3 102 3b% 3b2 12

1.a° 1ot () le T )bl 1
1 n—1
Sau khi cong lai ta duoc

n_ o (M) i [y (P e m\ (P\ yn—q g -
(a+b+c)" =) APy VA = ) A7) TP
p=0 \P g=0 \1 o<q<p<n \P/ A

4 h

n

Sau khi khai trién (a +b+¢)" v6i0 < g <

Bay gid ta sé cing di tim hiéu cac vi du minh hoa.

BAI 1.

Tim hé s6 ctia s6 hang chita x* trong khai trién P(x) = (3x% +x +1)'".

Chitng minh. V&i 0 < q < p < 10 thi s6 hang tdng quét ctia khai trién P(x) = (3x2 4+ x + 1) "1a

Ty, = <1O>.(P ).<3x2)10p P17 = (10>.(p) 310-P xp=+20-2p
p)\aq p)\a
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Theo débaithitacop—q+20—-2p =4 p+qg=16.Do0< g < p < 10nén
(p:q) € {(8;8);(9:7);(10;6)}
Vay hé s6 ctia x* trong khai trién P(x) = (3x% + x + 1)10 1a

(8)'<8>'3 +<9>.<7).3 + 10) s 3 = 1695

Bai toan dugc giai quyét. O

u Chd y khi ra nhiéu truong hop ctia (p; ) thi ta cong hé s cac truong hop voi nhau dé c6 két qua.

BAI 2.

Tim s6 hang chita x'3 trong khai trién thanh cac da thitc cta (x + x2 4 x3) "0 ?

Chitng minh. V&i 0 < q < p < 10 thi s6 hang tong quat ctia khai trién (x + x2 + x3)10 la

T, = (1O>.(p).x10p. x2> p_q.(x3)q = (10)(}?) 310=p x10+p+q
p q p q

Theo débaithil0+p+g=13<p+g=3, <g<p<10nén (p;q) € {(2,1);(3;0)}.
Vay hé s6 ctia x!3 trong khai trién 1a ( (

(
B :

Tim hé s6 cta x8 trong khai trién da thic ctia [1 +22(1 - x)S} .

BAI 3.

Chirng minh. Cach 1. Ta c6

kg

Qo1 £ Q=[5 ()]

k
<i) thoa man

[

fx) =

»
Il
o

Vay ta c6 hé sb ctia 28 1a (1)’ <2)

Nhu vay hé s6 trong khai trién cta x8 1a

Cach 2. Ta co
_ (8 B\NT21_ 12 (8N [2(1 _ 1" B\[.2(1_1®
flx) = (o> ot <3) [2a-x) + <4> [a-x] +.+ <8> [ (1-x)
Ta nhan thay rang x® chi ¢6 trong cac s6 hang
1. Sb hang thi 4 <§) [x% (1 —x)]s.

2. Sb hang thu 5 <i) [x2(1— x)]4.

V6i hé s tuong duong véi Ag = <§) <§) + (Z) (3) = 238. O
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BAI 4.

) . 1 1\" ., )
Véi n 1a s6 nguyén duong va x # 0, xét biéu thuc <x8 +23+ P + x7> . Héi ¢6 bao nhiéu so n < 2018

sao cho khai trién ctia biéu thiic trén c6 s6 hang tu do 1a 0?

Chitng minh. Ta c6
1 1\" n 1\"
8, .3 5 3
(x e x7> (1 * ) <x x7>

Do vay s6 hang tdng quat ctia khai trién trén 1a

_ (. 5k (MY 3n—10n _ (TN [T\ 3u+45k—10K
= ()= )= ()6

S6 hang nay la s6 hang tu do khi 3n + 5k — 10h = 0 < 3n = 5 (2h — k).
Néu 1 khéng chia hét cho 5 thi khai trién sé khong chita sb hang tu do, tirc 1a s6 hang tu do 1a 0. Con khi 7 chia

hét cho 5 thikhi h = %,k = g, s6 hang tu do sé la (Z) <Z> # 0,khong thda man. O

BAI 5.

o g n e N N . N A
Cho khai trién (1+ x4 x2)" = ag + a1x + ax% + ... + a2,x>", v6in > 2 va ag, a1, ay, ..., Az, 1a cac hé so.

Biét rang ;I—Z = %, khi d6 tinh tong S = ag +ay +az + ... + a2,?

Chitng minh. Dau tién ta c6

(1+x+x2)n = i (Z) (x+x2)k = i (’;) i (?)xk_l,xﬂ

Heé s6 ctia x3 1a
k+1 _ .3 _ I1=0k=3 _(n
XM =x"=k+1=3= [ :1;k:2:>a3_
Tuong tu nhu vay, ta c6 hé s6 ctia x* 1a

I=0k=14

pretarieie [ (OO (O

(0006 08)-(G0-00)

- 14 n! " 3.n! n n!
a(n—4) "3(n—3)  20(n-2)
14 , 11 185\ n=1 «
en(n-1) (2471 —4n—6> =0« [ v =10 (n € N¥)

Do 7 > 2nén n = 10, mit khac thay x = 1 vao hai vé ctia khai trién
2\ 10 2 20
<1+x+x) =ag+a1x + axx~+ ...+ axpx

tadugc S =ag+ay +ax + ... +ay = 3.
Dén day bai toan da duoc giai quyét. O

10
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BAI 6.

Biét téng cac hé s6 ctia ba sb hang dau trong khai trién Newton

(=3 £ ()

Bang 49. Khi d6 tinh hé s6 ctia s6 hang chia x° trong khai trién d6?

Chitng minh. Ta c6
(#3) =E @ () B (v

T6ng cac hé sb ctia ba s6 hang dau trong khai trién bang 49 nén

(6) () ()=

Diéu kién n € N*, n > 2. khi d6 () twong duonng véi

1
1—2n+22.%:49(:>2n2—4n—48:0
n=-4(L
L [r=—t
n==6(N)

6
f Py 2 A 2 o N
Véin = 6 ta c6 nhi thirc <x2 - x) . s0 hang tong quat cua khai trién la

(2) (—1)F 25 x1273 (k € N,0 < k < 6)
S6 hang chuta x® ting véi k théa méan 12 — 3k = 3 < k = 3, thda man.

Vay hé s6 ctia s6 hang chita x° trong khai trién 1a (g) (—1)%.2% = —160.

BAI1 7.

sb. Tinh t6ng

T—lla—11a+11a—11a++11 _11
“\o 11 1 10 D) 9 3 8 T .. 10 ay 11 ao

.o 11 L s 1A
Gia su (1 +x+ x2 + x3 + ...+ xlo) =ap+ax+ ﬂzXZ + a3x3 + ...+ angxllo VOl ag, a1, a,... 4110 la cac he

Chitng minh. Ta c6

A= (1+x+x2+x3+...+x10)11 s (1-0)'tA= (1 —xll)u

& i (1k1>(—x)k.:=t2aixi = i C;) (—x”)m

k=0 m=0

p Q

Hé s6 ctia x!! trong P 1a

S A 4 R4S A VR 4 L VRE A W
o)1 )0m )7\ 3 )BT T {10)" 7 \11)% =

11

Hé s6 cta x!! trong Q 1a — ( 1

Vay T = —(111> = —11.

11
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BAI 8.

Cho khai trién T = (1+x — x2017)2018 +(1—x+ x2018)2017. Heé s6 ctia s6 hang chita x trong khai trién
bang bao nhiéu?

Chitng minh. Ta c6 2 10i giai nhu sau.
Cach 1. Ta c6 2018 o1
_ 2018 2017\ 2017 1 2018 K
T—g<k>(x x )+k§o "y (x x)
) . PN 2018 2017
Heé s0 ctia s6 hang chira x ing voi k = k' = 1. Do d6 hé s6 can tim la ( 1 ) - ( 1 ) =1
Cach 2. Ta c6
T =a9g+a1x+ llzxz + ...+ a2017,2018x2017'2018 = f (x)
= f/ (x) =ay+2ayx + ...+ 2017.2018&2017.2018362017'201871
= f(0)=m
Mat khac ta lai c6
2017 2016
£ (%) = 2018(1 4+ x = x217) 7 (1-2017x21€) 42017 (1 — x + 2278) 7 (1 4+ 2018227

= ' (0) = 2018 — 2017 = 1
=a =1

Do d6 hé s6 can tim 1a 1.

BAI19.

, , 1\*
Tim hé s6 ctia x° trong khai trién (2x +1)° (xz +x+ 4> thanh da thic?

Chitng minh. Ta xét khai trién

2x+1)° = (1+2x)° = f (Z) 17 2x)F = i <Z)2kxk

va khai trién

Nhu vay thi ta duoc

oir(eened) B O B0 - EQREOQ

S6 hang ctia khai trién chira x° khi j + k = 6. Ta ki hiéu [x®] 1a hé s6 ctia x°, chu y rdng

“-(20)G)
520 (G)

3
2. Néuk—1:>j—5:>[x6]—(6 21.<8 (1 .

Khi d6 ta xét cac truong hgp sau.

1. Néuk=0=j=6= [x°]

3. Néuk=2=j=4= [x°] = (§>22.(8> (1)4.

12
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a1

07(6)(2)
)2 0) ()
02 ()(3)
0= (0) (3)°
( i>4thanhdathac1a3?3=i<1§>‘ i

BAI1 10.

Cho khai trién (1 + 2x)" = ag + a1 x + azx> + - - - + azx", n > 1. Tim s6 gia tri nguyén ctia n véi n < 2018
sao cho ton tai k (0 < k < n — 1) thda man a; = ag1.

Chitng minh. Dau tién ta c6

n

tr do suy ra a; = (k

(14 2x)" = i (Z)kak

k=0

>2k véik=0,1,2,3,..n Do dé

n

n
Ay = A1 <= (k>2k = <k—|— 1>2k+1

n! 5 n!
THE—R kD) (- k1)
L1 2
-k (k+1)
em—2k=k+1
2n —1
k:
< 3
Vio<k<n—1nénsuyran > 2.
1.Néun:3m,meN,thik:M:2m_%gN
2.Néun:3m+1,meN,th1k:%:MH%¢]N_

Bai todn dugc giai quyét.

BAI 11.

rang ) ay = 768, tinh as.
k=0

Cho khai trién (x — 1)*" + x(x + 1)%"7 ! = ag + ayx + apx® + ... + a2,%2" v6i n 1a sb tu nhién va n > 3. Biét
n

Chitng minh. Ta c6

f()=ap+a1+a+...+ay n
f(—l) =ag—ay+day — ..+ dy

hay 22"~ 4 22" = 1536 = n = 5, tir day suy ra dugc hé s6 a5 = (

=f(1)+f(-1) =2} ay =1536
k=0

150> (-1)° + (Z) — —126..

13
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BAI 12.

. S S 1 /2018
Tinh gia tri cua biéu thucS+2<1009>.

2018
Goi S 1a téng cac hé sb ctia cac liy thira bac nguyén duong cua x trong khai trién P (x) = (x + x> .

2018
Chirng minh. Ta c6 (x + x) = Z

k=0 k

2018 (2018

) 'x2018—2k'

Dé liy thira véi s6 mi nguyén duong thi 2018 — 2k > 0 < k < 1009, tir d6 suy ra

2018
S =
(s

‘ A . (n\ ([ n
Ap dung cong thirc ( k) = (n - k) ta dugc

Sy 1 (2018) _ <2018> n (2018) .

2\ 1009 1

(s L)) < () (2
2\ 1009 0

" 2018 I 2018
1 1008/

N
e}
—_
[o¢]

+

7N N
— N
o O
S =
x oo

N ~—
+

—
o
o
Qo
+

=

Lt

[0¢]

~

+

+
N\
= N
o O
= =
S o
__
+

A~ NP e N

L (2018 (2018 2018

201 2017 1009
(2018 2018 2018 2018\ o1
<0)+<1)+ +<2017>+ 2018)2

2018\ 5017
Vay S + = (1009)2 .

BAI 13.

Tim n, biét ay + a3 + a4 = 83n.

Cho khai trién a, (x — 1)" 4+ a,_1(x — 1)" !

+otm(x—1)+ay=x"véimoix € R,n e Nvan > 5.

Chitng minh. Ta co

=[x —1)+1]" = (g) (x—1)"+ <’11> (x—1)"14 (Z) (x—1)"24 .+ (n”1> (x—1)+ (Z)

Viay + a3 + a4 = 83n, tu day suy ra dugc

m—1)(n-2) (mn—-1)m-2)(n—4)

(;) + (g) + <Z> = 83n < ("; D g + n

=83

=n=13.

Bai toan dugc giai quyét.

BAI 14.

Sau khi khai trién va rut gon thi biéu thitc (x —

1\20 1\ 10 ) )
2) + <x3 - x) , €0 tat ca bao nhiéu so hang ?
X

Chitng minh. Ta c6

(=) e () =B ) () - E (e ()
:é( 1) (Zko) 203k 4. Z < ) 2 30—4m.
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Ta tim cac s6 hang c6 ciing liy thira cta x, ta c6

0<m<10,0<k<20
& (km) = (2;4),(6,7),(10;10).

20—-3k=30—4m < 4m —3k =10

Vay trong khai trién da cho c6 tat ca 21 + 11 — 3 = 29 s6 hang. O

BAI 15.

C6 bao nhiéu s6 thuc x dé khi khai trién nhi thirc (2x 422% ) "6 tong s6 hang thi 3 va thit 5 bang 135,

con téng ctia ba s6 hang cudi bang 22?

n

Chitng minh. S6 hang th (k + 1) trong khai trién 1a Ty = ( '

k
) (2x)"k (2%”‘) . Tir d6 suy ra

1. Téng hai s6 hang thit 3 va thu 5 bang 135, suy ra
_(n =2 (nl_x 2 n xyn—4 (1 —x 4 _
Ty+ Ty = (2) (292 (227) "+ (4) (25)"(237%) =135 1)

2. Téng ba hé sb ctia ba s6 cudi bang 22, suy ra

( n2)+( n )+<">:zz@”(”1)+n+1zzz@n:6.

n— n—1 n 2
Thay n = 6 vao (1), ta dugc
(g) '24x.21—2x + (Z) '22x'22—4x =135 & 22X+1 + 22—2)( =9

Pit 0 < u = 2%%, ta duoc

Véyxe{l;—;}. O

BAI 16.

2017 2k+1

Trong khai trién ctia biéu thirc (x® —x —2)7 . Tinh tong S ctia cac hé s ctia x* 1 véi k nguyén duong?

Chitng minh. Ta c6

2017
(x3 —x— 2) = a9 + 41X + arx? + ... + agz 10! (1)
Tacan tinh S = a3 + a5 + ay + ... + ag051.
Thay x =1 vao (1), ta dugc
ap+a; +ax + ...+ agos1 = —p2017 2)
Thay x = —1 vao (1), ta dugc
ap—ay+ay; —az+ ... —aeps1 = —p2017 3)

Trix vé theo vé (2) va (3), ta dugc
2(a0+a1+a2+...+a6051) =0&254201=05S=—m

Theo khai trién nhi thitc Newton, ta cé

(x3 L 2) 2017 _ ig (20k17> <x3 B x)k(—2)2017*k

15
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2017

Tir d6 suy ra s6 hang a;x chi xuat hién trong < .

) (3 — x)l(—2)2017_1. Mat khac

(2017

1
. ) (x3 — x) (—2)217-1 = 901722016, (x3 - x) — ay = —2017.22016 = § — 2(17.22016,

Nhu vay bai toan dugc giai quyét.

BAI 17.

Ki hiéu a3,,_3 1a hé s6 ctia s6 hang chita K33 trong khai trién (x2 + 1) ! (x +2)". Tim n sao cho a3, _3 = 26n.

Chitng minh. Ta c6

o= (B (6 (B0 ) -EEG (0

Chon3n—-2k—i=3n—-32k+i=

3 {
A A 2 A . 31n—3 15 n n 3
Suy ra hé so cua so hang chira x 1 ( 2° +

9]

Y
o I
~
Y
w
~
N
W
+
Y
— 3
~
—- 3
~~
N
Il
N
[@))
Iy
=
Il
o1

Nhu vay bai toan dugc giai quyét.

BAI 18.

Cho khai trién x(x +1)" +2(x +1)" = ag + ayx + arx? + ... + a, 1 x" 7! v6i n 12 s6 tu nhién va n > 2. Tim
n, biét rang a, — 7n; nay; a,_» theo thit ty d6 1ap thanh mot cap sé cong.

Chitng minh. Ta c6

x(x+1)"+2(x4+1)" = (x+1)"(x+2) = (x+ )" [(x+1) +1] = (x+ )" + (x+1)".

Suy ra dugc
_(n+1 n\ (m+1)n nn-1)
an:(n+1>+<n>:(n+1)+1:n+2
n n
n

6 2 6

a”_z_(n+1>+<n_2> (nthnn=1) nln=1) n(m-1n+4)

Theo gia thiét bai toan, ta c6

n=20
”(”"‘2)_(”2—7”) = n(n—16)(n+4) —n(n—|—2)<:){ Zzl—o7

Viy ta tim dugc n = 10 la gid tri thoa man.

BAI 19.

Xac dinh n biét ring hé s6 ctia x" trong khai trién (1+ x +2x2 + ... + nx")” bing 6.

Chitng minh. Ta c6

(1—|—x+2x2—|—...—|—nx">2: (1+x—|—2x2+...+nx”).(1—|—x+2x2—|—...—|—nx">

16
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Hé s6 cua x" 1a
In+l.(n—-1)4+2.n-2)+..+(n—-1).1+nl
=ln+l(n-1)4+2.n-2)+..+(n-1).n—(n—-1)] +nl
=2n+n[l+2+43+...+(n—-1)] - [12+22+32+...+(n—1)2}

—onn 1+ (n—1) ~(n—1)} B {n(n+1)(2n+1) —nz}
2 6
- 13+ 11n
a 6
P 34+11
Theo gia thiet, ta co n—l—Tn =6n =n=>. O

BAI 20.

Biét rang trong khai trién nhi thic Newton ctia da thirc P (x) = (2 + x +2x% +x3)" thi hé s cta 2° 1a
1001. Téng cac hé sb trong khai trién ctia P (x) bang bao nhiéu?

Chitng minh. Ta c6

n

P(x) = (2+x+2x2+x3)"= (2+x)"(1+2)

(EG ) (B07)-EEOO)

Hé s6 ctia x° tng véi k + 21 théa man k + 21 = 5 = (k;1) = {(5;0),(3;1),(1;2)}.

1. Truong hgp 1. Véin > 5khi dé (k;1) = {(5;0),(3;1),(1;2)}, suy ra hé s6 ctia x° 1a

B )R+ ()G = oo

Vi vé trai 1é ma vé phéi luén chdn néu n > 5 do d6 chi c6 thé chon n = 5. Thit lai vao phuong trinh ta thay
n = 5 thda man diéu kién.

2. Truong hop 2. V6i 3 < n < 5khi doé (k;1) = {(3;1),(1;2)}, tir day suy ra hé s6 ctia x° 1a

() () ()=

Vi vé trdi 1é ma vé phai luon chan néu n > 3 do d6 chi c6 thé chon n = 3. Thit lai vao phuong trinh ta thiy
n = 3 khong thoa man diéu kién.

3. Truong hop 3. V6in = 2 khi dé (k;1) = (1;2), suy ra hé s6 ctia x° 1a <;) (;) 2 =1001, vo ly.

Do d6 chi ¢6 n = 5 théa man suy ra tdng cac hé s trong khai trién 1a 6° = 7776. O

BAI 21.

Cho khai trién P (x) = (14 x) (2+ x) ... (1 +2017x) = ag + a1 x + azx? + .... + ax017x?%7. Ki hiéu P’ (x) va
P” (x) lan lugt la dao ham cap 1 va dao ham cép 2 ctia da thitc P (x) . Tim hé s6 a,?

Chitng minh. Ta c6 P (x) = a1 + 2apx + 3a3x2.... + 2017a217x%1°, tiép tuc dao ham 1an nita, ta c6

P" (x) = 2a + 6azx.... + 2017.2016a5917x°°1.

17
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/!
Cho x =0, tadugc P” (0) = 2a; = a; = 20) .Chu y rang ta c6

1 2 2017
P (x)=P(x). —
(x) =P(x) <1+x+2+x+ +1+2017x>
1 2 2017 \? 12 22 20172
Plx)=P(x). [ — + = ¢ L P S e
() = P(x) <1+x+2+x+ +1+2017x> + (x)< T+x 2+« 1+ 2017x

Nhu vay bai toan dugc giai quyét.

BAI 22.

Tim hé s6 ctia s6 hang chita x> trong khai trién (1 — 2x +2015x2016 — 2016x2017 + 2017x2018)60.

Chirng minh. Dat
60
f(x) = (1—2x+2015x216 —2016x2°Y + 2017x2018)

g (x) = 201552016 — 2016x%917 4 2017x2018

Suy ra

60

F) =+ (-2x+g(x)¥ =Y <6k0)[2x+g(x)]k

k=0

_ :;OO <6k0) i (’;) (—2x)"[g ()] (0 < i <k < 60).

i=0

Vi bac ctia da thiic g (x) 1a 2018, suy ra s6 hang chita x3 ting véi

k—i=0 k=3
= )
i=3 i=3

Vay hé sb can tim la (630> . (g) (=27 = -8, (630) .

BAI 23.

2 2018 2018 2018 ) 2018
. 2 2 : b .
Véi x # —1 ta 6 khai trién sau (%) = Eo ax + ;] | Tinhténg S = k:Zl be?

— (x+1)

Chitng minh. Dat

f ()
g (x) = 2015x2016 — 2016x2°17 4 2017x218

60
1— 2x + 20152216 _ 2016x2017 4+ 2017x2018)

Suy ra

60
Flx) =+ (—2x+g(x)° =Y <6k0)[—2x+g(x)]k

k=0

- :ZOO (%) 3 (§)20 s o<i<k<en.

i=0

Vi bac ctia da thiic g (x) 1a 2018, suy ra s6 hang chita x° tng véi

k—i=0 k=3
= )
i=3 i=3

ora A a1y (60Y (3 3 60
Vayhe_socantlmla(3).(3>.(—2) = 8.(3).
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Nguyén Minh Tudn - Nhi thiic Newton va 1ing dung

BAI 24.
Tinh téng T — <20117> " (20317> " (20517> I (§81;>7
Chitng minh. Xét hai khai trién
207 _ (1 4 1207 _ (20017) .\ (20117) ., (20217) . (20317) L (;(ﬁ;) o
0=(1— 1)2017 _ (20017) B (20117) n (20217) B (20317) 4o (igi;) o)
Lay (1) — (2) theo vé ta dugc

2017 2017 2017 2017
2017 _ _ ~2016
27 —2((27)+ (57)+ (%) ++ (ony) ) = T=2

Bai todn duoc giai quyét. O
BAI 25.
n n—+2
-1 -1 -1 -1 ( ) + ( )
V6in € IN,n > 2 va thdéa man (i) + (i) + (i) + .t (Z) = g Tinh P = W

Chitng minh. Ta c6

2 71+ 3 71+ 4 71+ (" ’1_2@%+@+@+ +7("_2)!2!—9
2 2 2 2 "5 2! 3! T n! 5

1 1 1 1 9
el =4+ —=+—Ft— ) ==

12 ' 23 ' 34 (n—1)n 5
= 2! 1_1_1’_1_1_’_1_1_’_ +L_1 —2
' 2 2 3 3 4 7 ' n—-1 n) 5

—_

9 1 1
= < > 5<:>n 10<:)n 0

6 () ()G s g

N

hu va p— _ _%
Nhu vay ta dugc (=) al 9
BAI 26.
Tinh téng S = 2018 + 2018 + 2018 + .+ 2018 trong tng do, cac s6 hang ¢ dan 2018
&= 1009 1010 1011) T \ 2018 ) TONE NG O g codans |
véi k nguyén duong nhan gia tri lién tuc tir 1009 dén 2018.

Chitng minh. Ap dung tinh chat (Z) = <n i k> ta c6

2018\ (2018
( 0 ) B <2018>
2018\ (2018
( 1 > B <2017>
2018\  [2018
( 2 > N <2016>
2018\ (2018
(1008) B (1010)
2018\ (2018
<1009> N <1009>



TAP CHI VA TU LIEU TOAN HOC

< a2 . 2018 2018 2018 2018 2018 2018
Tir d6 ta c6 dugc 0 + 1 + ’ + ..+ = +

I 2018
1009 1009 2010 2018

g — 2018 n 2018 n 2018 T 2018 n 2018
L0 1 2 0 \2018 1009
Mat khac ta lai c6

2018 2018 2018 2018
( 0 )+< 1 )+< 2 )+"'+( ) = (T =2

2018
22015 (2018) (2018)
Vay § 1009) _ iy, \1009

2 2
BAI 27.
10 9 8 2 10
ot s e ¥ (1—-x) x®° (1—x) (1-x)
Tll’lh gla trl cua bleu thuC ﬁ + a 1' g 2' ++ T
Chitng minh. Ta c6
Xk (1-x)0F 10!

U=y _ k1 oato—k 1 (10N 4 10—k
Hoo-mr ko R TS 10!'(k>'x A=)
10

X O (1-x) 2 (1—-x)? (1—x)1°
=+ RS I i
100~ 9! 1! 8! 2! 10!
1 & (10) 10-k_ 1 0 1
—WIE(k).x.(l—x) —1—0!(x+1—x) = 01
Bai toan dugc gidi quyét.
BAI 28.
. 2n+1 2n+1 2n+1
0 6 o a = 1024.
Tim s0 nguyén duong n thoa man < 1 ) + ( 3 > <2n " 1) 0

Chitng minh. Ta c6

2211 _ (1 4 1)2mHL (271 +1

>+<2n+l>+m+(2n+l)
0 1 2n+1
2n+1 2n+1 2n+1
0—(1—1)2"“—( O+>—< 1+>+...—(2n11)
Suy ra dugc
2<(an+1)+<2n;1>+...+(2211)> =2l o (2”i1>+<2n;1>+...+(§211) = 2"
Do d6 22" = 2024 < 22" =210 & 5 = 5.

BAI 29.

. 1 1 1
Tinh gia tri ctia biéu thiuc A =

1 1
1!12018! + 212017! * 312016! et 1008!1011! + 1009!1010!"
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Nguyén Minh Tudn - Nhi thiic Newton va 1ing dung

n
Chitng minh. Ta c6 ! <k> .Do do
& M. K-k
2019 2019 2019 2019
Lo\ A3 ) oo
- 2019! 2019' 2019! 2019!
2019 2019 T 2019
B 1009
N 2019'
2019 2019 n 2019 T 2019 1
o 2 )" \1009
N 2019!
22018 -1
~ T 2019!
Bai toan dugc gidi quyét. O
BAI 30.
C6 bao nhiéu s6 duong 7 sao cho
L " (i n—1 n n
=22 (o) 50+ (G20) + (5) + ()
i=1 i=1
1a mot s6 ¢6 1000 chix s6?
Chitng minh. Ta co
(i (i n—1 n n
-2 0 (G2 (1)< ()

1 1 2 2 2 o m—1\ & (n
=2+ (o) (1)) + G) =) =5 () -5 ()
=242+ (1+1) 4+ +(1+D)" 1 +1)"
=242V 4224 . 42"

271
=2+425— = §=2"t
Nhu vay S 1a mét s6 ¢6 1000 chit sb, suy ra
1099 < § < 101000 &y 1099 < g+l 101000
& 999log,10 — 1 < n < 1000log,10 —1
Do n € N nén n € {3318;3319;3320}. Vay c6 3 s6 nguyén duong n théa man yéu cau bai toan. O

BAI 31.

Tim hé s6 ctia x5 trong khai trién thanh da thic ctia (2 — 3x)*", biét  1a s6 nguyén duong théa man

2n+1 2n+1 2n+1 2n+1
( 0 >+< ” >+( 4 )+...+( o )-1024

Chitng minh. Ta c6

2n+1 2n+1 2n+1 2n+1
2n+1 2n+1 2n
(x+1) —< 0 ).x —|—< 1 ).x —i—...—l—( o ).x+(2n+1)

21
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Thay x = 1 vao (1) ta dugc

21 _ (2n(;|—1)+<2n1+1>+

2n+1 2n+1
2
(M) Gt @
Thay x = —1 vao (1) ta dugc

2n+1 2n+1 2n+1 2n+1
o=-("g )+ () - () G g

Phuong trinh (2) trir (3) theo vé ta suy ra

2n+1 2n+1 2n+1
2n+1 __
2 _4(0)+(2)%+(%))

Theo dé bai ta ¢ 22"+1 = 2.1024 < n = 5. S6 hang téng quét ctia khai trién (2 —3x)" 1
Tisq = <1k0> 210k (_3x)k = <1k0> 2107k (—3)F 4K

2 <A 7 A A A X S N 10
Theo gia thiét ta c6 k = 5, vy hé s0 can tim 1a ( 5 ) 25.(=3)° = —1959552. O

BAI 32.

+ ..+ L Tinh lim S,,?

(5

<§> - 3!(nn!3)! - ”(”_12(”_2) - <g)1: n(n16)(n2)

6 6 6

V6i n 1a s6 tu nhién 16n hon 2, dat S, =

Chirng minh. Ta c6

Vay ta c6 Sy = . Ta c6 nhan xét
Wt =153 234 345 T T o) gy Ao
2 1.1
123 12 23’
2 _ 1

Sp=3(~_ Lt bt 1., 1 LISV S
"7 \12 23 '23 34 -2 n—-1 n—-1 n
1 1 n—2 3n—6
_3(2_11)_3(271)_ 2n
6
Vay lim S, = lim { 2% = 1im T — 3 Kéthop gia thiét c6
ay n = o = 5 —2 e pg etc
2n+2_n_3 2100—7!—3
= =n=98
(n+1)(n+2) (n+1)(n+2)
Bai toan dugc giai quyét. O
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BA1 33.

Cho n va k nguyén duong théa man k < n. Chtiing minh rang

n+1 n+1 _1+ n+1\ " _(n !
n+2 k k+1 - \k
Chitng minh. Bién d6i gia thiét ta c6

() G ) - ()

n+1k!(n—k)!
41k (n—k)! k(=K 7!
w2 e Y =
Bai toan dugc giai quyét. O
Ta c6 bai toan tong quat.
1 1 1 n+2 1 1 1
+ +.__+ = + +...+

n+1 n+1 n+1 2(n+1) n n n
1 2 n+1 0 1 n
Sau day ta sé dé cap t6i mot s0 tinh chat ctia hé s6 nhi thic ¢6 lién quan t6i tam giac Pascal.

4.2 Bai toan vé hé s6 16n nhat.

Véi cac bai toan yéu cau tim hé sb 16n nhét a; khi khai trién nhi thirc (ax + b)" thanh da thtc ta sé lam theo
phuong phép sau.

Phuong phap

i) Lap hé bat phuong trinh {

A 2 g1

ap 2 g4

ii) Gidi hé bat phuong trinh trén dé tim cac s6 nguyén k théa man.
iii) Thay cac gia tri k vira tim dugc dé tim hé s6 16n nhat.

Sau day la cac bai toan minh hoa.

BAI 1.

Khai trién da thic P (x) = (1 + 2x)12 = ap + a1x + ... + a;px'2. Tim max (ag, a1, az, ..., a12)?

Chitng minh. Goi ay 1a hé s6 16n nhét cta khai trién suy ra a; > aj_1.
Tir day ta c6 hé phuong trinh

2k(1k2> >2 <k121> > 12
1 1 = k 1 12—k —; 1 = max (ag, a1, a2, ..., 412) = dg = (8 >218 = 126720
k k+1
> —
2(5) =25 e e
Bai toan dugc giai quyét. O
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BAI 2.
Cho khali trién nhi thic

1 2\
(3 + 39‘) = ag + a1x + ... + agx’ + agpx'l,

Hay tim s6 hang a; 16n nhat.

Chitng minh. Ta c6
1 2)\% 1 o 1 & /10 ‘ 1 [10\ 4
(3+3x) _3TO<1+2X) _:Blkz_o(k)<2x) :>ﬂk—310(k)2

Nhu vay a; dat duge gia tri lon nhat thi

<10>2k< ( 10 >2k+1 2k10! S 2k10!
g > gy k k+1 L ) RA0=R) T (k+ 1)1 (O - k)!
A > g1 <10>2k < < 10 >2k1 2f0r 210!
k k—1 k'(10 —k)! = (k—1)! (11 — k)!
1 1 k7 k2 1
< 207 2T
— 2 -
k= 11—k
1 22
@;gkggﬁkzﬂkeﬂ\l,ke[o,lo])
7
Vay maxa, = ay = 3210<170> O

BAI 3.

9 )
Trong khai trién biéu thirc F = (\@ + \Sﬁ) s6 hang nguyén c6 gia tri 16n nhat 1a?

9
k
s6 nguyén t6, do d6 dé Ty, la mot s nguyeén thi

) . 9—k k )
Chitng minh. Ta c6 so hang tong quat Ty, = < ) (\@) (\3@) . Ta thay bac hai ctia can thirc 1a 2 va 3 1a hai

keN
6 3
0<k<9 k_3:>T4—<§)(\@) \3f2) — 4536
002" | _gory= (2 (v3)'(v2)’ =8
' = 0= (g =
k3
Vay trong khai trién c6 hai s6 hang nguyén 1a T, = 4536 va Tyg = 8. O

BAI 4.

Hé s6 c6 gia tri 16n nhét khi khai trién P (x) = (1 +2x2)" thanh da thiic 1a?

Chitng minh. Ta c6 khai trién

voi a; = (1](2) 2k,

Ta xét bat phuong trinh a1 > ay, tir day suy ra

(12 ke ok v ok
P(x)=)_ ) 290 =) myx

k=0

24



Nguyén Minh Tudn - Nhi thiic Newton va 1ing dung

Nhu Véy ag < a <ap <..<ag.
Xét bt phuong trinh a1 < ai, ta suy ra

12\, 12 2 1 23
2+1 2k s - o
(k+1) <(k> Crr1mop kg ek

. < 12
Nhu vay ag > a9 > ajg > ... > ajp. Vay hé so co gia tri lon nhat la ag = ( g )28 = 126720. O

BAI 5.

Cho biéu thitc P (x) = (x +2)" = apx™ 4+ a, 1x" ' + ... + axx* + ... + ax + ag. Cho biét rang a,, g > a, g
Va a,_9 > a,_19. Tim gia tri ctia n?

Chitng minh. Theo cong thitc khai trién nhi thitc Newton ta c6

_ n_ (MY _ns0 Y\ n-151 n kon—k n 1on—1 Y\ 05n
P(x)—(x+2)—<0)x2 +<1)x 2+"'+<n—k>x2 +...+<n_1>x2 +(n)x2

Mat khac ta lai c6
P(x) = (x+2)" = anx" +a, 1" 1+ .+ XX + . agx +ag,n € N¥

Nén ta duoc

—on—k( T\ ok =08 ) o8 a=0(" o olof 7
Ak <n—k) k /0= a,_g n—8 g ) An—9 g ) %n=10 10

Theo dé bai vdin > 10,n € IN* thi

n! n! 2 1
2 > 28 s 25
Ap—9 > 0y— 9l (n—9)! 8!'(n —8)! — n>——
{"9 (RPN (n,) (n,) @91”515@ 2 &n=13.
an—9 > Ap—10 29 : ~ 210 : - n <14
9 (n —9)! 0(m-100 (n-9"5
Nhu vay bai toan dugc giai quyét. O
BAI 6.
Cho (1+2x)" = ag+ a1x! + ... + a,x", n € N*. Biét rang
an
a0+2+22+ 5y = 409

S6 16n nhat trong cac sb ag, a1, az, ..., a, €O gia tri béng bao nhiéu?

Chitng minh. Ta c6

n
k. k_ (™) ~0.0 Y\ 511 n\ ;o 2 N\ Ju_n
(1+42x)" k;)()z —(0>.2x +(1).2x +<2).2x+...—|—<n>.2x

=ag+ax! + ... 4 ax”

n n n n
5 22+ +2n—4096é<0>+(1>+(Z>+...+(H)—4096

Elo—l- +
& 2" =409 < n =12

12\ ., 12\ . (12 12
{Zk<11k+1<:><k>.2 <(k+1).2 g k <2 k+1

25
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Suyraay <4 <ap < .. < ag. Mat khéc talai c6

12\ ., 12\ o (12 12
ak>ak+1<:><k>‘2 >(k+1).2 = k > 2 k+1

Suyraag > ag > ajg > ... > ap.
) . . 12
Vay so 16n nhat trong cac so ag, a1, a2, ..., 4, la ag = ( g ) 28 = 126720. O

BAI1 7.

Cho khai trién (x +3)" = ag + a1x + axx? + a3x3 + ... + a,x", trong d6 n € IN* va ag, a1, a, ... ,a, 1a cac s6
thuc. Goi S 1a tap hop chita cac s6 ty nhién n dé aqg 1a s6 16n nhét trong cac sb ag, a1, az, . .. ,a,. Tong gid tri
céc phan tt ctia S bang bao nhiéu?

Chitng minh. Ta c6 khai trién

(x+3)" = i (Z)?)”kxk

k=0

trong cac sb ag, ay, a, ... A, thi

o (@707 ()50

S6 hang tong quét cta khai trién la Ty, = (Z) 3"kxk, suy ra hé s6 ctia Ty la ay, = (Z) 3"k Dé& ayg 1a s6 16n nhat
a11 n—10 - n—11 ny S (n
()= () L) = ()

{n

=

n

Vay S = {39;40;41;42;43}.

Tong cac phan tir cia S 1a T = 39 + 40 + 41 + 42 + 43 = 205. O

9

3
<39 <n<43
43

VoWV
N NV

,_/H
QY D
= =
[ )

BAI 8.

n+1
n—1
P(x) = (1+x) (1 +2x)" sau khi khai trién va rut gon.

£ 1 p < .
Cho #n la s6 nguyén duong thoa man ( ) + (nj; ) = 171. Tim hé s0 16n nhat cua biéu thuc

Chitng minh. Ta c6

(n+1>+<n:1) :171<:>2.(n+1)! DN g7

n—1 L(n—1)! n!
@}@ﬂrﬁl):m
entn_s0=0e | "=V

n=—-20
Khi dé6 ta c6
P(x)=(1+x) (14207 = (1+x) i (17>2ka ( >2k k+2 <17>2k i1
k=0 k
N A 2 k . R N 1 17 k 1 k
Suy ra hé so cua x* trong khai trién la 1 2k-1 He s ctia x* 12 16n nhét khi
17 17
2k ok+1 ok
K)o k+1 * k)
173 ok k-1 st [ 17 \pea
>
k 2% + 2 Lo 2
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Diéu nay twong duong véi

17 \oka s (17 okt 1 S 22
k—1 “\k+1 - (k—12!.(18—k)!/(k+1)!.(16—k)!
17\ ¢ 17 \ ks 2 1
2k > 2 >
k k—2 K.(17 —k)! 7 (k—2)!. (19 — k)!
1 L 4
18—k) (17 —k) ~ k(k+1
o] 08, )(> )7 k1)
(k—1)k = (18 —k) (19 — k)
3k? — 141k + 1224 < 0 k12
3k? — 147k + 1368 = 0 N
PP N SN § VA PO 17\ o1
Vay hé so 16n nhat can tim la 1 2+ 4 1 2+ = 50692096. O

43 Chiang minh cic dang thic.
4.3.1 Cac dang thitc co ban.

Nhiing bai toan & day chi don gian 1a ap dung cac tinh chat ctia cong thitc t6 hop.

BAI 1.
Symmetry Identity
. m m <
V6i moi so nguyén duong m, n sao cho 0 < n < m, thitacod (n) = (m n) , tinh chat nay ngudi ta goi

n6 la tinh chit dbi xing.

Chitng minh. Ta c6

m _ m! _ m! _ m! _(m
m—n) (m—n)l(m—(m—n))  (m—(m—n))(m—n) n(m—n) \n
Nhu vay ta c6 diéu phai chitng minh.
Bai tap ap dung. V&i moi s6 nguyén duong m, n sao cho 0 < n < m, chiing minh rang
m\y m (m-—1
n) m-n\_n

Tinh chat nay ngudi ta goi né la cong thirc liii co sé.

BAI 2.

Véi m € Q va n la cac s6 nguyén duong, khi d6 ta c6 (7:) = (’: : 11) + <m ; 1).

Chitng minh. V&in 1a cac s6 tu nhién thitacé6 n! = n - (n —1)! do vay

n! 1 1
(n—l)!zzémzﬁza.n
n
Ta co
(nTl> ‘m(m_l)u(n(nfl_)z(n_l)ﬂ) N <n_11)!'<m<m—1>-~-<m—(n—1>+1>)
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Thay m boi m — 1 ta dugc

(02)) = ot |- D= =1 (= = -+

n—1 n—1)!
‘—le— =m-2 =m—-n+1
:%-w((m—l)(m—Z)---(m—n+1)) 1)

Mat khac ta lai c6

<TZ) _ m(m—l)..r;!(m—n-i-l) :%(m(m_1)...(m—n+l))

Thay m b&i m — 1 & dang thuc trén ta dugc

<m_1>:1 (m—1)((m—1)=1)---((m—1) —n+1)

n

=((m—1)(m—2)--(m—n+1))-(m—n)
1
= —((m=1)(m=2) - (m—n+1)) - (m—n)
:%(mfn) ((m—1)(m—2) - (m—n+1))

Tir dang thitc (1) ta c6

(20 + ("0 1) = =) (= =2) =+ 1)

n—1

Déng thitc duge chiing minh. O

BAI 3.

Absorption Identity

) m m(m—1 .
V6i moi s6 nguyén duong 1, k sao cho 0 < n < m, thita cé (n) = (n 1 > , tinh chat nay nguoi ta goi

n6 1a quy tic "hit” - Absorption.

Chitng minh. Chiing minh tinh chat nay rat don gian, ta chi can 4p dung cong thic giai thira. Ta c6
m(m—l) m (m—1)(m—2)---(m—n+1)

ni\n-—1 n (n—1)!
mm—1)(m—-2)---(m—n+1)
a n(n—1)!
mm—1)---(m—n+1) m
- n! - (n)
Nhu vy ta c6 diéu phai chitng minh. O
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Bai tap 4p dung. Chiing minh rang vdi moi sb nguyén duong k, a, b thdéa man k < a < b thi ta c6

b

k—1Z 111 _ ai 1
CEE) ) ()

BAI 4.

Trinomial Revision )

b s % s s NEAYE m\ (m—a\ ., PR .
Véicacsom € Q,a € Nvai € N théoamani > g, taco (z) (ﬂ) = (u) (i a).Tmhchatnayngu’oﬂ
ta goi nd la tdp con cua tdp con

Chitng minh. Tuong tu nhu tinh chat & trén, ta cling st dung cac bién déi tir cong thuc giai thira. Ta c6

(m)(m—a) ~m(m—1)---(m—a+1) (m—a)((m—a)—1)---((m—a)—(i—a)+1)

a i—a al (i—a)!
:a!.(il_a)!.(m(m1)...(ma+1))~<(ma)((mg)1)...((ma)(ia)+1))
:a!.(il_a)!'m(ml)~~(mi+1)

Dong thoi ta ciing c6
m\ (i _m(m—l)“-(m—iJrl). il
(i) (a) B i! al(i—a)!
_M-m(m—n..-(m—iﬂ)
Nhu vy ta c6 diéu phai chitng minh. O

BAI 5.
; . N n n n n n—+3 .
= *0<k<n-3.
Chungmmhrang<k>+3(k+1)+3(k+2)+<k+3> <k+3>voun€]N,0\k\n 3

Chitng minh. Ta co

(Z) + (kil) = —nl!c)!k! + (k—l)!(Z!—kJrl)!

n! 1 1
S =Dl =k (k+n—k+1>
n! n+1
(k=D (n—k)!k(n—k+1)
(4 (1
_k!(n+1—k)!_< k )

Ap dung két qua trén ta c6

vr= (1) () 2 ()« () + () + (29)
() =20+ ()
()« Ga) + (G2 + ()

-(52)+ (3) = (53) = (53)
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BAI 6.

Chung minh r::fmg

() ral) ol la) #ale )+ ((1a) = (M1 ) vas s
OO OO

A R AR AR RN WA R
RSN N e

2.Ta co
() (=) = s e
~ mi(k— ,,f)! 1(n —k)!
- <kk! m)! w(nnik) - (;)(k)
Suy ra
20 -E0E -G L0 -0
Bai toan dugc gii quyét. O

4.3.2 Ung dung mét s6 tinh chit dang thirc dic biét.

Trong chti dé nay, ta sé di tim hiéu cac bai toan chiing minh dang thitc c6 sit dung mot s6 bé dé, ciing nhur tinh
chét dac biét ma minh da dé cap & phan dau, sau day ching ta sé tim hiéu mot s cac dang thic co ban khéc.

BAI 1.

Chting minh rang

F 5 ()= ()

5 i <m+k> <m+:+1)_

k=0

Chitng minh. 1. Ta stt dung tam giac Pascal va phuong phép sai phan dé bién déi, ta dugc

2= E 1) Gl =G - (o) = ()

Ngudi ta goi tinh chat nay 1a téng theo cét, ta c6 thé lay vi du sau.

16 G) G)

2 1
3 3
4 6
5 10
6 15
7
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Ta thdy rang 1 +3 + 6 + 10 + 15 = 35.
2. Ap dung quy téc tong theo cot va quy tac d6i xing ta c6

ké(m;—k) :é(mn—:k> _ (mn—i;i—li-1> _ <m+:+1)

Ta goi tinh chat nay la Téng theo dwdong chéo chinh, ta c6 thé lay vi du nhu sau

n n n n n
) () G) G) ()
2| 1
3 3
4 6
5 10
6 15
7 [35]
Ta thdy ring 1+ 3 + 6 + 10+ 15 = 35.
Bai todn dugc giai quyét. O

BAI 2.

LC - %
Chting minh rang Z (n k k> = F,11, trong d6 F, 1a so Fibonacci thua n dugc cho béi cong thirc
k=0

e 1 ((1+v5)" (1=v5\"
"B 2 2

Chiing minh. Ta sé ching minh dang thitc nay bang phurong phép quy nap.

Dé thay rang véin = 1 thi F; = (8) =1lvahk = <1> + <O> = 1 thi dang thiic ding. Khi d6 ta gia st rang

0 1
dang thic ding t6i n — 1. Ap dung tam gic Pascal ta c6

IS G S (R I o Lty

Tinh chat nay ta goi n6 1a Téng theo dwomg chéo phu, hay la sé Fibonacci. Ta c6 thé lay vi du nhu sau.

n n n n n
) () () G) ()
2 [P
3 3 1 K
4 4 6
5 1 5 10
6 1 6
7 1
Fo—1+4+3=8
Ta thay rang { F,=1+5+6+1=13
Fs=1+6+10+4=21
Nhu vy ta c6 diéu phai ching minh. O
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BAI 3.

Cho cac s6 nguyén khong am m, n, 7, chiing minh rang

LG = ()

Bﬁng thite Vandermonde, 2 thira sé.

Chitng minh. Xét khai trién ctia biéu thire (1+ x)"(1 + x)"™ = (1 + x)"™™, ta c6

2@ () - (e EE @ 0) - (37

k=0 j=0 k=0 / k=0

So sanh hé sb ctia x™ & ca 2 vé ta thu duogc
2 ()G - =500 - ()
e k) \j r = k)\r—k r
Nhu vay ta c6 diéu phai chitng minh. O

Tir dang thitc Vandermonde trén ta c6 phat biéu mé rong ctia né.
Cho cic sb nguyén khong dmny,. .., ny,k =ki +ky+ ...+ k, khi dé ta cé

£ (16) -0
ki+ko+..+ky=k \i=1 ki k

Tiép theo ta sé di tim hiéu mot tinh chat sau, tir dang thiic

n\ _ kn!  amn-1)!  (n-1
k'(k)(n—k)!k!(n—k) [(k—1)! n(k—l) @
ta thay kbdik + 1 vanbdin+ 1 ta thu dugc
1 (n 1 n+1
_ = @)
k+1\k n+1\k+1

st dung két qua nay ta sé chirng minh dugc rang

< 1 ny _ 1 n+1
Z.Z(;)iJrl(i) Con+1 (2 _1)

Day la huéng lam rét ty nhién ma khong phai sit dung t6i cong cu dao ham. Quay lai v6i dang thic (1), khi d6

ap dung dang thitc nay vao biéu thic (k — 1)k (Z) ta thu dugc

(k—1)k<:> :n(k—1)<::1> zn(n—l)cz:;) 3

Ap dung déng thtic nay ta sé chiing minh dugc rang

F6-0(3) e E () o

i=2

Bay gity dé tang mirc d6 kho hon, ta sé xét t6i dang thiic

- R

Str dung dang thitc nay ta sé ching minh dugc

£() - (1) o 0) et e

i=2
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BAI 4.

s 1 2n 221 —1
Ching minh rang Z ¥ (21, B 1) TR
i=1

Chitng minh. Vé&ibai toan nay ta da dugc tim hiéu cch st dung tich phan, ¢ phan nay ta sé tim hiéu mot 10i giai
tu nhién hon bang cach st dung dang thtic (2). Ta c6

~1/2n\ 1 G/2n+1) 0 1 = (2n+1 1 m
221'(21‘—1)_211“2( 2i >_2n+1<2( 2i >_1>_2n+1(2 1)

i=1 i=1 i=0

Nhu vy ta c6 diéu phai chitng minh. O

Qua bai toan nay ta c6 thé thiy rang cong thiic (2) 1a mot cong cu cuc ki dac luc trong viée gidi quyét cac
bai todn chiing minh khé. Sau day 1a mot bai toan phiic tap hon st dung téi dang thuc (2).

Ta st dung déng thic (2) hai lan cho biéu thtic sau, ta thu dugce
1 ny 1 1 n 1 1 n+1
(k+1)(k+2)\k)  k+2\k+1\k)) k+2 n+1\k+1
1 1 n+1 1 1 n+2 5)
S on+1\k+2\k+1)) n+1 n+2\k+2
Trude khi vao tim hiéu bai toan thi 5, ta sé nhic lai mot sb cac két qua da co.

2n
fite) = a0 = 3 ()

k=0
2n o2
x)=(1—x)* = —1)kxk;
sl =0-2"=1 (V)

2n+1 n
gz(x) —_ (1 x)2n+l _ Z 2 1) (_1)kxk
k=0
Tir day suy ra duoc
Iy (x) = filx) ergl(x) :kg) @’;)xzk/
hy(x) = f(x) ergz(X) :kg <2”2'I: 1>x2k,
P (x) = fi(x) ;gl(x) _ kgo <2k2i 1) 221
fo(x)+g(x) & (2n+1
py(x) = 22 - 2 _k_;) <2k+1>x2k+1

Nhu vay ta nhan thdy rang

k=0 k=0
2 /on " 41
) =pm =2 = 5 (3 -3 ()
=\ 2k = \2k—1
2n+1 2n+1
__ n2n+1 __ .
Py =2 =y (),
o On+1
__n2n _
hy(1) =2 _k;)( ok >
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n

Tix f1(1) va fo(1) ta suy ra dugc 2" = ) (Z) ().
k=0

Dén day két hop véi déng thiic (5) ta sé tinh dugc tong

Z<+n1<+z>(>=<+1+z (152

| et (5 () ()

2n+2 —-n-—3
 (n+1)(n+2)
Sau day ta sé di tim hiéu mot bai toan khoé hon nira.
BAI 5.
- n
Tinh téng ) i(i —1)(i —2) (l>
i=3

Chitng minh. Tl cac bai toan & trén ta sé rit ra dugc mau chét 1a phai st dung cac dang thire da c6 dé c6 dinh

k n+1\k+1)’
1
trg thanh biéu thuc chia dai ludng day chinh 1a dai

. . . 2 1 1 1
cac biéu thirc dung trudc cong thiic t6 hop, tic la sao? Hay dé y t6i dang thic 1 (n) = (n + ) ta

da bién déi dé tir cong thirc ban dau chita

1
) k+1
lugng cb dinh. Cong viéc con lai 1a tinh tong cac t6 hop, va ta da c6 rat nhiéu cdng cu de lam viéc nay. Quay lai
bai toan nay, ta sé ap dung dang thtic (1) ba lan, khi d6 ta dugc

=20 k() = - 20000 ()

Ap dung két qua () ta tinh dugc

il—l (rll) nn—1)(n i( ) n(n—1)(n 2).27173

Dén day bai toan da duoc giai quyét. O

BAI 6.

1 n
Tmht"ngz z+1)(i+2)(z’+3)(i)’

Chitng minh. V&i bai toan nay, nhan thdy c6 phan thitc nén ta sé ap dung dang thic (2) ba lan dé bién déi, ta
duoc

1 ny 1 1 ny 1 1 n+1
(k+1)(k+2)(k+3) (k) ~ (k+2)(k+3) 'k+1(k> ~ k+2)(k+3) n+l<k+l)

1 1 1 (n+1\ 1 1 1 (n+2
T n+1 k+3 k+2\k+1) n+1 k+3 n+2\k+2

1 1 1 (n+2) 1 1 1 [(n+3
T n+1 n+2 k+3\k+2) n+1 n+2 n+3\k+3
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Ap dung déng thic (%) ta dugc

& 1 (n)_ 1 <n—|—3)
A+ +2)(+3)\i 7(n+1)(n+2 n+3) = \i+3

s (- () (1) (1)

B 2"+4—n2—7n—14
C2(n+1)(n+2)(n+3)

Dén day bai toan da duoc giai quyét. O

Hon thé nita tir dang thic (2) ta cling chiing minh dugc rang ﬁ <§Z> = 2n1+ 7 <§Z i i) , tir d6 ta tinh

dugc biéu thirc

i 1 (2n Z 2n4+1\ _ po(1) 2"t
= 2i4+1\2i 2n+1 2i+1) 2n+1 2n+1

Sau day la mot bai toan c6 dang gan tuong tu nhu nay, tuy nhién sé phtc tap hon.

BAI 7.

. w1 [2n
Tinh téng ) | ——— ( )
02 +2\2i

Chitng minh. Van nhu céc bai toan & trén, ta ap dung dang thiic dé bién déi

1 2n\  2k+1 1 2n

2k+2(2k>_2k+22k+1<2k)
C2%k+1 1 [2n+1
_2k—|-22n+1(2k+1)

2k+1 1 2n+1
T 2n412k+2\2k+1

. 2k+2-1 2n+1
 (2n+1)(2k+2) \2k+1

1 2n+1 1 1 2n+1
- 2n+1<2k+1) _2n+12k+2<2k+1)
1 2n+1 1 2n+2
- 2n+1<2k+1>  (2n+1)(2n+2) <2k+2>

Tir d6 ap dung cong thice pa(1) va pi(1) taco

i i 1 n+1Y 1 2n +2
= 21 = \2n+1\2k+1 (2n+1)(2n+2) \2k+2
2211 22n+l -1 n‘22n+l 41
T2+l (2n+D)(2n+2)  @n+1)(2n+2)
Dén day bai toan da duoc giai quyét. O

BAI 8.

2i
Tinh téng Z 22 (21211 1>

Chitng minh. St dung dang thic (2) ta c6
260 o kL (2 oy 1 (241
2k \2k -1 2k \2k —1 2n+1\ 2k
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Khi d6 ap dung cong thiic hy(x) ta thu duoc

B3 s (E03)7) - o () - 553

Dén day bai toan da dugc giai quyét. O

Nhu vay qua cac vi du & trén ta da phan nao hiéu dugc tu duy dé tiép can cac bai toan ching minh dang
thitc t6 hop nay thong qua st dung mot s6 cac tinh chat dang thitc dac biét. V6i cach lam d6 ta c6 thé dé
dang giai quyét bai toan sau day.

BAI19.

n
Tinh tdng ) _ 2i (22?> .

i=1

Chitng minh. Ap dung dang thic (1) ta dugc 2k (i’;) =2n (i: : i) , khi d6 st dung dang thic py(1) ta c6

" (2n " on—1 1
ZZz(Zi) —271; <2k—1> =n2
i=1 i=1
Dén day bai toan da duoc giai quyét. O

Day 1a mot bai toan kha don gian, tuong tu ta c6 thé st dung déng thiic (1) dé ching minh rang

2n 2n 2n—1
2k _ n2k—1 _92k—1 o, .
k2 (2k> =2 2k <2k> 2 2n <2k — 1)

Tir d6 ap dung dang thic p(x) ta c6

L i (2 1 oi1f2n—1 (142)2~1 — (1 —2)>1 _
.221 — 2 221 1 — 2 — 32?1 1 1
;Z (21') ”z; (21'—1) " 2 ”( * )

BAI1 10.
Tinh tne s — L ( (2018 2 L2 ((2018 2 L2017 (2018 2 | 2018 ( (2018 2
827 2018\ \ 1 2017\ \ 2 T2 \\2017 1 \\2o18) ) -

Chitng minh. Ta c6 (Z) = n_:—'_l<ki 1> v6iVk € N, n € N, n > knén

5 _ 1 (2018> @ <2018> n 2 <2018> y (2018) T 2018 (2018) L <2018>
2018\ 1 1 0 2017\ 2 2 1 1 \2018/ 2018 \2017
_(2018\ (2018 2018\ (2018 2018\ (2018 2018\ (2018
_( 1 )( 0 >+< 2 )( 1 )+'"+(2017)‘(2016)+<2018>'(2017)
. (2018 2018
Ma < P ) = (2018—k> suy ra

5 _ 2018\ (/2018 n 2018\ (/2018 4o 2018\ (/2018 n 2018\ (2018
N 1 )"\2018 2 )'\2017 2017)°\ 2 2018)°\ 1

Mat khac ta c6
2018
2018
(1+x)2018 — Z ( k )xk = (1+x)2018.(1+x)2018

k=0
2018 2018 2018

B 2018\ 2018\ ; 2018 2018\ g

- ()5 ()= 2 (50 () ®
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Suy ra hé s6 ctia s6 hang chira x2°1° trong khai trién ctia (1) 1a
5 2018Y (2018 4 2018Y (2018 - 2018\ (2018 n 2018\ (2018
N 1 )"\2018 2 )'\2017 2017)°\ 2 2018)°\ 1

(1 + X)2018.(1 + x)2018 _ (1 + x)4036;

Lai do

4036
4036
(1 + x)4036 _ < >xn (2)
A A 2 % . 2019 R » N 4036 "
Suy ra hé so0 cua so hang chira x=°* trong khai trién cua (2) la 2019 ) Vay ta dugc
g 2018\ (2018 n 2018Y (2018 T 2018\ (2018 n 2018\ 2018\ (4036
1 J'\2018 2 J\2017) = \2017)°\ 2 2018)°\ 1 ) \2019
_ 4036! 4036 — 2018 4036! 2018 (/4036
~2019!. (4036 —2019)! 2019  2018!. (4036 —2018)! 2019 \ 2018
Bai todn dugc giai quyét. O
BAI1 11.
(n (" 3" (1) n
Cho s6 nguyén duong 7, tinh téng S = L + 2) A3 ot — N
g1y &M 627703 34 45 T (nt1)(n+2)

Chitng minh. Véik,n € N,0 < k < n,tacd

n! (n+1)! 1 <n+1)

1 ny ! B B
k+1<k> Tkt DK (n—k)! (n+D)(k+D)(n—k! n+1\k+1

() W, @ G, ()

2
(k+1)(k+2)_k+1< k+2>_k+1 (k+1)(k+2)  n+1 ‘(n+1)(n+2)

1 ¢ (n+1 1 L (n+2 ,
swras = N0 (1) CEICESE (15) e

1

I R R o e Gy e ) e P e R e

i=—1

Ap dung vao ta dugc

Va
L (i) = 5o () - () - (79 ()
— (-1 (1— (n+2)+("+1)2(”+2)> = —”2;”
Véysz1111(_”)+(n+1)2(n+2)‘n2;n: (n+1;;(1n+2)' -
BAI 12.
Ching minh dang thtc ]i) (7) (n j_]> = ]i) (7) (7) 2
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k
Chitng minh. Trudc tién ta st dung dang thic quen thuoc sau day 2¢F = Z (k> va tinh chét rat co ban
j=0

(Z) <k> = (n> (Z : ; ) thi vé phai ctia dang thtic cAn chiing minh c6 thé dugc viét lai thanh

L0 -E 0050
LR (06
-SEHGD
“£((EMGZD)
A [

Tir day 4p dung dang thitc Vandermonde vao ddu bang cudi diing rdi cho m = n thi ta thu duge dang thic can

ching minh. O
BAI 13.
P . 2 . (N n—3 2
Chiing minh dang thie ) ]( ) =2 (311 + n)
— 1
0<i<j<n

Chitng minh. Trudc tién ta c6 cac bién d6i dai sb va tinh todn vé trai nhu sau

EO-EE0-E0 £-E0)-0
(DEO-E00-E0
() EOCD B
() n-QEC)-E D)
(- (e

vay tir day ta suy ra dang thitc can ching minh. O

BAI 14.

<2009>
Tim tat ca cac gid tri ctia r sao cho biéu thiic m dat gia tri 16n nhat.

<2009>
Chirng minh. Trudc tién thi ta dat a, = O+ 30) khi d6 thi ta thu dugc

Ar41 2009! ] 2009! 2009 —r

a, (2008 —r)I(r+ 1)I(r +37)1 " (2009 — r)Irl(r +36)  (r+1)(r+37)
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2019 —r

Khi d¢ thi ta thay biéu thuc m

giam ngat voi moi r € [0,2009]. Tir d6 ma ta thu dugc két qua sau

Dl 1 gf r=29
ay

Ll S 1 if r<29
ay
“;—“< 1 if r>29

r

=a)<a <---<apg < apg =azy > az] > asy > --- > A2009

Dodot dug = = =r € {29,30}. O
o dé ta suy ra dugc ogrrngaz)éw ay =y =azp = r € { }
BAI 15.
2 2 2
2 n n n n(2n
h{ inh dang thic T = 1 2 e = — )
Chung minh dang thic <1> + <2> + +n<n> ) <n)

Chitng minh. Trudc tién ta nén ltu y mot dang thire kha quen thudc va rat quan trong sau day
ny _n(n—-1
k) k\k-—1
Khi d6 4p dung vao vé trdi ctia diéu can chiing minh thi ta thu dugc
T—n n—1\ (n n n—1\ (n R n—1\ (n
B 0 /\0 1 1 n—1
. n—1\ (n n n—1\ (n R n—1
~\n—1/)\0 n—2J\1 0 )\n
2n 2n—1 2n 2n—1
=n - =n —n
(0)-Go0)) = () 65
. 2n\  n(2n\ _n(2n
\n 2\n) 2\n

do st dung ding thitc Vandermonde ta thu dugc, vay tir day ta c6 déng thic can ching minh. O

N

3

BAI 16.

Cho 4, b 1a 2 s6 nguyén khong am, ching minh rang véi m € Q thi ta c6
m\ (m\ ”%:b i a m
a)\b) “\a)\a+b—i)\i

. . 2 .  ((m—a)+a\ b m—a a
Chiing minh. Theo dang thitc Vandermonde ta c6 ( b = I;) K b_k)

Vi (m — a) + a = m nén ta viét lai nhu sau

(-5 ()62 -E (2 ()

, . 2. (M
Nhan ca hai ve vdi <a> ta duoc

BIOE GG IRRE (I CR TN
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Str dung tinh chét tp con ctda tap con ta c6

1| A o M Y
= \a/\i—a)\a+b—i =\i/J\a/\a+b—i
Nhu vy ta c6 diéu phai chitng minh. O

44 Ung dung dao ham trong chitng minh dang thirc t6 hop.

Pao ham cflp 1. Khi hé s6 ding trudc t6 hgp tang dan hoac giam dantw 1,2,3,..,n hay n,..,3,2,1 tuc la sO hang

dé c6 dang k (:) hodc k (Z) a"kp*=1 thi ta c6 thé duing dao ham cp 1 dé tinh. Cu thé

(a+x)" = (g) a" +2 (Y) A" x4 +n (Z) ax"

Lay dao ham hai vé theo x ta dugc

n(a+x)" ' = (T) a" 42 (Z) A" 24 .. 4n (Z) ax™ 1 1)

Dén day thay x, a bang hang sb thich hgp ta dugc tong can tim. Trén day la ddu hiéu nhan biét va phuong phép
lam dang nay. Sau day ta sé ciing tim hiéu ky hon qua cac bai todn minh hoa.

BAI1 1.
Tinh t3ng (’I) —2(2) +3<’;> —4(2) Fot (=) n (Z)

Chitng minh. Ta thay tng can tinh c6 dang nhu VP (1). Viéc con lai chi can chona = 1, x = —1 ta tinh dugc
tong bang 0.

Cach khac. Str dung dang thic k (Z) =n <Z : i) ta tinh dugc tong bang
n—1 n—1 n—1 n—1_(n—1\ =1
n< 0 ) n( 1 )—i—n( 5 >+...+( 1) n(n_l)—n(l )" =0
Bai toan dugc giai quyét. O
BAI 2.
e 2007 2007 2007
Tinh tong 2008( 0 ) + 2007( 1 ) + ..+ (2007).

Chitng minh. Hé sb trudc t6 hop gidm dan tir 2008,2007,..,1 nén dung dao ham 1a diéu dé hiéu

2007 _ (2007 007 2007\ 5006 2007
(x+1) —< o )Xt )T et g0r

Bay gid néu dao lay dao ham thi chi dugc 2007 (20007) x2906 trong khi d6 dé dén 2008 do d6 ta phai nhan thém

v6i x vao dang thiic trén réi méi dung dao ham

2007 2007 2007
x(x+1)%7 = ( 00 )x2008+ < 00 >x2007+...+ < 00 )x

0 1 2007
& (x+1)%% (2008x + 1) = 2008 20073 2007 | 507 (2007 2006 (2007
0 1 2007
Thay x = 1 vao ta tim dugc téng la 2009.22006. O
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BAI 3.

Chiing minh ring (x +2)" = 1.2""1 (Z) 42012 <’21> Fotn (Z) =n3"1,¥n<1€Z.

(x+2)" = (g) 2"+ (711) 21y 4 <Z) 2772k 4+ (Z) x"

n
DPao ham 2 vé theo bién x ta dugc n(x + 2)”71 = Z (Z) kK.
k=1

Chitng minh. Ta co

n
Chox=1=n3"1=Y (Z) k, diéu phai chiing minh. O
k=1

BAI 4.
Tinh tong S = non—1 (g) +(n—1) =213 (;l) +(n—-2) on—3 32 (Z) + .. 431 (n i 1)

Chitng minh. Nhan thay hé s6 dung trudc t6 hop gidm dan n,n — 1,...,3,2,1 nén phai hoan déi vi tri a va x.
. L /n
Xét khai trién (x +a)" = ( )x”kak.
wrar =L
Pao ham theo bien x ta dugc

n
n(x+a)" ' = Y (n—k) <Z> xRk
Thay x = 2,a = 3 ta dugc S = n.5"" .

. o i 2% . no\ _ (n my (n—-1 .
Cach 2. Ta sé st dung t6i 2 dang thic (nk) = (k)'k<k> = n<k1) ta co

_ n—1(1 _ n—2 n _ n—372 n n—1("
S=mn2 (n)+(n 1)2 .3.(n_1>+(n 2)2" 3 (n_2>+...+3 (1>
_ n—1(1 1 n—2 n 1 n—3n2 1 n—1 n—1
=n2 ( _1>+n.2 '3'(n—2)+ n2"7°3 (n_s)—l—...—l—n.B ( 0
(2t (") pon2g 1 o (Y g

n—1 n— n—3 0

=n(2+3)" ' =n5"!
Bai toan dugc giai quyét. O

BAI 5.

Chitng minh ring ( ) +2(1) +3(Z> +ot(p+1) (Z) +ot(n+1) (Z) — (n+2)2" 1.

Chitng minh. Ta nhan thy rang néu xét khai trién téng quat thi cdc hé sb bi léch di 1 don vi, do d6 dé xi ly dugce
ta sé nhan thém vao 2 vé dai lugng x, xét khai trién x(x + 1)" ta duge

x(x+1)" = x. Z( ) (x+1)" +nx(x+1)" é ( )xk+kn§0<z>xk

Cho x = 1 ta c6 diéu phai ching minh. O

BAI 6.
. 2 o n n n n
Tinh tong S 3(()) +4<1> +5<2> +.+(n+3) (n)
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Chitng minh. Nhan thdy rang véi x = 1 thi ta c6

Tir day ta suy ra dugc
n n n n\ i3 n n n n\ ,
<0>x3+<1)x4+<2>x5+...+(n+3)<n>x+3—x3<(0)+(1)x+<2)x2+...+(n)x)
= 2(x+1)" *)

Xéthamsé f (x) = 3(x +1)" = f/ (x) =32 (x +1)" + nx3(x +1)" !
Két hgp véi (*) thi ta duge

/ _ a2 3N N\ 4 nt2 (1
f(x) =3x (O) + 4x <1>+<2>5x +..+(n+3)x (n>
Chon x = 1taco

S :3<g> +4<'11> +5<Z> + .t (n+3) <Z> =32" +n2" 1t =271 (n 4 6)

Nhu vay bai toan dugc giai quyét. O

BAI1 7.

1 3 2n—1

_ (1 _ aofn N
5=2 (2) 3 (3) (=1)"n (n)
Chitng minh. Ta c6

(1+x)*" = <251> + <21”) X+ <22n> x4 <2:> Bt <2n2ﬁ 1> Xy GZ) X2 1)

Thay x =1 vao (1) ta cé

@)@ B2 E) e

Thay x = —1 vao (1) ta ¢
2n 2n 2n 2n 2n 2n
o= (0)- (7)) -(B) - () () ®
Trir ting vé cda (2) va (3) ta co

22 (1) (5) o+ (ma)) o ()~ (5) o+ () =2
)

(21" +< > +<22”1>_512<:>22"1 P em-1=9&n=5

w5 20)l) =)
o= () (s Qs B () ()

42
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Tir day lay dao ham hai vé ta dugc

514 x)* = (i) + 2(;) X+ 3(;) X +4(Z> X4 5(;) x4 = 5x(1 4 x)*
5 5

- (1)x+2<2> X2 +3<§).x3 +4<Z> a +5<§>.x5 4)

Lai 14y dao ham hai vé (4), ta c6

5(1+x)* +20x(1+x)% = (i’) + 22 (g) X+ 32 (g) X242 (Z) X452 (g) xt (5)

0000000000
ws-o() () o) #() :

BAI 8.

. 2018 2018 2018 2018
o h & 2017 2016 2015
Tinh tong S = 2.2 ( 1 )+3.2 ( » )+4.2 ( 3 )+...+2019<2018).

Chitng minh. Ap dung khai trién nhi thitc Newton ta c6

(24 )18 = (2018> 22018 (20118> 22017 (2018> 220162 (2018> 2018

0 2 2018
2018 _ 2018\ o018 2018\ o7 .2, (2018 2016 .3 2018\ 5019
& x(2+x) —( 0 270 x + 1 27X+ ” 2707+ L+ 2018 )

Léy dao ham theo x hai vé ta duoc

/
(x2+)%18) =(2+ )" 4 x2018.(2 + )"

_ (2018 o0 2018 o017 2018 o016 .2 2018\ 018
—< 0 ).2 + 2. 1 27 x + 3. ’ 2770 x4+ ...+ 2019. 2018 )

Cho x = 1 ta duoc

32018 4 2(18.32017 = (2018> 22018 4 o <2018) 22017 4 3, (2018> 22016 12019, <2018)

0 1 2 2018
= G = 32018 + 2018.32017 o (20018) _22018 — 2021_32017 o 22018
Bai todn dugc giai quyét. O
BAI 9.
Tinh téng S = 2017 (2.3 <20217) +3.3? (20317) +4.3° (ZT7> + -+ 42017.32016 (;81;) )

Chitng minh. Xét khai trién

2017 2017 2017 2017 2017 2017
P(X)Z(HX)Z(m:( 0 >+< 1 )x+< 2 )x2+( 3 )x3+( 4 >x4+"'+<2017)x2017

Léy dao ham hai vé ta duoc:

2017(1 + x)2%16 = (20117> +2 (20217> x+3 (20317> 244 (2(117> X34 +2017 (éSi;) 22016
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Cho x = 3 ta duoc

2017 2017 2017 2017 2017
2016 2 3 o 2016
2017.4 = ( 1 ) +2.3( 5 ) +3.3 < 3 ) +4.3 < 1 > +--- 420173 (2017>

Tuong duong véi

2017 2017 2017 2017 2017
2017.42016 — ( 0 ) :2.3( 0 >+3.32< ) )+4.33( 0 )+-~+2017.32016( 0 )

1 2 3 4 2017
1 2016 1 2017 , (2017 5 (2017 so16 (2017
& 5o (2017.4 2017) = 5o (23( 7, ) 33 (7, ) 4 (T, ) 42073000
M —1=5
Nhu vay bai toan dugc giai quyét. O

BAI1 10.
n

Cho s6 nguyén duong n théa man 2 (T) +3 < 5

) Fot (n+1) (:) — 2621439. S6 hang khong chtra x

e e 1\" . .
trong khai trién cta biéu thuc <x2 + x) bang bao nhiéu?

Chitng minh. Ta c6 x(1+ x)" = (’S)H (T)xz + (Z)ﬂ ot (:) A

Ly dao ham hai vé ta dugc

(x+1)" +nx(x+1)"" = (g) +2<T)x+3<z>x2+...+ (n+1) <Z>x

Chox=1,tacod

n n n ny  p n—1 _ »n—1
(O)+2(1>+3<2>+...+(n+1) (n) =2" 42" =2 (2 4 p)
= 2""1 (24 n) —1 = 2621439

262144
6 0 ”

=212 = 2621440 < 2" = .
( + n) 24n

*)

2621440

e 1a ham s6 nghich bién trén (0; +c0).

Xét f (n) = 2" 1a ham s6 dong bién trén (0; +o0) va g (n) = 2.
Ta cé f (18) = g (18) = n = 18 1a nghiém duy nhét ctia (x).

18
Khi d6 s6 hang t6ng quat ctia khai trién (x2 + i) la <1k8> X303k vsikeZ, 0 <k <18

Vay s hang khéong chia x 1a Gi) = 18564. O
BAI1 11.
. 2017 2017 2017 2017 2017 2017
Tinh 6 —2? 22 —4.2° .. —2016.22015 2017.22016 ?
in tong( 1 ) ( 5 >+3 ( 3 ) 4 + 016 2016 +20 2017

Chitng minh. Ta c6

(1— )27 — 2%7 (20k17> (=1)F K

k=0
N {(1 _ x)2017}/ _ ig {<20k17>'(_1)k‘xk},

2017
©2017.(1- )" =k} <20k17> (—1)kxk1
k=0
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Cho x = 2 ta duoc

2017\ ., (2017 5 (2017 5 (2017 2015 (2017 2016 (2017
—2 2 —42 .. —2016.2 2017.2 = 2017
<1> (2)+3 (3> g )7 016 2016) T 2017) =%

Bai toan dugc giai quyét. O
Nhu vay ta da tim hiéu xong dang st dung dao ham cap 1, sau day ta sé tim hiéu cac bai todn st dung t6i dao

ham cap 2.
Pao ham cép 2. Khi hé s6 ding trude t6 hop c6 dang 1.2,2.3, ..., (n — 1) nhay (n — 1) n,...,3.2,2.1 hay 12,22, ..., n?

tic c6 dang k (k—1) (n

k) a" ¥ hay téng quéat hon k (k — 1) (Z) a" kb thi ta c6 thé dung dao ham dén cp 2 dé

(a+bx)" = (g) + (T) a" thx 4.+ (Z) b"x"

Khi d6 dao ham hai vé theo x ta dugc
bn(a+bx)" ! = (’11) a1 +2 <Z> A" 2b%x...+n <Z> byt

Dao ham lan nita ta duoc

tinh. Xét da thirc

b*n (n—1) (11 + bxnd) =21 (g) A"+ . +n (n—1) (Z) pryl ()

Dén day ta gan nhu giai quyét xong vi du toan chi viéc thay a, b, x bdi cac hang s6 thich hgp nita théi. Sau day ta
sé cting di vao cac vi du minh hoa dé hiéu r6 hon phuong phap!

BAI 1.
Chohamsé f (x) = (1+x)",(2<n < Z).
) Tinh £ (1).

ii) Ching minh rang 2.1 <721> +3.2 (g) +..+m=-1)n <Z> =n(n—1)2"2

Chitng minh. i) Taco f" (x) = n(1+x)" ' = f/(x) =n(n—-1)(1+x)" 2= /(1) = n(14+x)""2
ii) Ta c6 khai trién

Nhu vay dén day ta c6 diéu phai ching minh. O

Tir cdu ii) thay n — 1 = n 4 1 thi ta c6 mét bai todn khac.
Chuing minh rang

2.1<’11> +3.2<Z> + ..+ (n+1)p(Z) +..+ (n+l)n<Z) =n(n+1)2"2

Véi bai toan nay ta gidi nhu sau. Xét nhi thic

(1+x)" = (g) + (’;)x+...+ (Z)x”
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Nhan 2 vé ctia dang thitc véi x # 0 dong thai lay dao ham cap 2 hai vé theo bién x ta dugc

Cho x = 2 ta dugc diéu phai chiing minh.

BAI 2.

Rit gon téng sau S = 12 (20109> 22008 4 o2 (20209> 22007 4 32 (20309) 22006 4 4 20092 (5883)

i) Tinh £ (1).

n

ii) Chiing minh rang 2.1 <Z> +32 <3> +.+(n—-1) n<Z> =n(n—-1)2"72

Chitng minh. Véiy tudng nhu bai trén ta xét da thic

2009 _ (2009 o000 , (2009 2008 2009 ;2007 .2 2009 2009
(x+2) _(O 2 + 1 279 x + 5 27X+ L+ 2009x

Ly dao ham 2 vé ta dugc

2.2009(x +2)2°% = 1 <20109> 22008 1 5 (20209) 220075 442009 @882) 2008

Néu ta tiép tuc dao ham 1an nita thi chi thu duge 1.2,2.3, do d6 dé thu dugc 22,32, ... ta phai nhan thém hai vé
v6i x 6i méi ldy dao ham, ta c6

2009x (x +2)2% =1 <20109> 22008y | » (20209) 220072 42009 (;ggg) 22009

= 2009(x +2)*°% 4+ 2009.2008x (x + 2)*%”

2009 2009 2009
=1 < . )22008 +2? ( 5 >22007x + ... +2009° (2009) 2008

Thay x = 1 rtit gon téng trén ta dugc 2011.2009.32°7. Twong tu khi tinh tong

2.1(711) +3.2(721) +4.3(Z) bt (n—l—l)n(Z)

A N LR AL T A A 14 n A~ 2. A s ) . N
ta can chu y la trude t6 hop ¢6 mot hé so 16n hon k trong ( k) nén ta phai nhan véi x trudc khi dao ham 2

lan. O

Sau day chiing ta sé di tim hiéu mét ting dung ctia tich phéan trong chiing minh cac dang thic t6 hop.

4.5 Ung dung tich phan trong chitng minh ding thitc t6 hop.

Y tudng ctia phuong phép nay la dua vao hé thitc

/~b ) N L A
xdx = =
Ja k+1 k+1

a

k+1 _ pk+1
Tir day dé dang tim dugc dau hiéu dé st dung phuong phap nay 1a s6 hang cta tong c6 dang % (Z) .

b
Cu thé xét tich phan I = / (c 4 dx)"dx ta c6 thé tinh bang 2 cach.
a

e Tinh truc tiép. Ta c6

b
(c 4 dx)™™

1= 1/b(chalx)”d(H—alx) _1
dJa S d n+1

d
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e Tinh gian tiép. Ta c6

Hai cach trén la nhu nhau nén tir d6 ta ¢6 dugc

b
i n Cn—kdk ak-i-l _ bk-‘rl _ 1 (C 4 dx)n+1
PAARY ki i+l |

Tuy tirng bai todn ta chon cac hé s6 4, b, ¢, d thich hgp! Dé dé dang nhan biét hon thi ta c6 thé chd y nhu sau.
111

2’3 4
tang hodc giam déu theo mot quy luat nao do, ta nghi ngay dén viéc st dl_mg tich phéan. Khi do, ta thuc hién

theo cac budc sau.

Budc 1. Tim ham dé tinh tich phan vdi cac can thich hgp.

Budc 2. Tinh tich phan trong cé hai vé: vé chua khai trién nhi thitc Newton va vé da khai trién.
Buédc 3. Cho hai két qua bang nhau va két luan.

Trudic khi vao cac bai toan cu thé ta can nhé cac dang thiic tich phan sau

L[ = () + () (1) bt (7)) i by o o v

(W5

2 [fa—xrax= [1((3)-x(] ) () 1) (1)) i ay teong duon v

A = (6)-

o [fwea [ ((p) <:>w+<
(O (E @ )

o [ mayar= (B (Dot (D)er s (7)) e hay veomg g

R (e (e (o e 1 B

Sau day ta sé di vao tim hiéu cac vi du minh hoa.

Chii 4j. Néu trong tong day t6 hgp, cac s6 hang chira cac phan sb 1; Va mau s6 dugc xép theo thu tu

(X+1 71+1
n+1

b

()7 ())l

2> XMt ( )> dx hay tuong duong voi

(x_l_l 'rlJrl b

n+1

(x_l)n+1
n+1

a
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BAI 1.

Tinh tong
s_ (" +22—1 n +23—1 AW +2"+1—1 ™ (1> 1)
—\0 2 \1 3 \2) 7 n+1 \n)" 7

Chitng minh. Vé trai c6 chira cac phan s, mau sd dugc xép theo thi tu ting déu mot don vi, ta nghi ngay dén
viéc stt dung tich phan. Bay gio, ta suy nghi ham lay tich phan, cac can va sb dugc thay vao cho bién. Vi s6 hang
2t — 4 N s R 5 . 2
cubi cting c6 hé s6 i nén ta biet can tir 1 den 2 va tong khong dan dau nén ta st dung / (1+ x)"dx.
1

Ta co6
no_ 2
(x+1) —<O>+x<1>+<2>x + . +<>
2 n n n\ ,
:>/l (x+1)"dx = <<0> ( ) (2>+...+(n>x >dx
(+1)n+1 n\ 1/n 1” 3 1 (n\ [
et |-\ "o HPACY ARV A S ) L
@3”“—2”“7 n +2—1 n +2 —1(m +2”+1—1 m _ g
n+1  \0 2 \1 3 \2) 7 n+1 \n)
Bai todn dugc giai quyét. O
BAI 2.
Chiing minh rang

m\  Lmy Ly, 1 n\ 2mtl—1
0/ 2\1) 3\2) 7 n4+1\n) n+1
Chitng minh. Vé trai c6 chita cac phan sb, ta nghi ngay dén viéc stt dung tich phan. Tong khong dan dau, ta st
1
dung / (x +1)"dx. Xét khai trién
Jo

wrr=(g)+x(1) e (p) e (2)

(x+1)n+1
n+1

Ta c6 dang thiic sau
2n+1 -1
- on+1

/01 (x+1)"dx =

Va dang thic

Tit 2 dang thtic trén ta c6 diéu phai chiing minh. O

BAI TAP TUONG TU. Chiing minh rang

2(’8);(T)ZH;(Z)?...+(1)”n11<2)2n+1— i1(1+( 1)")

Hudéng dén. Vé trai c6 chita cac phan s, ta nghi ngay dén viéc sit dung tich phan. Vi s6 hang cubi cting c6 hé sb
on+1

n—+1

2
nén ta biét can tir 0 dén 2 va tong dan dau nén ta stt dung / (1—x)"dx.
0
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BAI 3.

Chung minh r::fmg

1n+gn+§n+ L _(n—=1)2"+1
2\1) "3\2) 4\3) " n+1\n) n+1

Chitng minh. Vé trai c6 chita cac phan sb, ta nghi dén viéc stt dung tich phan. Vi s6 hang cubi cting c6 hé s6

% nén ta khong thé nghi ra ngay mot ham s6 nao d6 dé tinh tich phan. Bang cach phan tich s6 hang tong

uat —— ko (m) 2 1—L "3, cho ta téng sau
a1\« k+r1) \k)’ &

()= @)+ () ()= +36) i ()

1
Tur d6 st dung 2" —/ (x+1)"dx.
0

Cach 1. Xét s6 hang tong quat trong vé trai

k n 1 n
k+1 <k> - <1_ k+1) (k)’(k_o’”)
Do dé ta cé

I () (<> () < ) () -GG 3G et ()

2l 1 n—-1)2"+1
n— =
/ (1) =2" = = n+1

Cach 2. Xét khai trién (x +1)" = <g> +x <111> + x? (g) + . x" (Z) . Lay dao ham 2 vé ta dugc

n(x+1)"" = (;11) +2(Z>x+3<g>x2+...+n<z>x”1

Ta c6 dang thiic

/01 nx(x+1)"ldx = /01 (n (14+x-1)(x+ 1)”71) dx
1
:n./o ((x+1)”f(x+1)”7l)dx

(x+1)" (x41)"

n+1 n 0
M ol ) oy (=27 H1
_n+1(2 1) @ -1)= n+1
Va
L/ (n n 1/n 2(n n (n
2 ) dx = - =
FAG)#2G)ees()emen()et)o=3(0) +3() + i ()
Tix 2 diéu trén ta c6 diéu phai ching minh. O
BAI 4.
Chting minh rang

Lany 120\ 1/2n) 1/ 2n 21
2\ 1 4\ 3 6\ 5 T m\2n—1)  2n+1
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Chitng minh. Xét cac khai trién

2 2 2 2
() = () +x(T) 22 (5 )+ (5

2n 2n 2n 2n
1— )" — _ 2 2
(1—x) 0 x 1 +x 5 + x o

Trir 2 vé déng thuc trén ta dugc

M g N2 2n 3(2n m-1( 2n
(x+1) (1—x) _Z(x(1>+x 3 +.tx on — 1
1 2n .21 1
:>/ (x+1) (1—-x) dx:/ <x<2n>
0 2 0 1
1
12n-i—1 1— 2n+1 1/2 1/2 1 2
(x+1)" +(1-x) S e (e P (e I I Pt
2(2n+1) . 2\ 1 4\ 3 2n \2n —1
FEYCANEYC AN Ve WS W 2
2\ 1 4\ 3 6\ 5 T om\2n—1)  2n+1

Nhu vay ta c6 diéu phai ching minh. O

+

Nhdén xét. Néu phai tinh tong (2(;1 ) + % (22’1 ) + é (2:> +.+ anﬁ (;Z) thi khi do ta xét

P = &F D" ;L a-9" _ (2:> g (22") Fot (;Z) 2"

1
Sau d¢ tinh tich phan / P (x)dx.
0
s N 1/2n 1/2n 1 2n\ o .
Conneupha1t1nhtong2<0> —1—4(2) +6<4> +'"+2n+2<2n> thi khi do6 ta xét

G (x) = xP (x) = (20”> X+ (22) Bt @) 2

1
Sau d6 tinh tich phan / G (x) dx.
0

BAI 5.

Chting minh rang

() 22y 2(m\ 2 (2 22t (n>1)
0 3\ 2 5\ 4 Toon+1\2n)  2n+1Y 7

Chitng minh. Xét khai trién
o 2n 2n on [ 21
(x+1) _(0 tal )t

1
1 1)2n+1 2241 .
Ta c6 /71 (x4 1)*"dx = % = 1 va dong thoi ta c6

T on+

L/ /2n 2n on (211 [ (2n 1/2n\ , 1 (2n\ sp1
/_1<<0)+x(1>+...+x (2n>>dx— <<O>x+2(l>x +"'+2n+1(2n>x )
_5 2n +g 2n T 2 2n
o 0 3\ 2 T 2n+1\2n

Tir 2 dang thiic trén ta 6 diéu phai ching minh. O

1

-1
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BAI 6.

1 S
Cho tich phan / x? (1 + xs)ndx = ——— (n > 2). Chiing minh rang
0

s6)+5 () +506) <+ 5 () = 5o

Chitng minh. Xét tich phan

() -+ sena)

n > 2), nhu vay ta c6 diéu phai chiing minh. O

Sy
=
I
—

1
Mit khéc ta lai ¢6 / x2(1+x3
0

BAI TAP TUONG TU.
Cau 1. Ching minh rang

) A e S - L0

1 n 1
. , .2 _
Gazy.Taco/O x(l x) dx ICESI)
Cau 2. Chiing minh rang
1/n\ 1/(n 1/n (—1)" (n\ 1 o\ "
1_3<1>+5<2>_7(3)+ +2n+1<n)_/o (1_x) dx
n
. 2i
n -
Goi . Tacc’)/ (1—x2) dx = =L
¢ [1Ci+1)

i=1

s s M . N - ~ A . - A 2. 1N 1 n N N 1 n N X 2.
Chu y rang khi bai toan cho ma so hang tong quat khong phai la K1 ( k) ma la 12 ( k) thi ta can phai

) 1
nhan thém x vao ham da thttc co ban trudc khi tinh tich phan, con neu la 13 <Z> thi ta phai nhan thém x2

vao ham da thic co ban trudce khi tinh tich phan. Sau déy ta sé cuing hiéu rd hon qua bai toan sau.

BAI 7.
. s I/m\  1/n\ 1(n 1 (n n (2" 4+ 1)

ang — = - = ———2<-(n21).
Chungmlnhrangz(())+3<1>+4<2>+ +n+2<n> (n—l—l)(n—l—Z)(n 1)

Chitng minh. Vé trai c6 chita cac phan sb, ta nghi dén viéc stt dung tich phan. Vi s6 hang cubi cting c6 hé s6

k+2\k
Ta c6 dang thiic

1
! (”) thi ta phai nhan thém x vao ham s6 co ban trudc khi tinh tich phan. Khi d6, ta st dung / x(x+1)"dx.
0

1 1 1
/ x(x+1)"dx :/ (x+1)"+1dx—/ (x+1)"dx
0 0 0

B <(x+1)n+2 (x+1)n+1>‘1 B n2ntl 41
a - (

n+2 n+1 n+1)(n+2)
1 1 n n n 1(n 1(n 1 (n
s [ v | ST A N PR Y VO I
Va/0 x(x+1)"dx 0x(<0>+x<1>+ +x (n)>dx 2(0)+3(1)+ +n+2<n>
Tit 2 dang thtic trén ta c6 diéu phai chiing minh. O
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BAI TAP TUONG TU. Chiing minh rang

AT ST I O

BAI 8.
Gia st 56 tu nhién n > 2 thda man dang thitc dudi day, hay tim n?
2n 2n 2n 2n 2n
2n 2 4 6 2n —2 2n 4096
+ + + =

0 3 5 + 7 Fet o2n—1 2n+1 13

Chitng minh. Gid st s6 tu nhién n > 2 théa man

.66, 6 ) w

+ +

0 3 5 7 2n—1 2n+1 15
Ta co
2n 2n 2n 2n
1+x)™ = 24 .. 2n
(14 x) <0>+<1>x+<2)x+ +<2n>x
1 1
21’1 _ 21’1 1 2” 2 ]. 27’[ 3 ]. 27’[ 271-‘1—1
@0/(1—|—x) dx—((o x+2 1 x—|—3 5 x—i—...+2n+1 o )* .
2n+1 |1 1
(1+x) H _ 2n +1 2n 2+1 2n x N 1 2n x2n+l
2n+1 0 2\1 3\ 2 2n+1\2n 0
2 (221 1 2 2/(2 2/(2
2@ 1) (2 +2() + (T @
2n+1 0 2\1 3\ 2 2n+1
Mat khac ta lai c6
. 2 1/2 1/2 1 /2 -1
1+ x)*dx = " (V2 2 ()3 n\ 2nt1
0/(+x) x (<O>x+2(1 g, ) +2n+1 o ) .
N -2 _ 5 2n +% 2n _g 2n T 2 2n o)
2n+1 0 2\ 1 3\ 2 T 2n+1\2n
Lay (1) trix (2), ta dugc
2n 2n 2n 2n 2n
2| (2 LA N4 Ne) o \2n=2)  \2n L2 0%
2n+1 0 3 5 7 2n—1 2n+1 2n+1 713 B
Nhu vay bai toan dugc giai quyét. O

BAI 9.

Gia st 56 tu nhién n > 2 thda man dang thitc dudi day, hay tim n?

<2n> L (22” ) L (2: ) (zen ) (ani 2) @Z) 409

0 3 5 + 7 Fet 2n—1 +2n+1* 13
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Chitng minh. V&i bai nay ta sé c6 2 hudng gidi quyét nhu sau.
Cach 1. Taco

R T T (20

k+1)(k+2) Kmn—k'(k+1)(k+2) nm—-k'(k+2)!n+1)(n+2) (n+1)(n+2)

Tir day suy ra dugc
() ()
« k & k+2 .
kgo(k—i-l) k+2) sz) n+1)(n+2) ®
Ta xét khai trién sau
nt2  (n+2 n+2 o (n+2 3 (n+2 nao (M+2
(1+x) —< 0 )—i—x.( )P, ) ) et 1 P

Chonx =1=2"+2 = (n+2> + (n+2> + <n+2) + (n+2> +..F (n+ ).Dodé(*) tuong duong vdi

0 1 2 3 +2
” 2n+2_<”+2)_<”+2>
27 -—n-3 _ 0 1 100 _ An+2
i) (n+2)  miDnt2) | OF TE o En=®
Cach 2. Ta co
n n n n
s=/ M A,
12 2.3 34 7 (n+1)(n+2)
N AN AN S AN AN S AW AU A SR SR
S\l 2 0 2 3 1 3 4 2) n+1 n+2 n
1 (n "1 (n
_g)z 1<i>_§)1 2(1)
Mat khac ta lai c6
1 1 1 1
/(1+x)”dxf /x(1+x)”dx /2(1+x)”dxf /(1+x)”+1dx
0 0 0 0
Tir day ta suy ra
no1 o\ &1 (n 2 ! !
L _ L _ 1 n+l) 4 n+2
bl i g i n+ 2 n+2(1+x)
lg 1 g) 2 1( + 0 0

$572.2"+1—2_2”+2—1 22 p-3

n+1 n+2 (n+1)(n+2)
Bai toan dugc giai quyét. O
BAI1 10.
(") 2"} s3(" (~1) ("
Tinhtdng S = ol 4 2/ N3/ )
627 o3 34 45 T (n+1)(nt2)

Chitng minh. Ta c6 s6 hang téng quét

— n n
k=1

k + 1
= 5= i (—Ukz(g) + (1)"+1Z>) =2 f (—1)"Z> + f (—1)"“1’Z>
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Xét khai trién

(x+1)" = <g> +x<§l> Fot 2" (Z)

0 0 n n n
n _ n
:>/71(x+1) dx/l< O>+x<1>+ +x <n>>dx
0
n n n
0 2 n+1
wof(*6) 26) ()
n+1 71_ 1 2 n+1

=

2 <n>
1 L ka1 \k
i1 =Y : k+1

k=1
Tuong tu ta c6

sty = () 2 (1) e (2)
:>/701 (x+1)" dx_/i ("(g) +x2(r;>+_._+xn+1 (D)dx

=) <—1>"Z>

o
n+l nt+2 = k+2
1 1 1 n
Nhu vay tacdé S =2 - - = - . O
wvay taco (n—i—l n—i—Z) n+1 (n+1)(n+2)

Nhu véy ta da tim hiéu xong cac bai todn str dung tich phan dé chitng minh déng thtic t6 hgp. Sau day sé la mot
cong cu khac d€ giai quyét nhiing bai toan khé hon, d6 1a sé phuc.

BAI 11.

n _ -1
Ching minh dang thiic ) ( 1k) (Z) =1+ % + % 44 %, v6i n, k 1a cac s6 nguyén duong
k=1

Chitng minh. Trudc tién bang cong thitc nhi thitc Newton thi ta suy ra dugc
-0 =Y (-0 (") =1+ - (M)
= i = i

vi thé ta suy ra

Khi d6 14y tich phan tir 0 dén 1 hai vé thi ta thu dugc

[0 [ Feo (- foo() [ ) o

Ma ta co

1 o n__ 0 N __
/ de:/ z ! (—dz) trongdétaddtl —x =z
0 X 1 1—2z

vi thé ma ta suy ra duoc

Ozt -1, (0 ) N~ 1 1 1
/1 Z_ldzf/l (1+2+2+..+2 )dzi;)/lzdz(—1)<1+2+3+...+n> @)
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Tir (1) va (2) thi ta thu dugc

(-1) (1+;+;+~-+i):é(.l)i<’:>

1+;+;+'“+711:(_1)i(_'1)i<7>:‘

hay tir day ta thu dugc dang thiic can chiing minh. O O

4.6 Ung dung s6 phirc chitng minh dang thic t6 hop.

Trudc tién ta sé nhic lai méot s6 tinh chit cta s6 phtc sau.
1. Hai s6 phtic z = x + iy, w = x’ + iy’ bang nhau khi va chi khix = x',y = /.
2. Cong thuc Moive z = r (cos ¢ + isin @) = z"" =" (cosng + isinng).
1 i3 1 V3
3. Giai phuong trinh x® —1 = 0 ta duoc nghiémla x; = 1;xp = —5 %; X3 = —5 %, cac nghiém dé
chinh 1a cac can bac ba cta 1.

Pata = —% — % =% = —% —l—? va a ¢ cac tinh chat sau
i) a+a?=—1.
i) a® = 1.
iii) a3 = 1.
iv) a1 = 4.
v) adk+2 = g2,
Y tudng ctia phuong phap nay dua trén cac tinh chat ctia s6 0 i.

i4k =1, i4k+l =i, i4k+2 =1, i4k+3 = —ikeN

Tir d6, ta xét da thuce f (x) = ag +a;x + ax% + ...+ a,x". Dat

So= Y a,S1=Y, a,S= Y a,5= ), a

i=4k i=4k+1 i=4k+2 i=4k+3
Ta co
5, = f W+ f (1) +2Re(f (1))
4
f(1) = (So+S2) + (S1+S3) s = f() = f(=1) +2Im (f (i)
f(=1)=(So+5S2)—(51+S3) < Y oRe(f (i
o F - F(-1) - 2m (@)
’ 4

VéiRe (f (i)),Im (f (i)) 1an luot 1a phan thuc va phan 4o cua f (i).
Déu hiéu. Day 1a van dé 16n nhat can chi y. Ta dung s phic dé tinh tdng ctia cac (Z) khi téng nay c6 cac dac
diém.

e Cac dau trong tng xen ké déu nhau.

e kluodn 1é, hodc ludn chdn hodc khi chia k cho mot s6 ta ludén duoc cung mot s6 du (trong chuong trinh phd
thong ta chilam véi k = 3n,k =3n+ 1,k = 3n+2).

Sau day ta sé cing tim hiéu phuong phap nay qua céc vi du sau.
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Dang 1. Khai trién (x +1)",

cho x nhdn gid tri la nhitng s6 phitc thich hop hodc khai trién tric tiép cdc s6 phiic.

BAI 1.

Tinh tong

La=(

2009
0

2009

)-(

2009
2

2009

)+ (

2009
4

2009

>_

iy

2009
2008

)

2009

2o (V) (57) - (5) -~ Ga)

Chitng minh. Xét khai trién

2000 (2009 2009 » (2009 2009 (2009
(x+1) ( o )T )T, )Tt 2009
Chox = —itacod
(1- i)zoog _ 2009 2009 2009 2009 2009
0 2009
B 2009 2009 2009
N 0 2008
(- 2009 n 2009 _ 2009 ;
1 3 5 2009
Mat khac ta lai c6

2009

\@)zoog(cos( Z)—i—zsm( 4))2009

= (
_ ( \f) 2009 ( 20(319n 20297T)
( )2009 (cos T isin ;T) _ 91004 _ ;51004

So séanh phan thuc va phan éo cta (1 — )%

4= ()2 (7)-

0 2 4

trong hai cach tinh trén ta duoc.

2009\ 1008
* (zoos) =27

O [2009\ | (2009)  (2009\ . (2009\ i
5= () () (F) o (o) = 2™
Bai todn dugc giai quyét.
BAI 2.
1[50\ L (50\ 50\ . ps(50\ .25 (50
TmhtongS 550 <<0> 3(2>+3 (4> w.+3 (48> 3 50

Chitng minh. Xét khai trién

(£) =20 ((2)- 0 (3) - (03 (D) - (97 () - (49)" ()
"2 ((0) -0 G) - (97 (5)
+ 535 <—\f3<510> +(v3) (530) o (v3) (Zg))l
(40) o) ()48
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. 50
So sanh phan thyc cta (—; + l\f) trong hai cach tinh trén ta dugc
_ 1 /750y /50 5 (50 24 (50 25 (50\) _ 1
5= oh ((0) 3(2) 3 (4> 43 <48) (X)) = -1
Nhu vay bai toan dugc giai quyét. O
BAI 3.

Tinh téng S = 3'° <200> -3 (220> +3° (%40 ) ~37 (260) + .= 3(?2) + (;8)
Chitng minh. Tuong tu bai toan trén, xét khai trién
(i+v3)" = (va)* () +i(v3) " (F) = iva () + (30)
- () -2 (3) () ()
" ((\/5) N (210) - (v3)” (23°> T fs@)) i

N 20
—219 _219,/3 5o sanh phan thuc caa (i + \@) trong hai cach tinh trén ta c6

Mat khdc (i + \/§)2° _

20 20 20 20 20 20
_ 310 _ 29 8 _ a7 _ _ _ 519
s=30(T) -2 () +3 () -7 (%) +--3(%5) + (30) =2

Nhu vay bai toan dugc giai quyét. O
BAI 4.
. L 2n
Tinhténg S = ) (~1)F :
inh tong S ];( ) (2k>

Chitng minh. Xét khai trién (1 + i)?" ta c6

k=0 k=0 k=1
! 2n ! 2n
=Y () + i e ()
= %) " = 2k — 1
Tir d6 ta suy ra dugc
S = Z(-M(Z”) = Re [(1 —|—z)2”]
= 2k
Va dong thoi
1 2n
2(—1)“( ) =1Im [(1+i)*"
LTyl =mlar o]
Mat khac ta lai c6
2
(140" = [\6 (COS% +ising>} Y (COS% +isin%)
Nhu vay suy ra
2n
s_k_;)( 1) <2k) 2" cos
Va .
2n nm
k-1 — on _
k;( 1) <2k—1> 2" sin 5
Bai toan duoc gidi quyét. O
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BAI1 5
3n
. 2 o 12n
Tinh tong S —kgo (4k )

Chitng minh. Nhin vao bai todn nay ta sé nghi ngay t6i khai trién (1 + i)'2", tuy nhién st dung khai trién nay c6
cho ta dugc két qua ctia bai todn hay khong? Ta thur xét

12n
(12 =Y (ﬁ”)ik

k=0

Cac s6 hang ctia ta “cach déu” mot khoang boi ctia 4, nhu vy mot cach tu nhién ta sé tach khai trién trén thanh
4 t6ng theo phan doan modulo 4 (theo k mod 4), ta c6

2 12n\ 12n Sl 120\ g Y120\ e SN 120 s
,g(k>l _kz(zuc) +,§0(4k+1>1 +k§<4k+2>l +k§)<4k+3)l
B Z <1zn> .3”2—1( 12n )_3”2—1< 12n )_ﬁf( 12n )
Z \4k+1) = \dk+2 = \4k+3
Dén day, ta gdp mot vudng mac nho, dé la
3n 3n—1
12n 12n
Re | (1+1i)!" :Z( )— Y ( ) 1)
[ } Z\ak) = \dk+2

Nhu vay 1a so vdi t6ng can tinh gid tri ctia ta “thira ra” mot tong ... tuong tu. Khong van dé gi, trd lai véi sd thuc
ta xét khai trién.

3n 3n—1 3n—1 3n—1
12n 12n 12n 12n
1 12n 4k 4k+1 4k+2 4k+3
(1+%) k2_0(4k>x kzzo 4k +1 2 4k +2 kzzo 4k+3)"

Va
3n 3n—1 3n—1 3n7
12n 12n 12n
_\12n _ 4k 4k+1 4k+2 4k+3
=) Eo(zlk)x L (rra)7+ )y (a2) <4k+3>x
Cho x = 1 thi ta dugc
12n Sl 7 12m
21271 2 2
G RES o Py
hay
3n 3n—1
12n 12n
»1-E () E
kgé 4k lg) 4k + 2

Cong vé theo vé vai (1) ta c6

3n
. 12
212071 4 Re [(14+1)2] =2} ( ”) =25
k=0
Viéc con lai ta chi phai tim Re [(1 +1)!"], ta c6

7T

(1+) = [V2 (cos T +isinT)] 6 (cos(3n7r) + isin(3n7r)) = (—1)126"

Tir d6 suy ra dugc

3n
12n
— 2 _ 2127172 -1 n26n71
° §=0 ( 4k) +=

Nhu vay bai toan dugc giai quyét. O

Tir bai todn nay ta chiing minh dugc dang thiic sau
3n—1 3n—1
12n 12n
I 14412 — _ _
m (1) k20<4k+1> kzo(4k+3> ’
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BAI 6.

cvans i 1 (3)+ (3) =]+ [(3) - (3) (5)-] ==
T b 000007

(14" =v2r (COS%-FS ) \/Z”COS——i— Z"Sin%

o () (1) ] = (e
(1) -G)+ G)r o (5T’

Cong 2 dang thtic trén, ta c6 dang thitc can ching minh.
Cdch 2. Xét s6 phttc z = 1 +i. Khi d6 ta c6

=5 0= -6 (-0 -6)+ ()]
-0+ -6+ 6]

Mat khéc ta lai ¢6 [z"] = |z|" = (ﬁ) n, tir day suy ra diéu phai chiing minh. O

Mat khac ta lai c6

Do d6 ta suy ra

Do d6 suy ra duogc

BAI1 7.

Tinh tng

1. A=3" (2:) — g (22”> ot (—1)"—13(2n2f 2) + (—1)"@2).

4m 4dm 4dm 4dm 4dm
_ 22m 2m—2 2m—4 2
2 B—3 (0>+3 <4>+3 (8>+...+3 <4m4)+(4m).

Chitng minh. Xét cac khai trién sau

(Vo) = 3 (%) (va)"

k=0

(=)= £ (V) ()"

k=0

Nhu vay ta tinh dugc

2n 2n 2n 2n\ 1 2n
T = 3" n—1,2 n—2.4 2n - _
3 <0>+3 x <2>+3 ) () =5 (f+x) +(v3-x)
Cho x = i thi ta thu duoc

(\@4—1’)271 = o2 (cos% +isin%)2n =2 (cos% +isin %)

2 _ _ 21’!
(\[3— i) " 221 {cos (67t> +isin (;)] = o2 (cos % —isin %)
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Tir d6 suy ra duge A = 22" cos % V6in = 2m, chon x = 1 thita co

4m 4m 4m 4m 4dm
/I __ a2m 2m—1 3m—2
A=3 (0)+3 (2)+3 (4)+...+3(4m_2)+(4m)

— g2 {(2 + x/§)2m +(2- ﬁ)zm}

4dm 4dm 4dm 4dm 2mrm
__n2m _ a2m—1 2m—2 — ndm
A=3 <0> 3 (2>+3 (4)+"'+<4m> 2" cos 3

Nhu vay ta c6 duogc

b= A%A/ =222 {(2 + \/§)2m + (2 — \@)Zm:| + 441 cos 27;171

Bai toan dugc gidi quyét. O

Dang 2. Khai trién (x + 1)", dgo ham hai vé theo x sau dé cho x nhdn gid tri la nhitng s6 phitc thich hgp.

BAI 1.

Tinh tong
30 30 30 30 30
Ls=(T)-3(3)+5(5) -2 (35) 2 ()
30 30 30 30 30
s 5ia(®) o) () () ()

Chitng minh. Xét khai trién

(x4 1)%

30 Ly 30 42 30 R 30
0 1 2 30
29 (30 30 5 (30 29 (30
30(x+1) —(1)+2x<2)+3x 3 + ..30x 30
Cho x = i ta dugc

= () 5(2) ()« (2) 43) - 2L 9 )

Mit khac 30(i +1)% = —15.2'5 — .15.2'5, so0 sanh phan thuc va 4o ctia 30(1 + i)? trong hai cach tinh trén ta c6:
/30 30 30 30 30\ 5
S_(l) 3(3>+5<5> 27(27>—|—29<29>— 15.2
(30 30 30 30 30\ 15
51—2(2> 4<4>—|—6<6> 28<ZS>+30<30>_ 15.2

Nhu vy ta c6 diéu phai chitng minh. O

Dao ham hai ve ta co

BAI TAP TUONG TU.

e o oA (20) (20 5(20\ 920\ . 10(20
Caul.T1nhtongS-2.3<2) 43 (4>+6.3 (6) .. +18.3 (18) 20.3 20)"

20
Goi 3. Xét khai trién (1+/3x) .

. i . B 8n 8n 8n
Cau2.T1nhtongS-1(1> 3<3)+--~ (8n 1>(8n—1>'

Goi 1. Xét khai trién (1 + x)%".
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BAI 2.

Tinh tong
i () a(2) () () (1) - s5(5)
2 n=2() 4(F) ro(5) -8(5) 4o 1a(33) 16()
Chitng minh. Tuong tu nhu bai toan & trén, ta xét khai trién Xét khai trién

15 (15 15 > (15 14 (15 15 (15
(x+1) —(0 tal ) ) bt ) T s

Nhan hai vé véi x ta cé

x(x+1) —x<0 tail )T, ) et ) T 15
Dao ham hai vé ta dugc

15 15 5 (15 15 (15
(O>+2x(1>+3x <2>+..+16x (15)

15 . 14 15 B 15 15 B 15

(144)1 +15i(i 4+ 1) _(<0 3( ) +-+13(1,) —15( 1,
15 15 15 15 .
+(2<1>—4<3>+...+14<13>—16(15>>z

Mat khac (1 + )" = 7.28 — 27, s0 sanh phan thuc va do ctia (1 +1)"° + 15i(i + 1) trong hai céch tinh trén ta

(x+1DP® +15x(x +1)*

V6ix =itacod

c6
M= (105> —3(125) +5<f) —7(165> +.. +13<15> 15(14> =728
N = 2(15> 4(135> +6<15> 8(15) +..+14 Gi) - 16 Gg) =-27
Nhu vay ta c6 diéu phai ching minh. O
BA1 3.

; . . (8n 8n 8n
TmhtongS—l(1> 3<3)+... (8n 1)(87[—1)'

Chitng minh. Trudc tién ta phai dung dao ham dé c6 duge hé s6 ding trudc t6 hop. Xét da thirc

F(x) = (1+x)%" = (80”) .y (Z)xk:>f’( x) = 8n(1 4+ )81 = Zk( )

k=1

Lai nhan véi x ta duoc
g(x) = 8nx(1+x)¥~1 = Zk( >

Ta thay rang S chinh 1a phan 4o cta g(i) = 8ni(1+i)8 ! = 4n - 16" + 4n - 16"i, do vay ma S = 4n.16". O

Tuong tu nhu bai nay, ta c6 thé duing dao ham 2 1an dé tinh téng
8n 8n 8n 8n
2 a2 2 Y
2(2) 4(4)+6<6) . (8n) <8n)
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8n
Tac6 (1+x)%" = (8(;1> + Z <8kn) K, lay dao ham va nhan thém x va 2 vé sau khi 14y dao ham, ta dugc
k=1

8nx(1+ x)8 1 = Zk( )

= 8n(1+x)%72(1 + 8nx) Zk2< ) k=1
& 8nx(1+x)¥72(1 4+ 8nx) = Zk2< )k:f(X)

T6ng can tim chinh 1a phan thyc cta

F(i) =8nf(1+1)%2(1 4 8ni) = 16" +128n% - 16" 2i

Dang 3. Khai trién (x + 1)", cho x nhdn gid tri 1 cdc cin bdc ba ciia don vi. Cdc bai todn & ddy sir dung tinh chat s6 3 ma

minh da dé cdp & ddu! Chija= —1 — i

2 2
Sau déay la cac bai toan minh hoa.

BAI1 1.

Tinh tong S = (20) + () + (%) -t (20) 4t (29) 4 (%
e =\ o 3 6) " T \ak) T \1s) T s

Chitng minh. Xét khai trién

(x+1)% = <200) +x <210> + x2 <220) + o2 Gg) +x% <§8)
2= (3)+(F)+(3) +-+(3) + (o) 1)
(1+ a)zo = (20()) +a (210> + a? (22()) + ..+ +a Gg) +a° (§8> (2)
(1 +a2)20 = (200) + a? (210> + a(220> + (23()) +.ta Gg) +a<§8> 3)

Cong vé theo vé (1), (2), (3) ta dugc

Chox =1taco

Cho x = ataco

Chox = a?tacd

20
224 (140 + (1+a%)" =38

Mat khac ta lai c6
20 20
(1 +a)2 _ (_az> — g% — g (1 _le) _ (_a)zo — 2

2201

Dovay35 =220 —-1=S=
Nhu vay bai toan dugc giai quyét. O

BAI 2.

. 20 20 20 20 20 20
1 O p— ?
Tinh tong S (1)-0—(4) +(7)+"'+<3k+1)+"'+<16>+(19>'
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Chitng minh. Xét khai trién (x +1)% = (200) + x <210> + x? <220) + et 2t Gg) + x20 <§8) :

Nhan hai vé véi x? ta dugc
(x+1)% =« (20) ( ) +x* (220> +ot 2 Gg) +x%2 @8)
= () (D) (3) (o) () g
Chox =ataco
wasor-o(3) (3) o)

20 20 20 20 5
)+ (3) e () (o) o) @
Chox =atacd

a(1+ a2>20 =a <200> + (210> + a2 (22()) +a (230> Yota Gg) + (?g) + a2 @8) 3)

Cong vé theo vé (1), (2),(3) tac6 220 + a?(1+a)® +a(1 + ) = 3S. Mt khéc ta lai ¢6

o

Chox =1taco

?(1+a)? =a*2 = 1;a 1+a2) Hl=1=85=

Nhu vay bai toan dugc giai quyét. O

BAI 3.

o2 (20 20 20 0 20 20
TmhtongS—(0>+3< >+6< )—i— +3k<3k>+...+15<15>+18<18>.

Chitng minh. Xét khai trién (x +1)% = (200) + x <210> + x? <220) + et 2P (ig) + x20 <§8) .

Dao ham hai vé ta c6

20(x+1)" = <210> +2x <220> +3x? (23()) + .+ 1928 Gg) 4 20x1 @8) *)

Nhan hai vé () véi x ta c6

v (20 5 (20 5(20 1o (20 20 (20
20x(x+1) —x<1 + 2x 5 + 3x 3 + ...+ 19x 19 + 20x 20
Cho x = 1 ta duoc
20 20 20 20 20
19 _
20.2 <1>+2<2>+3<3)+...+19(19)+20(20) 1
o (20 5 (20 20 20 , (20
20a(1+a) —a(l +2a 5 +3 3 ...19a 19 + 20a 20 ()
Cho x = a?% ta ¢
19 20 20 20 20 20 20
2 2\ 2 2 2
204 (1+a) —a (1)+2a<2>+3(3)+4a (4)+...+19a (19)+20a(20) ©)

Cong vé theo vé (1), (2), (3) ta thu dugc
19
20 [219 +a(1+a)"? + 4 (1 + az) } =35 — (20())

Cho x = ataco

Mat khac ta lai c6
19
a(l+ a)19 = a(—a2> ==

19
a? (1 —|—112> =a?(—a)¥ = —a®' = 1
220

—13. O
3

Tir day ta suy ra dugc S =

63
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BAI 4.

. N n n 1/, nrm
Chung minh rang 1 + (3) + (6) +..= 3 (2 —|—2COS?)

#=(0)+0)+()-+C)

s ., 2T . . 2m 3
Xét so phitc & = cos 3 +1sm? taco

Chitng minh. Trudc tién ta c6

27 2\ °
3 .. - . 2 o
w’ = <c:0s3 +1s1n3> =1 (a—1) (oc +rx+1) =0

Mat khac ta lai c6

(1+zx)::<g>+a<?>+a2<z>+...+a"(n + +

(1+42)" = (g) +a? (’;) +a (Z) + ot (") — (g) +a? (’;) +rx<;>
Cong 2 vé ctia (1), (2), (3) ta thu duoc

2+ (1+a)" + (1+02) =3 ((g) + (’;) + (Z) +> +(1+a+a?) ((’11) + (Z) + (’;))
=3((6) = (3) + () +~)

Mal+a= cosg +isin g;l +a? = Cosg — ising nén ta c6 diéu phai ching minh. O

=
N———
Il
N
o =
Nz

N

V6i cach lam tuong ty, ta sé chitng minh dugc cac dang thic sau

() () ()3 fren52)

<'21> + (g) + (g) 4o % (2" +2c0s (”_34)”)
(5)+ () + () + =3 (2 +2teos™)
<711) + (g) + <Z> +- % (21428 sin 2T
(Z) + (Z) + <1”0) o= 2 (21 -2t cos )
GRCRG—

BAI 5.

V6i s6 ty nhién n > 1, chiing minh rang

n n n n o n+2
(0>cosoc+<1>cos20c+(2)c053a+...+<n>cos(n+1)oc—2 cos' 5 cos ——u

Chitng minh. Xét khai trién

e = (o) +a(3) +2(5) () = e = £ ()
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Nguyén Minh Tudn - Nhi thiic Newton va 1ing dung

Thay x = cosa + isina va st dung cong thitc Moive ta cé
. . \nm n n n
(cosa +isina) (cosa +isina)” = 0 cosa + 1 cos2u + ... + " cos(n+1)a

+i ((g) sina + (T) sin2u + ... (Z) sin (n+1) uc) (1)

Mat khac ta lai c6
g = (200222 + 2isin % cos &) = 2702 (cos & +isin %)
(1+cosa+isina) —<2cos 2—|—2131r12cos2 = 2"cos 7 c052—|—1s1n2

Theo cong thirc Moive ta thu duge
n
(cosa +isina) (cos % +isin g) = (cosa +isina) (cos nzic +isin %)

+2 .. o n+2
= Cos & +1sIn o
2
Do d6 ta dugc
2 2
(1+cosa +isina)” = 20" cos * &+ i2"cos™ S sin * o 2
2 2 2 2
O

Tix (1), (2) ta 6 diéu phai ching minh.

BAI 6.

i () () (6) () (3)+ ()

Chitng minh. Khoang cach cta hai chi s6 trén lién tiép 1a 6 nén xét s6 phtrc

e = cosz—n+isin2—7t = cos - +isin —
B 6 3 3
Nhéan thay ré“mg € = 1 khi va chi khi k 1a boi ctia 6, va v6i moi k khong chia hét cho 6 thi
1 — ek
T4 ek ek 3 etk Sk — T
—€

Ta co
(14+1)"+ (1+¢e)" + (1+€2>n+ (1+s3)n+ (1+s4)n+ <1+85>n =65

3= —1vae® =1=c¢-gnéne® 7 = ¢, do vay ta dugc

Roranglaé = cosg —ising,e
(1+8) =+ (1+¢) = (1+8)"

Ta c6
noo.. T
1+£—\@<cosg+zsmg)
1+€:\/§<cosz—isinz)
6 6
1+£chosg+ising
1—|—§2:cos§—isin§
Tir day suy ra

65=2"+(1+e)" +(1+8)" + (1+&) + (1+2)

=2"+ (\@)n (cos% —l—isin%) + (\f?a)n (COS%—FiSin%)

o L PN L
=2 +2(\/§) Ccos A + 2 cos 3

Vay ta duge S = % [2”71 + (\@)n cos % + cos %} .
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TAP CHI VA TU LIEU TOAN HOC

. (1 n n n n n
Tuong ty ta sé tinh dugc téng ) ():()+(>+()+()+< )
=0 \3i 0 3 6 9 12

BA1 7.

Chiing minh dang thitc sau, trong d6 1 1a s6 nguyén duong

(B @) (. or6) -

T7/248-THTT

Chitng minh. Xét sb phic z = i + 1, stt dung khai trién nhi thitc Newton ta c6

Z n n n

z”=(1+z’)”=):i’<(): Y (—1)"( >+i. Y (—1)k< >
s \k 0<2k<n 2%k 0<2k+1<n Zk+1
Lay module hai vé ta dugc
2 2
n n
R (CTRE) RN S)

0<2k<n 2% 0<2k-+1<n Zk+1

Mat khac ta lai c6
n_ [ T TN o nwo . . N
z —_\@<cos4+zsm4)] =2 (cos g Tisin 4>

Tir d6 ta 6 |2"|* = 2", suy ra diéu phai chiing minh. O

V6i s6 phiic z = cos ¢ + i sin ¢ thi theo cong thitc Moive ta c6
2" = (cos ¢ +isin )" = cosng + isinng

Khi d6 ta dugc

(cosg+ising)" = Y (—1)F <2nk> ccos" HFpsinFp+i Y (—1)F <2k1 1) cos" 21 psinZ*+1 ¢

0<2k<n 0<2k+1<n

Léy module 2 vé, ta suy ra

, 2
( Z (_1)k(2”k) .cos”‘Zk(psiHZk q)) + ( Z (_1)k (2k1 1> cos™ 71 (PSiHZkH (P> -

0<2k<n 0<2k+1<n

i T L LA SN
Véi ¢ = 1 thi ta c6 ket qua ctia bai toan nay.

1 .
Véi ¢ = g va cosg = E,s'mg = ?, ta c6 dang thuc
2 2
n n
Y (—3)"( > +3| Y (—3)"( > = 4"
|ﬁ<2k<n 2k 0<2k+1<n 2k +1

BAI 8.

Chiing minh rang

i (Z)zcos kx = % (;k> (Zkk> (2 cos g)n_Zk (Cos nz—x) ,x € [0; 7]

k=0
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Nguyén Minh Tudn - Nhi thiic Newton va 1ing dung

n 2 n 2
Chitng minh. Dat A, = ) <Z> coskx, B, =Y (Z) sinkx, khi d6 ta ¢
k=0 k=0

n n 2 n n 2
A, +iB, = coskx +isinkx) = cos x + isin x)¥
Xét hé s6 y" tir hang dang thirc (1+y)"(1+zy)" = [1+ (1 +z)y +21?]" taco

" AP n! ls
z = z+1)'z
X <k) <l> L et

0<k,I<n 0<k,ls<n

(== 5 () ()

. . - x X\ . .
Xétz:cosx+zs1nxth11+z:1—|—cosx+1smx:2cosf(cosz—i—zsmz)nenvmxe[O;N]taco

Hay viét lai duéi dang

2
Ap+iB, = ki%) <Z>2(cosx +isinx)k = zé) <Z>2zk = E(J) <2nk> <2kk> (z+ 1) 2%k
é ( )( ) 2cos n # (cos +isinx(n;2k)> (coskx +isinkx)
Kl

<@(6@m>“%mwm;>

k=0

Do d6 ta dugc

3]
n\ (2k n—2k nx
An= ,§O (2k> (k) (ZCOS E) (C"S 7)
5] _
n (2k x\ -2k nx
Bn = = (2k> (k) (ZCOS E) (Sm 7)
Nhu vy ta c6 diéu phai chitng minh. O

Theo két qua trén thi

=

(1) sk 3 () (%) (eond) ™ (5 2)

£ -5 @)

Néu x = 0 thi

Néu x = 7 thi

4.7 PDong nhat hé so.
Phuong phép lam dang toan nay la ta sé thuc hién khai trién theo hai cach, sau d6 so sanh hé s6 ctia luy thira x*

& hai vé ta sé c6 diéu phai ching minh. Dé hiéu rd hon ta di vao cac vi du sau.
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BAI 1.

Cho cac s6 nguyén duong m, ;0 < p < min {m;n}. Chiing minh rang

G) = ()0 () G e+ () () -+ () 6) = ("))
p p—1/\1 p—2)\2 p—aq/\q) — \0/\p p
Chitng minh. Trudc tién ta xét khai trién

e = () x(h) w2 (p) et (M) ()

n_ (1 n 5 (N p(N (N
(x+1)" = (0)+x(1)+x (2>+...+x (p)Jr...er (n)
Nhan theo vé ta c6

e = () 0) () 6o () () e GG

Trong d6 g (x) la biéu thitc khong chita x”, mat khéc hé s6 ctia x? trong khai trién (x +1)"*" 1a (m : n) , dén

day so sanh hé s6 cua x” ta c6

("3 = GG+ ()6 e () (6 o+ (0) )

Dén day bai toan da duoc giai quyét hoan toan. O

R (1) () I () R () e )

0<kn

BAI TAP TUONG TU. Cho {k , chitng minh rang

7

G) @)+ () () () = it

Goiy. Viét lai déng thitc can ching minh

@) (") () koa) # 62) 6) = wam

Diéu nay lam ta goi tGi dén vé trai 1a hé s6 ctia x K. Ta xét (14 x)" (1 + x)" = (1 + x)*", sau d6 so sanh hé sb
X"k &2 vé ta sé c6 diéu phai chiing minh.

BAI 2.
0<kn
knezZ

(0 (1) () () -7

Chitng minh. Viét lai dang thitc can chitng minh

(0 () (7)o (1) - (210

Diéu nay lam ta ggi dén vé trdi la téng cac hé sb chia x*. Xét da thitc

Cho 2 s6 1, k théa man { . Chting minh rang

(1 + x)n+k+l _ (1 + x)k

P(x)=(1+x)f + A+ + 1+ 02+ 1+ = :

So sanh hé s6 ctia s6 hang chita x* &2 vé ta suy ra diéu phai ching minh. O
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BAI 3.

Tinh tong

Chitng minh. Trudc tién ta st dung t6i dang thiic sau

ny 1 n! B (n+1)! _(n+1Y\ 1
(k)k—l—l_(k+1)k!(n—k)!_(n+1)(k+1)!(n—k)! <k+1>n+1

S:,é((ﬁ;)nil)z: (n+11)2 (((n#))ﬂ ((n;1>>2+__.+ (<Zi>)2)

Khi do

Nhu vay bai toan dugc giai quyét. O

BAI 4.

2 2 2
V6i cac s6 nguyén duong n, tinh téng S = < (Tll) ) +2 < (Z) ) Tt ( (Z) ) '

Chitng minh. Day 1a mot bai toan kho hon, ta sé phai st dung tdi dao ham. Xét khai trién

flx) = (x+1)"
= f/(x) =n(x+1)"" = (T) +2x (;) + 3x2 (g) + 4 nxl <Z>

= xf (x) =nx(x+1)""! = x<711> + 22 (;) +3x° (g) + oo nx" (Z) (1)

(x+1)" = 2" (g) 4l (711) 42 (;) ot (Z) 2)

Nhan theo vé ctia 2 dang thic (1), (2) va so sanh hé s6 ctia x™ & ca 2 vé ta dugc

s= (1) +2(G)) = on(()) =n(rmd) =)

Nhu vay bai toan dugc giai quyét. O

Mat khac ta lai c6

BAI 5.

; ° _1 2n _1 2n PN 2n 1 2041 1 2n
T1nhtongS—2<1> 3<2)+...+( 1) (k—l)k+"'+( 1) onril\on)

Chitng minh. Véik =2,2n+1ta céd

120\ _ (2n)! 1 Qn+1) 1 (2n+41
k\k—=1)  k(k—D)!'2n—k+1)! 2n+1kK@2n+1—-k! 2n+1\ k
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D6 do6 ta co
s Zgl( 1)"( 2n ) 2uxl (—1)F (2n+1>
= k \k-1 = 2n+1\ k
1 [(2E kf2n+1
= 2 (1)
n+1\ = k
2n+1 1
_ 1 Z (—1)k 2n+1\ (2n+1 i 2n 4+
m+1\ & k 0 1
1 2141 2n
= 1-1 142 1) =
2n+1 (( ) ent 2n+1
Nhu vay bai toan dugc giai quyét. O
BAI 6.

Khai trién (1+x+x2 + ... + xm)l1 dugce viét thanh ag + a;x + axx? + ... + a110x'10. Tinh tong
5 11 g 11 a1 -+ 11 2 11 ot ot 11 — 11 .
AL 1)m 5 %2 5 Jast 10 )0 11 ) A

Chitng minh. Xét x # 1, tit khai trién nhan hai vé cho (x — 1)!!, ta duoc

11
(xn — 1) = (x— 1) [ao +ayx 4 apx® + ...+ anoxno}
Ta co
11
11 _ P N 11
o VT = ( P ) (-1 Fyllk, suy ra hé s6 ctia x'! bang < 1 ) =11.
k=0

11
e VP = ( (1k1> x“‘k(—l)k> (ag + a1x 4 axx? + ... + ag19x!1%), suy ra hé sb ctia x!! bang
k=0
1111— 11a+11a— 11a+ +11a _ 1111
0)° 1) \2)% (3)% "1™ (11)™"
11 11 11 11 11 11
a = — — — =11. O
vars = (g o= (V)ae () () (oo (1o

BA17

2n 2
Ching minh rang ) (—1)F (2;1) =(-1)" <2n)
= k n

Chitng minh. Ta xét dang thirc
2n
(1 _ x2> = (1—2)2"(1+x)?" 1)

Khai trién vé trai ctia (1) ta dugc

(1- xz)Z" e <2kn)

k=0

Hé sb ctia x?" trong khai trién trén tuong ing véi s6 hang k = n 1a ( ( )
Khai trién vé phai cta (1) ta dugc

(- 214 02 = §5 (1) < ) Z
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Nhu véy hé s6 ctia x2" trong khai trién trén tuong ting véi cac s6 hang thod k + j = 2n la

Z ) - B - Lo ()

Bai toan dugc gidi quyét. O
BAI1 8.
n n
. . Y . 1k n 2n o 1k n 3n
1. Chung minh rang S,, = kg%)( 1) (k) <2k) = kg%)( 1) (k) (n +k)'
2. Tinh gia tri cta biéu thuc Sy, (m € N).

Chitng minh. Chu y t&i cac cong thiic t6 hop trong tong, diéu nay khién ta lién tudng t6i phai xét dang thirc
(1 - xz)n (14 x)%" = (1—x)"(1 4 x)>"

Khai trién dang thitc nay ra ta dugc

S ()= 5 () -5 ()50

n 2n n .
Tuong duong véi }_ Y (—1) (Z) < j > 24 = Z Z ( > (3]71) 27, Tim hé s6 ctia 2" trong ca hai

khai trién trén ta C(])'CZO =
2k-&;—2n(_1)k <:> (21121121{) - k+§2n(_1)k (Z) (2113i k)
& 2 ( ) GZ) = kio(_l)k (Z) <n3jk>

Nhu véay dang thitc dau tién duge ching minh, bay gio ta sé di tinh gia tri ctia Sy
Ta co6

¢ n z n!(3n)!(—1)k
Snkzo(_l)k(k>(n+k> Zk'n—k)!(n—i—k)!(Zn—k)!
_omGm & enien-1F
(2n 'kz;‘)k' 2n— N(n+k)!(n—k)!

)
- ZTZ)('?)(zn 'kio ( )( )
2m)!(6m)!

NN . ( . k 4m 4m
Tir day suy ra duoc Sy, = (@m)i(am)! kﬂzm( ) j . Xét dang thtic

(1 - x2)4m = (1—x)*¥(1 4 x)*"

= 2 (V)-SR (3 ()

Can bang hé s6 ctia x?" & dang thtic trén ta dugc
4dm dm\ (4m
()= 50
k-+j=2m ]

Sy — (2m)!(em)! (=1)"(4m)! _ (=1)"(2m)!(6m)!
" (4m)!(4m)! m!(3m)! m!(3m)!(4m)!
Dén day bai toan dugc giai quyét. O

Nhu vay ta c6 duge
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BAI 9.

Vi cac s6 tu nhién m, n théa man m < n, chung minh réng

L0 -5 )62 =G e

Chitng minh. V&i bai toan nay ta sé di tim hé sb ctia x™ trong cac khai trién
(—D)"1-214+x)]"1+x)"=14+2x)"1+x)" =[x+ (1 +x)]"(1+x)"

Trudc tién ta co

(1+20)"(1+x)" = i (7{1) kakjé (7) x = i i <7:> (n) 2k ykti

k=0 k=0;=0 )

Hé s6 ctia x" bao gom céc s6 hang théamank+j =nhay j=n —k, déla
m
L ()2
iz \kJ\n—
Mat khac ta lai c6

xm—k(l + x)k-‘rn

+k
x™m—k nz (n + k) x/

=0\

e

Hé s6 ctia x" bao gom téng cac sb hang thoAmanm —k+j=nhayj=n+k—m,déla

(D00

[x+ (1 +x)]"(1+x)"

»
Il
o
> 3
N———

I I
1= LD2=

I
~
g Bl
(=}
=
L
N——

=~
i

S
~
Il

o

Tiép theo ta xét t6i khai trién

™=

(D" =2(1+x)"(1+x)" = (=1)"

»
Il
o
R R

I
i
=

S
hgE

~
Il
o

Nhu vay hé s6 ctia x" tuong ing véi j = n la

rE e

Tix (1), (2), (3) va (4) ta suy ra diéu phai chiing minh.

M

@

®)

4)

BAI 10.

N 1 4n 2n + 2k 8n
. . ¥ n—k _
Chung minh rang k§:O4 <2n L 2k> < P ) = (Zn) .
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Chitng minh. Biéu thic ctia vé phai cho ta thdy d6 1a hé s ctia s6 hang thit 211 + 1 trong khai trién ctia nhi thic
v@i bac 8n. Ta co

8n 8n B
(x+y)8n — Z (k>x8n kyk

k=0

Nhu vay s6 hang thi 211 + 1 (twong ing véi k = 2n) 1a <§Z) x%"y?". Dé cho don gian ta sé cho y = x ! tic la

(an) = () (ea7t)”

Ki hiéu (x") f(x) & day nghia 1 hé s ciia x" trong khai trién f(x). Ta c6

()= ) o) = o) (o)

() 5 (3) ()2

SRR ) e
BRI e

Nhu vay cac s6 hang chira x*" tuong ting k, j théa man 8n — 4j — 2k = 4n hay k = 2n — 2j, khi d6 thi

0<2n-2j<2n=0<j<n

Thay gia tri k = 2n — 2j va gidi han ctda j vao biéu thic trén ta dugc

(@) =57 2) (77 7) = 5 ) (7

Bai toan dugc giai quyét. O

Cai hay ctia phuong phap nay d6 la bang cach khai trién theo nhiing cach khac nhau, ta c6 thé mé rong
dugc nhiéu dang thitc khéac nhau tir bai toan ban dau!

Vi du. Tir dang thic
(o) = () ex)”

Ta khai trién nhu sau

(x—}—x*l)Sn _ (2+x2+x72)4n k

p4n—k (xz i xfz)

Il
T IS
o =
/\%
> 3
~_

'S
=

I Il
£
01~ L0~
A/
~ %

~ &
N——
N\

k> odn—k  2k—2j . ~2j
j

> (k) ydn—k, 2k—4j
]

6 hé sb x*" cta khai trién trén sé la

I
Il

o
-
Il

o

=~
Il

o
=
I

o

Suyra2k —4j=4nhay0 < k=2n—-2j<2n=0<j<n Do

OEEEIO £ ) ()

Tir d6 ta c6 thém dang thiic
8n\ & 4n 2n —2k\ ik
(o) = 5 (o) ()
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Két hop v6i dé bai thi ta c6 dang thiic

Lot () = 5 GG

Chuyrang( 21 k) chi khac 0 khi 2k > n — k hay k >

Ee)()- £, e G0

. Nhu véy ta duge

BAI1 11.

Véi cac s6 nguyén duong 1, m théa man 0 < m < n. Ching minh rang
2] e\ (2n—2k N\ opem
()G = ()
= n+m m
Chitng minh. Quan sat vé phai ctia dang thitc can chiing minh ta thy rang

<n>2”_m = (a") (2+x)"

m

Tuy nhién ta thiy rang vé phai ctia dang thiic chita nhj thitc (2:;3() diéu nay chiing té biéu thitc d6 1a hé sb
bac (n + m) ctia mot khai trién bac cao hon 7. Do d6 ta sé nhan thém x" vao khai trién trén
(™) (24 x)" = (x"M) (Zx + xz)n = (x"tM) {(x +1)2 - 1} !

n

— <xn+m> Z (:) (x+ 1)2(n—k)(71)k

k=0

e B (s

()2 =5 () G

" thion — 2k < n4m, suy ra dugc (i’;:j{k) =0.

Do vay ta c6 diéu phai chiing minh. O

Suyraj=n+mvadodotacod

Chii ¥ ring véi k > —

BAI 12.

n
Ching minh dang thiic Z on—k (n) ( I}: ) _ (211 + 1).
ZANLIVARN

China 1994

Eo( Ja+s (”D - “”ﬂé@ <x+i)kzn—k
=(1+2) (2+x+i)n
:%(1+x)(2x+x2+1)"

1
_ ﬁ(l 4 x)2n+1
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. < k 2 1 £
Sosanhhé s tydotacd ) 2"k <Z> < V‘ ) ( n’j > Bai toan duoc giai quyet. O
k=0 2
BAI 13.
. & n\ (2n—2r
‘ 7 1\
Tinh tong E)( 1) <r> ( 01 )

(1 4 x)2n72r
—

Chiing minh. Ta thiy rang <ZZ B} ir) 1a hé s6 tu do trong khai trién ,dodé

i (1) n\ (2n —2r
= r n—1
1a hé sb tu do trong khai trién

n n 2 n
xnl—l E)(_l)r(r) (1+x)™ % = (x;z—_le) =x(x+2)"

Ma hé s6 tu do ctia biéu thic nay bang 0, dén day ta dé dang suy ra két qua cta bai toan. O

BAI 14.

A [N . rd L n n— k k
Cho s6 tu nhién #n. Tinh tong Z P V_kJ 2",
2

—k ) . n—k
Chitng minh. Ta c6 ( { J) la hé so tu do trong khai trién cta (x + 1) (x + ch) .Do d6

n—k
2

1a hé sb tu do trong khai trién

i( ) (1+x) <x+ylc)n_k2k:(1+x) <x+i+2>n=w

kf
< 3 1 n n k k 2n—|—1
Tudaysuyra§<k>({2w)2 ( " ) O

BAI 15.

Cho m, n 1a hai s6 tu nhién. Tinh tong Z < ) ( i kJ> .

k= 2

m—k

Chitng minh. Chu y rang ( {
T2

n—k
J ) la hé sb tu do trong khai trién ctia y"* " (1 +y) (y + ;) , do vay

1 —k
5 ) (e
=\ 7]

1a hé sb tu do trong khai trién theo y cta

£ (o ood) - B 06

k=0
1 n
={1+yy " (x+y+ y)

(1+y) (w+y*+1)"

75



TAP CHI VA TU LIEU TOAN HOC

Tir d6 ta ¢6 dugce cach tinh tong da cho.

BAI 16.

n
Cho s6 ty nhién n. Tinh tdng ) ( k) <2kk) 2212k,
k=0

Chitng minh. Ta sé xtt ly bai todn nay theo 2 cach sau.
Cach 1. Ta co

@Z) (Zkk> - (2k)!gz)i 2k)! Eiﬁ)z' B (Zn(z—nl)cl)!k! ' (2(72111—_2;:))!!k! - (21? > (an_ k)

2 , 7
Do dé Z ( Zk) ( k) 221=2k 13 hé sb ty do trong khai trién

k
B ()2t e B () )

xk =0 4x2 + 4x)k

= (2x +2)" (1 + 1>2n

4x2 + 4x
(x4 1)
o (zx)Zn
n\ (2k 4n
Tere 13 H2n—2k _ '
seis & () ()7 - o
2k
Cach 2. Taco (2 ) 1a hé s6 tu do trong khai trién M
x

Nhu vay ta co kgo <2k) <2kk> 2212k 13 hé sb ty do trong khai trién cta

oo (14 552) " (1- 1o2)) - Lm0

P 4 .
Ta c6 dép s6 1a ( ZZ> . Bai toan duoc giai quyét.

4.8 Bai tap tu luyén.
Cdc bai todn sir dung cdc tinh chdt ding thiic dic bigt.

Bai 1. Cho céc s6 tu nhién m, n thod man m < n. Chiing minh rang Z (2 k) (2:; :ik) 4k — (;’;) .

Bai 2. Cho céc s6 ty nhién 2, n thod méan 2m + 1 < 3n. Ching mmh rang

B0 50 )

BEliS.Chﬁ'ngminhrﬁng <Z> (n— ) = (mj—k) (m;k)Vn >m+km>0,k>0.

k+1)( "

Bai 4. Chiing minh rang n k1

),Vn—l}k}O.

n
Bai 5. Ching minh rdng )

m
Bai 7. Chiing minh rdng ) |

03- 1
Bi 6. Chitng minh ring ) <”) (_?k _—
(+)
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11 Eaklg
(k+1)2  n+1/47 k+1

n
Bai 8. Chiing minh rang Z <Z>

1 ont+l _ o
Bai 9. Ching minh rdng ) <2k N 1) = :

k>0 k+1 n+1
Bai 10. Ching minh rang Z ( ) ( ) 2" m(”)
k=0 m
n
Bai 11. Chiing minh rang ) | (Z)( > xRy = () (:1)
k=0

e (0) () i
L <:1> T ntl-m

Bai 12. Ching minh rf?mg

.
Bai 13. Ching minh r??mg Z

Bai 14. Ching minh rdng ) |

Bai 15. Chung minh ré"mg Z

Bai 16. Ching minh r::fmg Z (Z)
Bai 17. Chiing minh rang ) | ( )
Bai 18. Ching minh rang ) | ( )
Bai 20. Ching minh rf?mg Z( 3)k <2n) <2n - > = (2n>

frr k n— n

.. ; . N 2] n\ /n—k n 2n — 2k

Bai 21. Chiing minh rang Z - Z

=0 \k k [ k=
Bai 22. Ching minh rang Z (—1)k2* (Z) = Z (Z) < )

k=0
Cic bai todn sir dung dao ham, tich phin, sé phifc.

n
Bai 23. Ching minh rang Z (Z) k(k—1)x*2y" % = n(n — 1) (x +y)" 2
k=0

n
Bai 24. Ching minh rang Z (n) 2k lyn =R = p(x +y)" 2 (nx + y).

n
Bai 25. Ching minh rang Z

Bai 26. Chiing minh rang 1 n+1

< . . v n 1 21
Bai 27. Chung minh rang o ) W1 = PR
n) (-pk 1

n
Bai 28. Ching minh ré‘mg Z T =2

(1)

) (n) (7 A gy - e
(
(
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Bai 29. Ching minh rf?mg

()" T ()

(x3—x2) (x1ty

"y <I§+2 k+2)ynfk (x3 — x) kL
k20<k> k+1)(k+2) k41

)n—i—l

(n+1)(n+2) n+1

Bai 30. Chiing minh ring

k+1 k+l n+1—k n+1—k
) (yz — W )

Y LR AC

Bai 31. Néu # chan, ching minh ré“mg

C(ty)"P )" ()" P ()"
(n+1)(n+2)

" /n (—1)k 14+ (= 2

1;)<k> (k+1)(n+1-k) (m+1)n+2) m+1)(n+2)

Bai 32. Ching minh r::fmg

oy (=) e ()
()1

Bai 33. Ching minh rang

1_ (x1 Jry)kH) Yk

k=0

Mx

Bai 34. Ching minh ran

k+1) S+l

1 &2kl
()k+1 _n—I—lk;) k+1 -
I’l

Bai 35. Chiing minh rang Z ( )k3 =n?(n+3)2" 3.

E

Bai 36. Chiing minh rang Z ( )kzk 1 =n(-1)".

Bai 37. Cho 7,k 1a hai s6 nguyen duong véi n > 2k + 1, chiing minh

1 2( n )_ 2"
'].>0 j(2k+1))  2k+1

on mmr \" mnr
2 ];0(2]k) % 1+22 (C052k+1> R Tg

n = M\ (n—2j)mm
3. Z (j—i—rk) =7 Z (COST) COST.

Bai 38. Cho cac day O ay, by, ¢, dugc xéac dinh theo cong thic

f (Z) <x12<+1( x11<+1) Yk 1 i ((x2+y)k+

m " mn
1+2 .
+ Z <C052k+1> C082k+1

k+1

rang

= ()+(0) ()
() () ()

Cn
Chung minh ré“mg
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1. a3 + b3+ —3a,byc, = 2"
2. a% + b% + C% —ayby, — bycy —ayc, = 1.

Bai 39. Cho s6 nguyén duong 7 va céc sb thuc x,y. Chiing minh rang

1. é <Z> cos[(n —k)x + ky] = 2" cos” xg]/ oS n(x;— y)‘

LS AN w_ ax—y . nlx+y)

2. kg%) (k) sin[(n — k)x + ky] = 2" cos 3 sin 5
Bai 40. Ching minh rang (Z) - =(n+1) /0.1 (1 — x)"kdx.

5 Bat dang thic lién quan téi cong thire t6 hop.
5.1 Lithuyét va vi du minh hoa.

Trudc tién ta nhc lai 2 bat dang thitc quan trong sau.

DINH LY. (5.1)
Bit d&ng thitc AM -GM. Cho n s6 thuc duong ay,ay, ...,a, khi do ta cd ay + ap + ... + a, > {/ay.a;...ay.

2
n

"1

Ngodi ra ta c6 dang cong mdu so cho n so thuc duong ay,ay, ..., an, tacé y | — >
~ g;
=il *2

a1

M-

Il
—_

2

Dau “=" xdy rakhi a; = ap = ... = ay,.
Bt ding thirc Cauchy — Schwarz. Cho 2 b6 s6 (a1, a, ..., ay) vi (by, by, ..., by). Khi dé ta cé

(£) (84> (£)

Ngoai ra cin phdi chii y dén bt dang thitc Cauchy — Schwarz dang cong mau Engel, ta c6

Déu "=" xdy ra khi cdc b so ty I¢ vdi nhau.

Sau day ta sé xét cac vi du lién quan t6i dang toan nay.

BAI 1.

Chiing minh rang Vin,m € N,i € N : n < m = 11<Tll> < 1<m>
n

Chitng minh. Véii = 0hoac i > m thi ca 2 vé ctia dang thitc déu bang 0, néu n < i < thi vé trai sé bang 0 trong
khi vé con lai luoén duong, do vay ta sé xét truong hop 0 < i < n,tagid st m > n,véimoi 1 <r <itacd

m-—r n—r
>

mr > nr = mn — nr > mn — mr =
m n
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Vi vay
m m—1 m-2 m—i—|—1>n n—1 n—-2 n—i+1
m m m m non n n
1m m—l)(m—2)~~~(m—i+1)> 1nn—-1)(n—-2)---(n—i+1)
m! i!

ni il

(1) > (0)
= —| .| >—=\.
mt\ 1 nt \ 1

Bai todn duoc giai quyét.

BAI 2.

N ) n nk k<
Chuing minh rang v6i moi so nguyén duong n, k thi ta ¢ ( k) < —. (1 — ) .

Chitng minh. Ta c6

Bai toan dugc giai quyét.

BAI 3.

. . 4" 2n
Cho n > 4 1a s0 tu nhién, chi inh rang 6 < )
on a soO tu nhién, ching minh rang +2ﬁ ( )

Chitng minh. St dung phuong phéap quy nap, ta c6
2n+1\  (2n+2)!
n+1) (n+1)(n+1)!

_ (2n+2)(2n+1) (2n
B n+1)(n—|—1)< )

(

et o)
(
(

n
222n+1) (6+ 4 )
2y /n

n

Ta théy rang m -6 > 6, bay gio ta chi can chi ra rang
22n+1) 4" g+t
(n+1) 2vn~ 2vn+1

biéu nay tuong duong 2n + 1 > 2y/n(n + 1), tuy nhién diéu nay ding, do vay theo quy nap ta cé diéu phai
ching minh.

n!n!
n+1  n+2  ntk (m-Kn+kl

O
BAI 4.

N Z ~ » ~ , . S 2n k k 2n
Cho k, n 1a 2 s0 nguyén duong thoéa man n > k. Ching minh rang Y 1-— . < 0k
. , £ ca_a+l1 . n—k _n—k+i . . X . s

Chitng minh. Neu 0 < a < bthi - < ,do do < — véimoii > 0val <i<k, khiddtaduoc
b ~b+1 n n+i
(n—k)k<n—k+1n—k+2 n
n AN
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Do vay ma

(2:) (n;k>k s (nz!n;q)!! (n—kT;!!Zi—l—k)! = (n—zi)zﬁzz!+k)1 = <n2+nk>'

Bai toan dugc giai quyét. O

BA1 5
22m

Vam

Chung minh réng (2721) <

2(1)
Chitng minh. V&i bai toan nay ta sé st dung phuong phap quy nap. Hién nhién ta c6 (2((11))) < 22(1) bdi vi
2 2v2 _
1) = 2= 2 S \[ va /2 < 2, gid st ménh dé ding véi m, ta sé di ching minh ménh dé ding véi m + 1,
2(m+1)
tic 1 (2(’”“)) <27 T
(m+1) 2(m+1)
(2(m+1)) _ (2(m+1))!
(m+1) (m+1)1(2(m+1) — (m+1))!
B (2m +2)!
C (m4+1)(m+1)!
_ (2m+2)(2m+1)(2m)!
— (m+1)(m+1)m!m!
_ (@2m+2)2m+1) [ (2m)!
 (m+1)(m+1) \ m!m!
_ (@2m+2)(2m+1) <2m>
- (m+1)(m+1) \(m
o (@m+2)(2m+1) 22m
(m+1)(m+1) vam
2(m+1)(2m +1) 22"
(m+1)(m+1) /2m
_ (2m+1) 22m L
T (m+1) Vom
V6i moi m 1a sb tur nhién, ta c6
m?(m+2) > 1= 2m3 +4m? > 2 = 2m> + 4m? + 2m > 2m + 2
Do vay ma
2m3 + 4m? + 2m > 2m +2 = (m2+2m—|—1) 2m) > 2(m +1) = (m +1)vV2m
Nhu thé ta ¢é duogc
2m+1 2m+1
(2(m+1)) < (2m+1)2 < (@m+1) 2
(m+1) (m+1) 2m 2(m+1)
Bai toan dugc giai quyét. O
BAI 6.
2 —1\"
Cho2<neZZ, chungmmhrangﬂ( ) (n—l) .

81



TAP CHI VA TU LIEU TOAN HOC

L n n n\ , n\ ,
Chitng minh. Ta c6 (14 x)" kZ%)( ) (0>+<1>x+<2)x “'+<n)x'

Cho x = 1 ta dugc 2" = (n

k) , ap dung bat dang thitc AM — GM véi n s6 ta c6

2= % (1)1 )

k=1 k=1
Nhu vy ta c6 diéu phai chiing minh. O
BAI17.
0<k<n ; . N 2n+k 2n —k 21\ 2
. . < )
Cho{ knez Chu’ngmmhrang( " ) ( " ) (n)
Chitng minh. V6i0 < k < n,k € Z, ta dat
_ (2n+k)! (2n—k)!
_ (2n+k\ (2n—k ak_n!(nJrk)!.n!(n—k)!
W=\ 5 n )= o _@nakrDl 2n—k-1)!
LT i+ k1) nl(n—k—1)!
Dé chiing minh bat dang thtic trén ta can chiing minh day a; gidm bang cach chiing minh
N 2n+k)! (2n—k)! >(2n+k+1)! (2n—k—1)!
RO i+ nl(n—k)! ~ nln+k+1) nl(n—k—1)!
2n—k _ 2n+k+1 n n
Tk n+k+1 @1+n—k >1+n+k+1
Nhu vay suy ra a; > a1 hay day a; gidm, do vay ag > a1 > ... > ap > apyq = ag > ay.
Tir d6 ta c6 diéu phai chiing minh. O
BAI 8.
. . ¥ i N N 1 & (n
Chitng minh rang v6in € IN van > 2 thita co - Zz ; < nl
i=1
n . L %
Chitng minh. Xét khai trién (x +1)" =) <7) x', den day ta sé dao ham 2 ve, ta dugc
i=0
n n .
n(x+1)"1t=Y" (.)ixl1
i=1 \!
n
Cho x = 1 ta dugc n2" ! Z ( )l khi d6 bat dang thitc can ching minh tuong duong
1 (n 2”_1) <nle2"lan *
o !
Bay gio ta sé dung phuong phdp quy nap dé ching minh (x) dung.
Voin=3=n!>2"1&31=6>2"1=4 ding.
Gid st (*) dung v6in =k, véik > 3 = k! > 21 khidovik >3 =k+1>4néntaco
(k+1)k! > (k+1)2F1 o (k+1)! > 221 =2k
Vay theo nguyén li quy nap ta c6 n! > 2"~1,Vn > 3, do d6 ta c6 diéu phai chiing minh. O
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BAI 9.

1. Cho 3 < n € Z, ching minh rang n" ! > (n 4 1)".

1 1
it <3

2. Chiing minh rang 1 + ! + o

N 1\"
3. Cho2 < n € Z, ching minh rang 2 < (1—}—”) < 3.

. N 1\" 1\"
4. V6i moi so nguyén duong m > n, chiing minh rang (1 + m) > (1 + n> .

1\" .
Chitng minh. 1.Tacé n" ™' > (n+1)" & n > <1 + n) , mat khdc theo cong thirc khai trién nhj thic thi

() =B =2ea (=) 5 (-3) (5) s
() () 05 e
war(=3) (=0 ()

<2+1+...+1=n
|

(n—2)sb61
Nhu thé thi ta ¢ diéu phai chiing minh.
2. Trudc tién ta co
14ttty 1 1 1 1 11
1 T2t 27202 374 “34 3 4
i v s 1 1 1 1 .
Tir d6 khong kho dé ching minh rang 1< A—1) n—1 do vay ma
1 1 1 1
1 - B
+1|+2|+ +n!<3 n<3
n n 1
3. Tach — 2, mat kha
ac uyrang( > Zn < >> mat khac

() == = ) e () (2 0) (-5 <%

Theo két qua ctia cau 2 thi
1\" 1 1 1
<(14o) <24 g tgto <3
n 3!
Nhu vy ta suy ra diéu phéi chiing minh.
4. Xét khai trién

(43) =)+ ()ae G+ () G -3w)
1 n(n—1)1+n(n—1)(n—2)1 nn—1)...2 1 nn—1)...11

—1+n- — . =
LR TR 3l e T R

RGO CHERE [ REEE

21

Tuong tu ta c6

_1’l
n—1 n -
“<1—n+1)<1—n+1> (**)
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2 1\" 1\"
Keét hop () va (*x*) ta co <1+m) > <1+n) .

BAI 10.

n N —1
) s 1
Cho m, n 1a cac s6 tu nhién khac 0, trong d6 m > 3. Chung minh rang ) (T:;) < 3
i=0 N

Chitng minh. Ta c6

(m+k>‘1 _ Gt (ke DUm =l o)

k+1 (m+k)! — (m+k)(m—2)!
_(m-1) {(m—l)!(k—i—l)! - (m—z)!(k+2)!}
(m—2) | [(m—1)+k]! (m+k)!
(m—=1) | (k+m—1\"" m+k\ !
" (m—2) ( k+1 ) _<k+2>

Tir day suy ra dugc

() =G 00) -G <G )

Bai todn dugc giai quyét.

BAI1 11.
Chting minh rang

1. lim ¢n=1.

1n—r+00

2. Néum >0thi lim ¢/m= lim /n=2.
n— o0 n— 00

Chitng minh. Batm = {/n —1 > 0, khi d6 ta suy ra

n=m+1)" = i (Z)mk > <;>m2— n(%_l)mZ

k=0
én}mm2:>0<m:{’/ﬁ—1< 2
2 n—1
2
=1<¥Yn<1+
n—1

Mat khac ta lai c6

. 2 _ Y
xg+oo<1+ 7’1—1>_1 xll>+w\/ﬁ_
Nhu vy ta c6 diéu phai chiing minh.

Ap dung két qua cau 1, ta st dung nguyén ly kep, khi d6 sé suy ra két qué ctia cau 2.

BAI 12.

n n n
Cho a, b 1a cac sb nguyén duong, ching minh rang a —;— b 5 ( a _; b)

Chitng minh. Tacé (a"' 4+ b"~") (a' +b') = a" + b" > a"~' — b’ + b"~'a',¥0 < i < n. Mt khac

(a+b)t = f <Z> a" Tk bk = i (Z) e

k=0 k=0
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Tir day suy ra duoc
n

n n n n
n—k 1,k n—k k\ _ An n a"+b a+b
2(a+b)" 2 ()(a b4b .a) 2"(a+b)" § <>a+b):> 7 ><2>

Bai todn dugc giai quyét. O

BAI 13.

n
V6i moi n > 2, chiing minh réng Z ky/ (Z) < V2n-1y,3
k=1

Chirng minh. Trudc tién ta co

i<z> (I4+x)" :>Ek< )x —x%(l—i—x) x(1+x)n1§ik<z> _ o1

k=0

St dung bat dang thitc Cauchy - Schwarz ta 6

Tir day ta dé dang suy ra diéu phai chitng minh. O

BAI 14.

Chting minh rang Z 2k~ 1 "

n

Chitng minh. Trudc tién ta c6 dang thic Y (2k — 1)k (Z) = n%-2""1, ban doc tim hiéu & phan trén.
k=1

Khi d6 theo bat dang thitc Cauchy - Schwarz ta c6

’:Zlik(bl <1:21(2k—1)k(z>> > (é(Zk—1)>2:n4

Tir day ta dé dang suy ra diéu phai chitng minh. O

BAI 15.

Cho cac s6 nguyén duong m va n sao cho n < m. Chtiing minh rang

< g < ()

/\

Chitng minh. Ta co

m:(m+n)(m+n—1)...(m—71+2)(m—”+1):‘nl(m+1_i)(m+i)
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n
Ngoai ra ta c6 2".nln = 2".1.2.3.n = (2.1) (2.2) ... (2n) = [ [ 2i va
i=1

(m? + m)2 = (m? 4+ m)(m* +m)...(m* + m) = - (mz + m)
i=1

Do d6, cac bat dang thiic can chiing minh tuong duong véi
n n

[T2i <[T(m+1—i)(m+i) < (2 +m)
i=1 i=1 i=1

Tac62i =i +i—i?+i<m?+m—i>+i=m+1—i)(m+i) <m(m+1) = m?+mviilasdnguyén ndm
gitta 1 va n nén ta suy ra

2i < (m+1—i)(m+i) <m?+m
do d6 ta dugc

ﬁ2i< (m+1—i)(m+i)<]‘[(m2+m)

i=1 i=1 i=1

Vay cac bat dang thic da cho la ding. O

BAI 16.

Cho n nguyén duong ,n > 2 va a,b > 0. Chiing minh rang

(a+b)" —a* —b"

2n -2 > y/(ab)”

Chitng minh. Ta c6 (g) + (n) + (n) + ot (Z) = 2" va khai trién nhi thuc

Y (’7>a"—ibi ey Y (”) a"ip
=3\ =\
-2 212 2

L1 (0 (i N (M i
=555 (12% (1) (a b ,Z%(l)b a
1 v (7 n pn 1 n n pn n
Z o i Va'.b :2"—2[2 —2].Vat.b" =/ (ab)
1=
Vay bai todn dugc giai quyét. O

BAI 17.

e ) 4
Chiing minh bat ding thitc ( :) > = ¥n e N,n>2

Chitng minh. Ta sé dung phuong phap quy nap dé ching minh bat dang thtic trén

4 2 (o .
V6i n = 2 thi ta thu duogc ( 2) = 6 > 4 = ——, hién nhién dung. Gia st bat dang thic da diung den n = k tic la

22’
2k\ _ 4
k)~ 2k

Bay gids ta can chiing minh bat dang thic cling ding v6i n = k + 1 tiic 1a can chiing minh
2k+2) 4
k+1 2k +2
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That vay ta c6 cac bién déi dai s6 sau day

(D)= s - () (259) - (5) (75) -5+

vay tir day theo nguyén ly quy nap bat dang thiic dugc chiing minh. O

BAI 18.

Cho x1 > x > 0;y; > y» > 0va n la s6 nguyén duong. Chiing minh rang

(x1+y1)" + (2 +y2)" = (1 +y2)" + (2 +y1)"

Chitng minh. Vix; > xp > 0nén x!* > x', trong d6 m € N. Ciing viy; > y» > Onén vk > 5k € N.

Do do (v} — x4') (v — %) > Ohay x{iyk + ¥2'y% > xjiyh + ¥k,
Laym =n—k;n >k > 0 ta dugc

Ao = () () s (1) (e )
Tir bat dang thic (1) cho k 1an lugt bang 0,1, ...n, 1 + 1 ta dugc
(5) a0 = () (st +39)
<711> <XT71y1 + nglyz) > (;l) (xflyz + ngllh)

n n— n— n n— n—
(n—l) (lel 1+x2y2 1) > (n—l) (xlyz 1+xzy1 1)
n n
() v = (1) -+

Cong tat ca cac bat dang thirc trén v6i nhau va st dung cong thiic nhi thitc Newton ta duge

(x1+y1)" + (2 +1y2)" = (x1 +12)" + (2 +y1)"

Déng thire xay ra khi x; = xp hoacy; = y». O

BAI 19.

Chiing minh rang néu x; > 0,y > 0(k = 1,2,...,m) thi

i e 1)

Chitng minh. Vi x; > 0,y > 0, nén theo bat dang thic AM - GM ta c6

L ij > - n—j j
Yoxg Ty zme p T Tx Ty
k=1 k=1

Nhan 2 vé ctia bat dang thic trén véi (7) 16i cho j 1an lugt chay tir 0 dén n va dugc n + 1 bat dang thiic cling

chiéy, sau d6 cong vé theo vé cac bat dang thirc d6 lai v6i nhau, cudi cling dp dung cong thirc nhi thitc Newton
thi ta c6 diéu phai chiing minh. O

Bai toan twong tu. Cho a1, a,, by, by 1a cac s6 khong 4m, chiing minh réng

Va4 0y + a5 > 3@+ a2)" + (b + )"
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5.2 Bai tap tu giai.

m
Bai 1. Chiing minh rang <m + n) > (n+1)"
m m!
Bai 2. Cho cac s6 nguyén duong 2 < k < n — 2, chiing minh rang k(n — k) < Z 1.

n n n
Bai 3. Cho 3 s6 nguyén duong I < k < n, chitng minh rang ((Z)) <(kb[)) < (a(—lic—)b)

Bai 6. Chiing minh rang <2£]) < N( > < 2<2£]).
Bai 7. Chung minh réng (

Bai 8. Chiing minh rang < 21 v moi k >

Bai 9. Chiing minh rang Z ( ) ( >
i=

Bai 10. Vi 1 < k < n1a céc sb tu nhién, chiing minh réng

£ () () () <0

Bai 11. Ching minh rang (k Tll_ 11) + (Z) < (Z) vOimoi k < g va0<a<k

Bai 12. Vdi a, b, c 1a cac s6 nguyén duong sao cho a,b < ¢, ching minh rang

<a+n—1)+(b+n—1> > <c+n—1)
n n n

4" 2m
Bai 13. Ching minh rang < ( ) .
4\F

Bai 14. Cho bat déng thitc V271 n""2e™" < n! < e n" T2, khi d6 ching minh ring

Bai 15. Ching minh r::fmg

7 N
n I

3
E

)gn.
<

k
Bai 16. Chting minh ré‘mg o Z) R
2n> S
n
Bai 18. Chitng minh ran + n + " + ") >3
e s(1)+ () (5 n '
Bai 19. Vdi n 1a s6 nguyén duong, chiing minh rang
1
1. (2”> > 2.
n
5 (211) < 1
\n V2n+1
3. n!<2n) < (2n)".

n

Bai 17. Ching minh rang

/‘\

Bai 20.
. . 2 . A n—1 n—1
1. Chung minh dang thuc (n — 2k) (k) =n [( K > - (k— 1)}
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2. Tir dang thic trén, ching minh rang (g) < (;l) < (Z) <. < (Eﬂ)
2

Bai 21. Vi n,] € N, ! < nla hang s6 cb dinh. Cho k € N véi 0 < k < I, chiing minh ring
2n — l l
n— \

2
Bai 22. Ching minh rang (k T 1) X (k T 1) < ( )

k k

. 8568 /8564
Bai 23. Ching minh rang Z ( ; ) < 28564
i=82
1020 4+ 2131 + ...+ nl(n +1)!

Bai 24. Chiing minh ran. >23/n!.
& A e
S=m+a+...+a,
Bai 25.Cho { ay,a,...,a, =0 . Chtiing minh rang
1<neZ
s s sn
(I4+a)(14a)...(1+a,) < 1+1l NETIRER
Bai 26. Chiing minh rang ) () < ()"
ai 26. ng minh rang Py < (5
Bai 27. Chonlasdtunhiénvam € [-n,n]. V6ip =0,..., n m,ch{mg minh rf?mg

() 2
25m) 2 iy

nn

() o —

Bai 28. Chiing minh rang (Z) <
: 2
Bai 29. Vi moi 1 > 2, chiing minh réng 2" < < n”) <an,

Bai 30. Ching minh rang (g)n <nl< (g)n

6 Tinh chit s6 hoc ctia hé s6 nhi thuc.

Trong cht dé nay minh sé chi dirng & mirc d9 gi6i thiéu lich st cling nhu mot vai bai todn dé cac ban m& mang
thém chut kién thitc, nén sé khong dé cap sau. Cac ban mudn tham khao thém vé chu dé nay c6 thé tim doc
cudn Khai thic mgt s chil dé sé hoc hay va khd ctia fanpage bon minh. Bay gid chiing ta cting bat dau.

6.1 Doi nét veé lich sit nghién ctru tinh chat s6 hoc ctia hé s6 nhi thirc.

Tir thé ki XIX cac nha toan hoc néi tiéng nhu Babbage, Cauchy, Cayley, Gauss, Hensel, Hermite, Kummer,
Legendre, Lucas and Stickelberger,... da bat dau nghién cttu nhitng tinh chét sb hoc lién quan giita hé sb nhi
thuc va liy thira cia mot s6 nguyén t6. Va dén tan bay gid, van dé nay van dang dugc nghién ctru va phat trién
hon nita, viéc nay gitip ching ta phét hién rdt nhiéu nhitng két c6 c6 y nghia to 16n va déng gép hitu ich cho t6
hop, xac suét, giai tich...
Nam 1773, nha toan hoc Jonh Wilson da chitng minh dugc két qua

(p—1)!=-1 (modp)
Sau d6 vao nam 1819, nha toan hoc Charles Babbage da chi ra dugc rang

2p—1 < <
( pp— 1 ) =1 (mod p?),véi moi sd nguyén tb p > 3

Nam 1852 nha toan hoc Kummer da chirng minh duge két qua.

Cho m > n la hai s6 nguyén duong va p la mot s6 nguyén t6. Khi dé lity thira ciia p trong ( ) bing s6 lan nhd khi thuc
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hién phép cong m — n va n trong hé co so p.
Vao nam 1862, mot két qua khac manh hon két qué ctia Charles Babbage dugc Wolstenholme dua ra, né chi ra
rang

2p—1 < <
( ppi 1 ) =1 (mod p*),véi moisd nguyén t p > 5
Mot trong nhitng két qua manh nhat phai ké dén két qua ctia nha toan hoc Lucas, két qua nay duge phat biéu
nhu sau.

Cho m, n la hai s6 nguyén duong va p la s6 nguyén to. Goi mg va ng tuong 1ng la cdc s0 du ciia m,n khi chia cho p. Khi

g
P ) <m0> (mod p)
1o

do thi ta cd két qud sau
m =
D
14

Khi d6 néu ta viét m = mg + myp + ... + msp’, n = ng + n1p + ... + nsp® thi dinh Iyj Lucas dugc phat biéu mot
cach tuong duong nhu sau.
Cho m, n la hai s6 nguyén dwong va p la s6 nguyén to. Goi mg va ng tuong 1ing la cdc s6 du ciia m va n khi chia cho p.
Gid st biéu dién co s6 p clia m,n la

m=my+mp+ ...+ msp’°

n=ng+np+..+nsp’

v6i 0 < my,n; < p—1,Vi = 0,k. Khi dé thi ta duoc

(£)- ()G ()

Mot s6 cac két qua quan trong khéc c6 thé ké dén nhu két qua ctia
o e (PTIN 5 TPy
1. Frank Morley vao nam 1895. (—1) 2 p—1)= 4 (mod p ),Vp > 5, va p la so nguyeén to.

2. James W.L. Glaisher vao ndm 1900. <TY;P _11> =1 (mod p%).

3. Wilhelm Ljunggren vao ndm 1952. (ZZ) = (Z) (mod p%).

4. Ernst Jacobsthal vao nam 1952. (7:5) = (T:> (mod p'), trong d6 ¢ 1a lity thita ctia p trong p>mn (m — n).
Ngoai ra con rt nhiéu két qua khac, ban doc c6 thé tham khao & link https:/ /arxiv.org/pdf/1111.3057.pdf.
Sau day ta sé di tim hiéu mot s6 bai todn & mirc d6 sit dung nhitng tinh chat co ban, khong di sau.

6.2 Cac bai toan minh hoa.
BAI 1.

N . 2n+l on )
Chon € N,n > 1. Chung minh rang s0 T;, = < on > — (znl) chia hét cho 22"+2,

Chitng minh. Bay gio ta xét da thic P (x) = (1 + x)z”Jrl - (1- xz)zn thi ta thiy rang da thic nay c6 hé sb cta sb
hang chtra x%" 1a T,,. Mt khac ta c6

P(x)=(1+x)* [(1 +x)¥ (- x)ﬂ

i (e ()] [ (B s (o2 )

Bang phuong phap dong nhat hé s6 hai vé ta dugc hé s6 ctia x2" ta dugce

=2 [ 62 )+ ()62 ) e () ()]
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) A s L (27 (2" 2" 5 )
Ma tur ket qua quen thudc ta thay rang cac so < 1 >, ( 3 ), e ( on 1> déu chia hét cho 2" nén tir d6 Ty, chia
hét cho 2272,

Vay tir d6 ta suy ra diéu phai chiing minh. O

BAI 2.

Chung minh day (;i) , (k —;{_ 1> , (k —;{_ 2) la day tuan hoan néu xét trong modulo k.

Chitng minh. Ta c6 mot phép dat rat hay m = k.k!. Khi d6 ta bién déi

(x+m>_(x+mﬂx+m—4)”(x+m—k+n

k k!
Cx(x—=1)... (x—k+1)+t-m
N k!
x(x—=1)...(x—k+1 X
AT
Nhu vy ta c6 diéu phai chitng minh. O

BAI 3.

Cho céc s6 nguyén duong n, k tity . Chitng minh rang ton tai cac s6 nguyén duong

a >ap >az > ag > as >k

o= +(3) - (3)+(3)+(5)+(3)

Romania TST 2010

Chitng minh. V&i bai todn nay ta sé xét n > k 1a s6 nguyén duong sao cho 1 + (Zj) lasb1é. Cuthé, néunléta

chon m = 0(mod4) VénéunchénthitachonmE3(mod4).Tacén+(?) = 2a+ 1, mat khac
a a+1 a+2 a+3
= (5) - (157 - (57)+ (5)
AN a+1\ (a+2 n a+3\ (m
-~ \3 3 3 3 3

> m, tit day ta suy ra diéu phai chiing minh. O

Do vay ta dugc

Dong thoia = 5

BAI 4.

4 A C 1k o e 2n
Tim s0 tu nhién k nho nhat sao cho véi moi n > m thi ta ¢ > e IN.

m+n+1<n+m

s N 1 /2
Chitng minh. Dau tién ta sé chitng minh rang p—— < nT) € Z.Tacod

wriln) = (a51) (7) = () - =t
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2n

m+n+1(n+m) T 2m+1
k € N phai chia hét cho 2m + 1, do d6 k > 2m + 1.

Gia st cho trudc m € IN. Vi véi n = m thi

phai 1a s6 ty nhién nén gia tri phai tim

2n
m+n+1\n+m

2m+1 ( 2n )_(1_ n—m )( 2n >
n+m+1\n+m n+m+1 n—+m
[ 2n (2n)!
_<n+m)_(n+m+1)!(n—m—1)!
() (2
n+m n+m-+1

Vay gia tri k nhd nhét bang 2m + 1. O

Gid st rang k = 2m + 1 thi v6i n = m s6 duong ) la sb tu nhién va véi n > m né bang

BAI 5.

Cho n > 1 vak théaman 0 < k < n. Chiing minh rang ged <<Z> , n> >1

Chitng minh. Ta chu y rang

n\ _n(n-1\ _ n  ged(kn) m—1 1)
k) k\k—-1) gcd(kn) &k k—1
Do dé tir (1) ta cé
k n n—1 o)
ged(k,n) |ged(k,n) \k—1
Tuy nhién ta lai c6
n k
ged <gcd(k,n)' gcd(k,n)) =1 ®)
Diéu (2) 4m chi rang
k

ged(k, n)

n—1

(:21) @
n

(+) ®

Nhu vay tu (1) va (4) ta co
n

ged(k, n)

va tu do ta suy ra

n n
e = () ) ©
. n
2 <k< i < y ———— >
Neu 0 < k < nthiged(k,n) < n,dodo scd(k ) = 1
Vay ta c6 diéu phai ching minh. O

BAI 6.
n

b

Chol <a<nval<b < n,ching minh ring (:), ( ) khong nguyén t cuing nhau.

Chiing minh. Khong mét tinh téng quat ta c6 thé gia st rang a, b khac 0 va khong 16n hén % Vi

(Z)(Z) _ nfn—a->b)!  nn-1)(n-2)---(n—a+1)

n! (n—a)l(n—>b)! (n—b)(n—b—-1)---(n—b—a+1)
albl(n —a—b)!

>1
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vewswcsten (). () 2= () (2) > 2o
Néu <Z> (’;) thi
e (o) (0)) = ()G > o= = n () ()

Mau thudn, do vy ta c6 diéu phai ching minh. O

BAI 7.

Cho m, n, k 1a cac s6 nguyén duong théa man 0 < m < k < n. Chtiing minh rang cac sb <Z> va (:;) khong

nguyén t6 cting nhau.

Chitng minh. Ta sé stt dung phan chiing, gia st rang <Z> va <:1> nguyén t6 cting nhau.

< N 2 n—m N A A A
Tacon—m>0va0<k—m<n—mdodoé la mot so nguyén.

k—m
Chd y rang
(n—m) _ (n—m)! _ (n—m)!
k—m (k—m)l(n—m)—(k—m))! (k—m)!(n—k)!
Suy ra

n\ (kY _ n! . k! B n! . (n—m)! _(n\ (n—-m
k m)  kl'(n—k)! m!(k—m)! m'(n—m) (k—m)!(n—k)! \m k—m
Do vay ma < ) ( ) chia hét cho (m) Mt khac ta lai gia st rang (Z) va (:1) nguyén t6 ciing nhau, diéu
k

nay chung té rang ( > chia hét cho ( ) Nhu thé thi (:1) > (:1) , tuy nhién tur diéu kién k < nlai c6

m
k-(k—=1)-..-(k—m+1) n-(n—=1)-..-(n—m+1) n
= < =
m m-(m—1)-..-1 m-(m—1)-..-1 m
Tir diéu nay ta chi ra duge né mau thuan véi gia sit phan ching.
Vay ta c6 diéu phai chiing minh. O
BAI 8.

N p £z 2
Chung minh rang voi p la mot so nguyén to bat ki thi ta co ( ;f ) =2 (mod pz)

Chitng minh. Trudc hét thi ta c6 ding thirc Vandermonde khé quen thuoc sau day

50 ()

Ta xét m = n = k = p thi dang thic trén tuong duong véi

()= @006 )+ () )+ G)E)

p
k

@ (pr ot (pﬁl) (’f) = 0(mod p)
(7) =2 (moa?)

hay ta c6 diéu phai chirng minh. O

Do p la s6 nguyén t6 nén ta c6 ( > =0(mod p),Vk =1,p — 1 nén tir d6 ta suy ra

Vay tu day ta thu dugc
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BAI 9.

V6i sb tu nhién m nguyén duong. Ching minh rf?mg
1 /1991 1 /1991 n 1 [1991\ n (—1)™ (1991 —m\ 1
1991\ 0 1991\ 1 1991\ 2 1991 —m m ~ 1991

Chitng minh. Véin = 1,2,...,tadat S (n) = ("™ trong d6 tn duoc lay tir m = 0 cho dén hét
g N g do tong y

E(D)- () s

n):l—nizS(k),suyraS(n—i—l):S(n)—S(n—l) (1)

nhitng s6 hang khac 0. Ta ¢6

Ta co

2.50)=58(1)=1,trd6S(2) =0,S8)=-1,54) =-1,5(5)=0,S(6) =1,5(7) =1
T (1) tacod S (m) = S (n) néum = n ( rnod6

Do " <n—m>:<n—m> < >nentadudc
n—m n m

Lo [_L(1991) _ 1 (1991 1991 L D" 1991 -m 1 (996\]
1991\ 0 1991\ 1 1991 1991— m " 996\995) |
Suy ra diéu phai ching minh. O
BAI1 10.

Chimg minh rang v6i moi m, n € N luén ton tai k € N sao cho (v +vm —1)" = Vk+ vk —1.

n
Chitng minh. Ta co x = (\/ﬁ +vm— 1) Z ( ) ) g (:I:\/ ) khi d6 ta xét cac truong hop.

e Néun =2p,tacod

(s v () e (v ()

(an)mp Hm—1)" \/mi <2kn_ 1)’””<m—1)k
= b\/i_l \Fi\/m

trong d6 a,b € Z.

-5
¥

e Néun =2p—1,tacod

2kP

B (om0 e (e

2k—1
2k

:\/ﬁé <2”)mp K=y — 1)K iﬁZ <2k_1>mpk(m_1)k1
=cy/mtdVm—1=Vc2m=+/d>(m—1)

trong doc,d € Z
Tém lai trong cac truong hop ta luon c6 (v/m £ vm —1)" = Vk+ V1, suy ra
k=1 = (Ve+ Vi) (VE=vI) = (Vi + Vi =1) (Vi —vm=1) =1=1=k-1
Do d6 (vm+vm—1)" = Vk+vk—1. O
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BAI 11.

N £ 2 2000 2000
Chitng minh ring x1a sb tu nhién chia hét cho 2002 véi x = /1001 [(\/1001 +1)7 — (V1001 -1) } .

2000
Chitng minh. Data = (\/ﬁ—ﬁ— 1

1999 2

100 X+ ( 000) x?0%, khi d6

) 2000 /2000
Ta ¢6 ( 1001 +x) - ( )( 2000
2000 1999
o Voix=1tacoa= (2000) (+1001) (200()) (vioo1) ..+ (2000>.

—_
o
o
—_
_%
7N
N
(@)
o
(e)
\/v

1 2000

( m)zooo B (20100> ( m) 1999 - (2000)

e Véix=—1,tacob = ( 2000

Nhu vay ta suy ra

a—b=2v1001 ((200()) + <20300> 1001 + ... + (iggg) 10011999> = 2v1001.A = x = 2002A = x:2002

trong d6 A € IN. Bai todn dugc giai quyét. O
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